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In De Grauwe and Rovira Kaltwasser (2012) both the opti-
mistic and pessimistic belief biases and the perceived funda-
mental values are exogenously determined.

“For simplicity we assume throughout the paper that r,,, = /" + a and
Fpes = " — a, where a > 0 1s the belief bias and /™ is the true unobserved
fundamental, both exogenously determined. A more attractive alter-
native would be to allow for time variation in both the fundamental

value of the exchange rate as well as in the beliefs about it.”

In Naimzada and Pireddu (2014a) the agents perceive an en-
dogenous fundamental value, but the belief biases are still ex-
ogenously determined.
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In the present model the belief biases are not exogenous, but

are rather determined by an imitative process.

Indeed, in forming their beliefs, speculators consider the rel-
ative profits realized by optimists and pessimists and update
their fundamental values proportionally.

Such kind of updating mechanism bears resemblances to the
so-called “Proportional Imitation Rules” in Schlag (1998):

e follow an 1matative behavior, 1.e., change actions only
through tmatating others;

o 1matate an individual that performed better with a proba-
bility that 1s proportional to how much better this individual
performed.

Our updating mechanism is similar to the switching mecha-

nism in Brock and Hommes (1997), used also by De Grauwe
and Rovira Kaltwasser (2012).
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Moreover, differently from the majority of the literature on the

topic (see e.g. De Grauwe and Rovira Kaltwasser, 2012) and
similarly to Naimzada and Pireddu (2014b), the stock price is
for us determined by a nonlinear Walrasian mechanism that
prevents divergence issues.
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Other related papers:

De Grauwe and Grimaldi (2006 a,b) and Manzan and Wester-
hoff (2005) assume that the fundamental value of assets evolves
as a random walk.

Westerhoff (2003) allows for time variation in both the value of
the fundamental and the perceived value of it, due to mistakes
in information processing.

Lengnick and Wohltmann (2010) assume that the fundamental
value of stocks 1s constant but allow for time variation in the
beliefs about the fundamental.

Naimzada and Ricchiuti (2008, 2009) consider models with
heterogeneous fundamentalists, perceiving difflerent exogenous
fundamental values, with switching mechanisms based on the
squared errors between fundamentals and prices.
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We will deal with two groups of fundamentalists (believing
that stock prices will return to their fundamental value, they
buy stocks in undervalued markets and sell stocks in overval-
ued markets): optimists and pessimists.

Their behavior is captured by the dynamic motions of the
corresponding perceived fundamental values.

The price will be determined by a Walrasian mechanism.
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where oy and o0y are positive parameters representing the re-
activities of optimistic and pessimistic agents, respectively.



Xt+1)=f 1 - F 1

14 Ol x (t+1)—my (t+1)) 14-ef(mx (t+1)—my (t+1))

Y(t + 1) = I 1Bl (t+1)—my (t+1)) | f 1+ efmx (1) —my (t+1)) (1)
o a1+ay
P(t+1)= P(t) + vas (ale(waX(X(t)P(t))+(1w)ay(Y(t)P(t)))_|_a2 1)



Xt+1)=f : - F 1

14 Plrx (t+1)—my (t+1)) 14-ef(mx (1) —my (t+1))

Y(t + 1) = I 1Bl (t+1)—my (t+1)) | f 14-ef(mx (t+1)—my (t+1)) (1)
o a1+ay
P(t+1)= P(t) + vas (ale(waX(X(t)P(t))+(1w)0y(y(t)P(t)))_|_a2 1)

- F' is the true unobserved fundamental value;




_ | |
X(t+1) = f =mer=en T F ommrmmm
B | — |
Y(t T 1) = F 11— B x (t+1)—my (1)) | f 1B x (t+1)=my (t+1)) (1>
_ a1+as
P(t+1) = P(t) +va (ale<waX<X<t>P<t>>+<1w>ay<>f<t>P<t>>>+a2 1)

- [’ is the true unobserved fundamental value;

- / and f represent the lower bound and the upper bound of
the ranges in which X(¢) and Y (¢) may vary.



