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Motivations
● (Philosophical) Debate on Continuous-time Vs 

Discrete-time framework. 
● Huge differences in mathematical properties of the 

models, especially if characterized by bounded 
rationality  (Dixit Vs Bischi et Al.)....

Possible compromise: continuous time 
framework...with delays. In this setting it is possible 
to have important nonlinearities even if the system is 

described by two equations 
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Economic models with (fixed) lags
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Economic models with (fixed) lags

● Cobweb Dynamics:
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● Dual models 
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role of delays. Applied Mathematics and Computation 241 (1), February, 371-379.



Our approach

● We consider a Cournot duopoly for a single homogeneous product 
with normalised linear inverse demand given by p = 1−X, where p 
is the market price of product Q, and X < 1 is the sum of output  x

1
 

≥ 0 and output x
2
 ≥ 0 produced by firm 1 and firm 2, respectively.

● The (average and marginal) cost of producing an additional unit of 
output is 0 < w < 1 for every firm. 

● The technology of production of firm i = 1, 2 has constant marginal 
returns to labour and it is equal to xi = Li, where Li represents the 
labour force employed in that firm 



● Profits of firm i are given by Πi = (p − w) x
i
, that can alternatively 

be written as follows: Πi = (1 − x
i
 − x

j
 − w) x

i
, i = 1, 2, i = j. 

● Firm i’s marginal profits are then given by:

● Each firm has limited information about rival’s decision 
variables. In particular, following Matsumoto and 
Szidarovszky (2014), we adapt the Bischi et Al. adjustment 
mechanism in the following way (Berezowski, 2001) 



Dynamical System

● tau_1=tau_2=1, sigma_1=sigma_2=0------> Classical Bischi et Al. Model 
without heterogeneity



The symmetric case



where



Complex behaviour on the diagonal
Bifurcation diagram with respect 
to tau

Dynamic in x1-x2 plane



Complex behaviour on the diagonal



Existence and stability of positive equilibrium 
for the two equations system

● System (3) has a unique positive equilibrium (x
1

, ∗
x

1
), where x∗

1
 = (1 − w)/3.∗



Stability



Characteristic polynomial



The case tau_1 = 0, tau_2 > 0

where

let



Hopf bifurcation in x1-x2 plane 





The case tau_1 > 0 and tau_2 fixed 
in the interval [0, tau_2_0)
Characteristic polynomial:

where:



We introduce: 



We have the following: 



The case tau_1 =tau_2 =tau

We can apply some recent results provided in:
Chen, S., Shi, J., Wei, J., 2013. Time delay-induced instabilities and Hopf  bifurcations in
general reaction—diffusion systems. Journal of Nonlinear Science 23, 1—38.







Synchronization Failure



Thank you
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