Xt+1)=f 1 - F 1

J 1_|_6—ﬁ(7rX(t—|-1)—7ry(t—l—1)) 1_|_66(7TX(t—|—1)—7ry(t+1))

Y(t+1)=F : - f : (1)

14 Blrx (t+1)—my (t+1)) f1+eﬂ(ﬁx(t+1)—ﬁy(t+1))
_ a1+as
P(t+1) = P(t) + ~vas (ale<waX<X<t>P<t>>+<1w>ay<>f<t>P<t>>>+a2 1)

- [’ is the true unobserved fundamental value;

- f and f represent the lower bound and the upper bound of
the ranges in which X(¢) and Y (¢) may vary.

It holds that, for every t, X(¢) € [/, F] and Y ({) € [F, f].




Xt+1)=f 1 - F 1

14 Plrx (t+1)—my (t+1)) 14-ef(mx (1) —my (t+1))

Y(t _I_ 1) - F 1_1_6—ﬁ(7TX<t-|—1)—7TY(t‘|‘1)) I f 1_|_eﬁ(7TX(t+1)_7TY(t+1)) (1)
o a1+ay
P(t+1) = P(t) + yas (ale(waX(X(t)P(t))+(1w)0y(y(t)P(t)))_|_a2 1)

- [’ is the true unobserved fundamental value;

- f and f represent the lower bound and the upper bound of
the ranges in which X(¢) and Y (¢) may vary.

It holds that, for every t, X(t) € [f,F| and Y (t) € [F, f].

- 3> 0 represents the intensity of the imitative process, in
which agents, still remaining pessimists or optimists, propor-
tionally imitate those who obtain higher profits.



Xt+1)=f 1 - F 1

14 Plrx (t+1)—my (t+1)) 14-ef(mx (1) —my (t+1))

Y(t _I_ 1) - F 1_1_6—ﬁ(7TX<t-|—1)—7TY(t‘|‘1)) I f 1_1_66(7TX(15+1)_7TY(1€+1)) (1)

P(t+1) = P(t) +vas ( _(WX(X(t)—P(t)C)T(:C—Li)aY(Y(t)—P(t)))+a2 1)

ae

- [’ is the true unobserved fundamental value;

- f and f represent the lower bound and the upper bound of
the ranges in which X(¢) and Y (¢) may vary.

It holds that, for every t, X(t) € [f,F| and Y (t) € [F, f].

- 3> 0 represents the intensity of the imitative process, in
which agents, still remaining pessimists or optimists, propor-
tionally imitate those who obtain higher profits.

When (=0, then X(t+1)=5(f + F) and Y(t + 1) = 5(F + f) =



Xt+1)=f 1 - F 1

14 Plrx (t+1)—my (t+1)) 14-ef(mx (1) —my (t+1))

Y(t _I_ 1) - F 1_1_6—ﬁ(7TX<t-|—1)—7TY(t‘|‘1)) I f 1_1_66(7TX(15+1)_7TY(1€+1)) (1)
o a1+ay
P(t+1)= P(t)+ vyas (CL1€(waX(X(t)P(t))+(1w)0y(Y(t)P(t)))_|_a2 1)

- [’ is the true unobserved fundamental value;

- f and f represent the lower bound and the upper bound of
the ranges in which X(¢) and Y (¢) may vary.

It holds that, for every ¢, X(¢) € [f,F] and Y (¢) € [F, f].

- 3> 0 represents the intensity of the imitative process, in
which agents, still remaining pessimists or optimists, propor-
tionally imitate those who obtain higher profits.

When =0, then X(t+1)=3(f+F)and Y(t+1)=3(F+ f) =
there is no imitation.



Xt+1)=f 1 - F 1

14 Plrx (t+1)—my (t+1)) 14-ef(mx (1) —my (t+1))

Y(t _I_ 1) - F 1_1_6—ﬁ(7TX<t-|—1)—7TY(t‘|‘1)) I f 1_1_66(7TX(15+1)_7TY(1€+1)) (1)

P(t+1) = P(t) + va ( —<waX<X<t>—P(tf)bitc—biwy(wt)—f?(t)))+a2 1)

ae

- [’ is the true unobserved fundamental value;
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the ranges in which X(¢) and Y (¢) may vary.

It holds that, for every t, X(¢) € [/, F] and Y ({) € [F, f].

- 3> 0 represents the intensity of the imitative process, in

which agents, still remaining pessimists or optimists, propor-
tionally imitate those who obtain higher profits.

When 3 =0, then X(t+1) = %(iJrF) and Y(t+1) = %(F+f) =X
there is no imitation.
When (3 — 400, then:

Tx >1my = X(t+1)—f, Y(E+1) —F;
Ty < Ty = X(t—|-1)—>F, Y(t—|-1)—>?.
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- w € (0,1) represents the fraction of the population composed
by pessimists.
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The steady state values for X and Y are symmetric w.r.t. F
and lie at the middle points of the intervals in which they may
respectively vary.

In particular, when A =0 we find X*=Y*"= P* = F.

This is analogous to the context with a unique agent, which
uses F' as fundamental value (no imitation).

For A = 0 the system inherits the stability /instability of the
financial market.

, we find P* = F, even if now

DO+

Also when oy = oy and w =
X*#F#£Y"
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Proposition: The varitables X and Y satisfy the following con-

dition: Y (t) = X(t)+ A, for all t > 1.

For ¢t > 1, the dynamical system associated to (2) is equivalent
to that associated to the two-dimensional map

G =(G,G): (f,F) x (0,+00) — R?,

(Xv P) — (Gl(va)vGQ(X7P))7
defined as:

Gi1(X,P)=F— A
1+e_ﬁ (’Yaz (ale(WX(XP)+a(11+?u2)aY(X+AP))+a21) (UX(XP)UY(X+AP)))
ai + a
GQ(Xy P) - P —i_ /YCZQ (CL16(WOX(XP)—I_(lw)UY(X"‘AP)) _|_ o 1) ]

i.e., the two systems generate the same trajectories.
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Map G has a unique fixed point in
A A — (1 —
2 2Aqwox + (1 — w)oy)

The Jacobian matrix for G computed in correspondence to it
reads as

A*FFoxoy A*Byoxoy
4 4
X X
Jo(X7, PY) = ,

Ywox + (1 —w)oy) 1—7(wox+ (1 —w)oy)

Yai1a9

where we set 7 = ==
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Map G has a unique fixed point in

(X*, P*) = (F - é, p o Alwox = (- “’)“Y>> |

2 2A0wox + (1 —w)oy)

The Jacobian matrix for G computed in correspondence to it
reads as

i A*FFoxoy A*Byoxoy
1 1
JG(X*, P*> — )
Y(wox + (1 —w)oy) 1—=7wox+ (1 —-w)oy)
~ _ yaja
where we set v = ata

We use the well-known Jury conditions (see Jury, 1964):
det(J) <1, 14tr(J)+det(J) >0, 1—tr(J)+det(J)> 0.
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In our framework, we have

_ 5A2A7/UX0Y
4 Y,

_ 5A2A7/UXUY

det(J) I

tr(J)

F1 —y(wox + (1 —w)oy).

Stability conditions with respect to G (for A # 0)

Jury conditions are fulfilled if:

2( 1 — — 2 4
(V(wﬂxj( w)oy) — 2) <<~ |
W/O'XO'yAQ ’)/O'XO'yAQ

Usually, in the literature, increasing [ has just a destabilizing
effect, while for us it may also be stabilizing.
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Jury conditions are fulfilled if:

- ?(WUX + (1 — (,d)O'y) > 2 and

27(wox + (1 —w)oy) — 2) 2
— A ,
\/ Yoxoy[3 SoT VAyoxoy [



Stability conditions with respect to A # 0

Jury conditions are fulfilled if:

- a//(wo'X + (1 — w)O'y) > 2 and

27(wox + (1 —w)oy) — 2) 2
— A ,
\/ Yoxoy[3 SoT VAyoxoy [

or
- Y(wox + (1 —w)oy) < 2 and

2
< .
VAoxoy 3

A
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Due to the nonlinearity of the Walrasian mechanism, differ-
ently from De Grauwe and Rovira Kaltwasser (2012), we do
not have divergence issues when the isolated financial market
is unstable.



When A =0, the dynamics are generated just by the financial
market and it is locally asymptotically stable if

2
wox + (1 —w)oy

~

v <

Due to the nonlinearity of the Walrasian mechanism, differ-
ently from De Grauwe and Rovira Kaltwasser (2012), we do
not have divergence issues when the isolated financial market
is unstable.

The flip bifurcation opens for us a route to chaos, not to di-
vergence.
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We will focus on the case with oy = oy = 1.

= the stability conditions with respect to  read as

27 — 9) 4

A2 <6<W.

= the stability conditions with respect to A read as

\/2(:?_2) cAc—2
L 8

if v > 2,

or as

if v < 2.



T E——
We will focus on the case with oy = oy = 1.

= the stability conditions with respect to  read as

27 — 9) 4

A2 <:ﬁ<:§§5

= the stability conditions with respect to A read as

\/2(7—2><A<2

V0 BTE;
if v > 2,
or as
?
A < =)
V0
if v < 2.

= when A = 0, the stability condition simply becomes 7 < 2.



4. Numerical results
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FIGURE 1: The bifurcation diagram with respect to 5 € |0, 20| for X in blue,
Y inred and P in green, for vy =F =1, A =08, a1 =ay =1, w = 0.5,
and the initial conditions X (0) = 0.25, Y (0) = 1.2 and P(0) = 3.
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FIGURE 1: The bifurcation diagram with respect to 5 € |0, 20| for X in blue,
Y inred and P in green, for vy =F =1, A =08, a1 =ay =1, w = 0.5,
and the initial conditions X (0) = 0.25, Y (0) = 1.2 and P(0) = 3.

The threshold for the flip bifurcation is § = % = —9.375 < 0.
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We now use [ as bifurcation parameter, like in De Grauwe and

Rovira Kaltwasser (2012).

First scenario: destabilizing role of (3

1.5
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FIGURE 1: The bifurcation diagram with respect to 5 € |0, 20| for X in blue,
Y inred and P in green, for vy =F =1, A =08, a1 =ay =1, w = 0.5,
and the initial conditions X (0) = 0.25, Y (0) = 1.2 and P(0) = 3.

The threshold for the flip bifurcation is § = % = —9.375 < 0.

The Hopf bifurcation occurs for 3 = % = 12.5.
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FIGURE 2: The bifurcation diagram with respect to G € [0,3.5] for X in
blue, Y inred and P in green, fory =5, FF =2, A=08, a1 =ay =1, w =
0.5, and the initial conditions X (0) = 1.5, Y (0) = 2.5 and P(0) = 3.
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The flip bifurcation occurs for 8 = 2%7;22) = 0.625.
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FIGURE 2: The bifurcation diagram with respect to G € [0,3.5] for X in
blue, Y inred and P in green, fory =5, FF =2, A=08, a1 =ay =1, w =
0.5, and the initial conditions X (0) = 1.5, Y (0) = 2.5 and P(0) = 3.

The flip bifurcation occurs for 8 = 2%7;22) = 0.625.

The Hopft bifurcation occurs for 5 = % = 2.9.
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I I
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FIGURE 3: The bifurcation diagram with respect to G € [0,2.3]
for X in blue, ¥ in red and P in green, for v = 431, F =
2, A = 0.8, a1 =2.6, ao =1, w = 0.5, and the initial conditions X (0) =
1.6, Y(0) = 2.5 and P(0) = 3.
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FIGURE 4: The bifurcation diagram with respect to 8 € |0, 10| for X in
blue, Y in red and P in green, for v =4, F' =2, A = 0.8, a1 = 3, ay =
2, w = 0.5, and the 1itial conditions X (0) = 1.3, Y (0) = 2.5 and P(0) = 2.
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FIGURE 4: The bifurcation diagram with respect to 8 € |0, 10] for X in
blue, Y in red and P in green, for v =4, F' =2, A = 0.8, a1 = 3, ay =
2, w = 0.5, and the initial conditions X (0) = 1.3, Y (0) = 2.5 and P(0) = 2.

The stability conditions would read as

2(y — 2) 4
1.823 ~ —— < hH < —— ~ 1.302.
vA? b ~A?
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FIGURE 5: The bifurcation diagram with respect to A € |0, 1| for X in blue,
Y inred and P in green, fory=F =1, =10, a; = ay =1, w = 0.5, and
the initial conditions X (0) = 0.25, Y (0) = 1.2 and P(0) = 3.
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FIGURE 5: The bifurcation diagram with respect to A € |0, 1| for X in blue,
Y inred and P in green, fory=F =1, =10, a; = ay =1, w = 0.5, and
the initial conditions X (0) = 0.25, Y (0) = 1.2 and P(0) = 3.

The threshold for the flip bifurcation would be 2@—52) = +/—0.6.
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First scenario: destabilizing role of A

FIGURE 5: The bifurcation diagram with respect to A € |0, 1| for X in blue,
Y inred and P in green, fory=F =1, =10, a; = ay =1, w = 0.5, and
the initial conditions X (0) = 0.25, Y (0) = 1.2 and P(0) = 3.

The threshold for the flip bifurcation would be =\ —
The Hopf bifurcation occurs for A = —— ~ (.894.

\/__
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FIGURE 6: The bifurcation diagram with respect to A € [0, 0.5] for X in
blue, Y in red and P in green, for v = 4.5, FF = 1.3, 3 =10, a1 = as =
1, w = 0.5, and the initial conditions X (0) = 1.1, Y (0) = 1.4 and P(0) = 3.
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FIGURE 6: The bifurcation diagram with respect to A € [0, 0.5] for X in
blue, Y in red and P in green, for v = 4.5, FF = 1.3, 3 =10, a1 = as =
1, w = 0.5, and the initial conditions X (0) = 1.1, Y (0) = 1.4 and P(0) = 3.

The flip bifurcation occurs for A = \/2(%2) ~ ().149.
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FIGURE 6: The bifurcation diagram with respect to A € [0, 0.5] for X in
blue, Y in red and P in green, for v = 4.5, FF = 1.3, 3 =10, a1 = as =
1, w = 0.5, and the initial conditions X (0) = 1.1, Y (0) = 1.4 and P(0) = 3.

The flip bifurcation occurs for A = 2@_2) ~ ().149.
The Hopf bifurcation occurs for A = — ~ (0.421.

\f_
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With a, # a), complex dynamics can occur also for small values

of A.

FIGURE 7: The bifurcation diagram with respect to A € [0, 1.684]
for X in blue, ¥ in red and P in green, for v = 4.2, F =
3,8 =05 a=33,a,=1, w = 0.5, and the initial conditions X (0)
1.6, Y(0) = 4.5 and P(0) = 3.



Third scenario: no stabilization with A



Third scenario: no stabilization with A

FIGURE 8: The bifurcation diagram with respect to A € |0, 3] for X in
blue, Y in red and P in green, for v =5.4, FF =4, 3 =0.5, a; = 3.3, ay =
1, w = 0.5, and the initial conditions X (0) = 1.6, Y (0) = 4.5 and P(0) = 3.



Third scenario: no stabilization with A

FIGURE 8: The bifurcation diagram with respect to A € |0, 3] for X in
blue, Y in red and P in green, for v =5.4, FF =4, 3 =0.5, a; = 3.3, ay =
1, w = 0.5, and the initial conditions X (0) = 1.6, Y (0) = 4.5 and P(0) = 3.

The stability conditions would read as

2y — 2 2
g )<A<—:1.389.

1.438 ~ —
V0 v
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FIGURE 9: The time series for X in blue, Y in red and P in green, respec-
tively, for v = 5.1, F =2, 3 =535, a1 =ays =1, w = 0.5, A = 0.8, and
the initial conditions X (0) = 1.5, Y(0) = 2.5 and P(0) = 2.1.
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FIGURE 9: The time series for X in blue, Y in red and P in green, respec-
tively, for v = 5.1, F =2, 3 =535, a1 =ays =1, w = 0.5, A = 0.8, and
the initial conditions X (0) = 1.5, Y(0) = 2.5 and P(0) = 2.1.

The dynamics of price:
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tively, for v = 5.1, F =2, 3 =535, a1 =ays =1, w = 0.5, A = 0.8, and
the initial conditions X (0) = 1.5, Y(0) = 2.5 and P(0) = 2.1.
The dynamics of price:
Since oy = oy =1 and w = 0.5, then

ED(t)=05(X(t)— P(t)) +0.5(Y(t) — P(t)).
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the initial conditions X (0) = 1.5, Y (0) = 2.5 and P(0) = 2.1.
The dynamics of price:
Since oy = oy =1 and w = 0.5, then

ED(t)=05(X(t)— P(t)) +0.5(Y(t) — P(t)).

Fort=1: Pt)>Y(t)>X(t)= ED({)<0= P(t+1) < P(1).
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FIGURE 9: The time series for X in blue, Y in red and P in green, respec-
tively, for v = 5.1, F =2, 3 =535, a1 =ays =1, w = 0.5, A = 0.8, and
the initial conditions X (0) = 1.5, Y (0) = 2.5 and P(0) = 2.1.
The dynamics of price:
Since oy = oy =1 and w = 0.5, then

ED(t)=05(X(t)— P(t)) +0.5(Y(t) — P(t)).

Fort=1: Pt)>Y(t)>X(t)= ED({)<0= P(t+1) < P(1).

For ¢ =1:Y(t) > P(t) > X(t) and |Y'(t) — P(t)] > |X(t) = P(t)] =
ED(t) > 0= P(t+1) > P(t).
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FIGURE 10: The time series for X in blue, Y in red, P in green, and mwx — 7y
in pink, forvy =51, FF =2, =535, a1 =ay=1, w=0.5, A = 0.8, and
the initial conditions X (0) = 1.5, Y(0) = 2.5 and P(0) = 2.1.
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FIGURE 10: The time series for X in blue, Y in red, P in green, and mwx — 7y
in pink, forvy =51, FF =2, =535, a1 =ay=1, w=0.5, A = 0.8, and
the initial conditions X (0) = 1.5, Y(0) = 2.5 and P(0) = 2.1.

The dynamics of fundamental values:
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FIGURE 10: The time series for X in blue, Y in red, P in green, and mwx — 7y
in pink, forvy =51, FF =2, =535, a1 =ay=1, w=0.5, A = 0.8, and
the initial conditions X (0) = 1.5, Y(0) = 2.5 and P(0) = 2.1.

The dynamics of fundamental values:

ox =0y =1 = 7T)((t+1)—7'('y(t—|—1) — (P(t-I-l)-P(t))(X(t)—Y(t))
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FIGURE 10: The time series for X in blue, Y in red, P in green, and mwx — 7y
in pink, forvy =51, FF =2, =535, a1 =ay=1, w=0.5, A = 0.8, and
the initial conditions X (0) = 1.5, Y (0) = 2.5 and P(0) = 2.1.

The dynamics of fundamental values:
oy =0y =1 = 7T)((t—|—1) —7Ty(t—|—1) — (P(t—|—1) —P(t»(X(t) —Y(t))

For t=t: P(t+1) < P(t) = nx(t+1)—ay(t+1) >0 = more
pessimism = X(t+1) < X(¢) and Y(t+1) < Y(?).
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FIGURE 10: The time series for X in blue, Y in red, P in green, and mwx — 7y
in pink, forvy =51, FF =2, =535, a1 =ay=1, w=0.5, A = 0.8, and
the initial conditions X (0) = 1.5, Y (0) = 2.5 and P(0) = 2.1.

The dynamics of fundamental values:

ox =0y =1 = 7T)((t—|—1) —7Ty(t—|—1) — (P(t—|—1) —P(t>><X(t) —Y(t))
For t =t : Pt+1) < P(t) = nx(t+1)—my(t+1) >0 = more
pessimism = X(t+1) < X(¢) and Y(t+1) < Y(?).

For t =1t : P(t+1) > P(t) = nx(t+1)—7y(t+1) <0 = more
optimism = X(t+1) > X(¢t) and Y(t+ 1) > Y(¢).
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Some multistability phenomena

FIGURE 11: The bifurcation diagram with respect to 5 € [1.5, 3| for P
with v =5, FF =2, A = 0.8, a1 = 2.6, ap = 1, w = 0.5, and the initial
conditions X (0) = 1.3, Y(0) = 2.5, and P(0) = 2 for the blue points,
P(0) = 3 for the red points, and P(0) = 2.1 for the green points, respectively:.
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FIGURE 12: The (X, P)-phase portrait for 6 = 1.6.
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FIGURE 12: The (X, P)-phase portrait for 6 = 1.6.

= coexistence between the fixed point and a chaotic attractor
in two pieces.
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FIGURE 13: The (X, P)-phase portrait for 6 = 1.9.

1
155




44

il

I I I 1 1
1.1% 1.3% 1.35 1.7% 1.54

FIGURE 13: The (X, P)-phase portrait for 6 = 1.9.

= coexistence between an i1nvariant curve and a chaotic at-
tractor in two pieces.
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FIGURE 14: The (X, P)-phase portrait for 6 = 2.604.
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FIGURE 14: The (X, P)-phase portrait for 6 = 2.604.

= coexistence among a period-7 cycle and two chaotic attrac-
tors.
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X(t+1) = F = A (1)
1
Y(t + 1) — F + A (1_|_6ﬁ(7rX(t—l—1)7ry(t—l—l)))
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w(t+1) = :
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Endogenous switching mechanism

1
X(t+1) = F = A (1)
1
Yi+1)=F+A (1+66(7rx(t+1)7fy(t+1)))
P(t+1) = P(t) +vas (ale<w<t>aX<X<t>P(tgita?u(t))ay(m)P<t>>>+a2 1)

w(t+1) = 1

1_|_€—,LL(7TX(t+1)—7Ty(t—|—1))

Logit mechanism by Brock and Hommes (1997) (or a different
mechanism based on squared errors between fundamentals and
price, like in Naimzada and Ricchiuti 2008, 2009).



Endogenous switching mechanism

X(t+1) = F = A (1)

|
Yit+1)=F+A (1+66(7rx(t+1>7fy(t+1>))

- a1+ao
P(t+1) = P(t) +vas (ale<w<t>aX<X<t>P<t>>+<1w<t>>ay<Y<t>P<t>>>+a2 1)

w(t+1) = :

14— Mrx (t+1)=my (i+1))

Logit mechanism by Brock and Hommes (1997) (or a different

mechanism based on squared errors between fundamentals and
price, like in Naimzada and Ricchiuti 2008, 2009).

B=0= X(t+1)=F—-2, Y{t+1)=F+5
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Logit mechanism by Brock and Hommes (1997) (or a different
mechanism based on squared errors between fundamentals and
price, like in Naimzada and Ricchiuti 2008, 2009).

B=0= X(t+1)=F—-2, Y{t+1)=F+5

Hence, with = 0 we are in the framework by De Grauwe
and Rovira Kaltwasser (2012) with bias a = 2, except for our
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nonlinear price adjustment mechanism.
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and the initial conditions X (0) = 1.6, Y'(0) = 2.8 and P(0) = 3.
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and the initial conditions X (0) = 1.6, Y'(0) = 2.8 and P(0) = 3.
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For the price, a flip bifurcation occurs for y ~ 0.55 and a Hopf
bifurcation occurs for y ~ 1.4.
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FIGURE 16: The bifurcation diagram with respect to u € |0, 3| for X in blue,
Y inred and Pin green,fory=4, F =2, =02, a1 =2, aa =1, A =1,
and the initial conditions X (0) = 1.6, Y (0) = 2.8 and P(0) = 3.
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FIGURE 16: The bifurcation diagram with respect to u € |0, 3| for X in blue,
Y inred and Pin green,fory=4, F =2, =02, a1 =2, aa =1, A =1,
and the initial conditions X (0) = 1.6, Y (0) = 2.8 and P(0) = 3.

##0 = X(t) and Y (t) are no more constant.

A flip bifurcation occurs for © ~ 0.3 and a Hopf bifurcation
occurs for p ~ 1.25.
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Relaxing the symmetry condition

Another extension: consider (possibly) different degrees of op-
timism and pessimism for agents, i.e., Ay # Ay € [0, F].
In this case for all ¢ it holds that

1 1

Y(t+1)=X({t+1)+Ax | & e Blax(th)—my(t+1)) | AYl 1 Bl (t+ D) —my(t+1)

= three-dimensional dynamics.

Unbiased fundamentalists

A further extension: similarly to De Grauwe and Rovira Kalt-
wasser (2012), consider a third group of unbiased agents and
investigate their effect on the dynamics of the system

— does the stability region become larger?
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