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Motivations

* (Philosophical) Debate on Continuous-time Vs
Discrete-time framework.

* Huge differences in mathematical properties of the
models, especially if characterized by bounded
rationality (Dixit Vs Bischi et Al)....

Possible compromise: continuous time
framework...with delays. In this setting it 1s possible
to have important nonlinearities even if the system 1s

described by two equations
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Economic models with (fixed) lags
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Our approach

 We consider a Cournot duopoly for a single homogeneous product
with normalised linear inverse demand given by p = 1-X, where p
1s the market price of product Q, and X < 1 1s the sum of output x,

> 0 and output x, > 0 produced by firm 1 and firm 2, respectively.

e The (average and marginal) cost of producing an additional unit of
output 1s 0 <w < 1 for every firm.

e The technology of production of firm 1= 1, 2 has constant marginal
returns to labour and it is equal to xi = L1, where Li represents the
labour force employed in that firm



« Profits of firm 1 are given by Ili = (p — w) X, that can alternatively

be written as follows: 111 = (1 — X, 7 X~ W) X, i=1,2,1=].

e Firm 1’s marginal profits are then given by:

 Each firm has limited information about rival’s decision
variables. In particular, following Matsumoto and

Szidarovszky (2014), we adapt the Bischi et Al. adjustment
mechanism in the following way (Berezowski, 2001)



Dynamical System

The two-dimensional dynamic system with different time delays 1s the following:

J‘ o121 (t) +x(t) =2 (t —7m1) +ax (t—71) [1 —w — 2z (t —7¢) — 22(t — 71)].

l OoXa(t) + 2o(t) = x2(t — T2 ) + axa(t — 7o) ['l —w — 2x2(t — 7o) —x21(t — T2 ']] :

where 0 < w < 1, 4.0, = 0 and 71.72 = 0 are two parameters that capture time delays.

e tau l=tau 2=I, sigma l=sigma 2=0------ > (Classical Bischi et Al. Model
without heterogeneity




The symmetftric case

c1Z1(t) +z1(t) =z1(t —7) +az(t —7 \[1 —w — 321 (t — 7)]

Theorem 1 Let 7o be defined as in (4).

1) If a <2/(1—w), then the equilibrium x7 is locally asymptotically stable for all T = 0.

2) Ifa > 2/(1—w), then the equilibrium x] is locally asymptotically stable for T € [0,7¢) and

unstable for T > 1o. Furthermore, Eq (1) undergoes a Hopf bifurcation at 7 when 7 = 7.




where
1 —1 “o .- .
To = — {tan (— ) + ,Zﬂ'} : (4)
LU'D G'-J

-l + kS [
Wo = ;\/SCEIj' (Baxz] — 2).




Complex behaviour on the diagonal
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Complex behaviour on the diagonal




Existence and stability of positive equilibrium
for the two equations system

» System (3) has a unique positive equilibrium (x *,
x %), where x * = (1 —w)/3.



Stability

Setting x = o1(x1 — x{). ¥y = 02(x2 — 7). and linearizing at (0,0), we

have )

., 1 (1 —2axy) | axrs |

z(t) = ——ax(t) + - La(t—7) — Lyt —1),
71 a1 71

4
L [ axry (1 =2ax]) |
ylt) = ——ylt) — r(t— 7o)+ Yyt — 2.

\, T2 09 T2

The characteristic equation associated with (4) 15 given by

1 (1 — 2axT) _ QL _
a1 g1 01
=0,
axy _ 1 (1 —2ax7) _
_ -'I E_.:"l..': - ;1‘ _|_ 1 E_.-'\"\.I:
T~ T2 T~




Characteristic polynomial

Lemma 2 Let 71 = 72 = 0. The the equilibrium point of system (3) s locally asymptotically

stable.




The casetau 1=0,tau 2>0

The characterstic equation (2) takes the form
I-’ i % — 5 %
AT+ pA+r+i(si+gle =0, (6]
where

1 2007 207 (1 — 2aa7)
p= + L= . 8= — and ¢ =
T2 1 102 o J102

(Jax] — 2)ax]




Hopf bifurcation in x1-x2 plane




Theorem 6 Let M. 715 .75 be defined as in (11). (13) and (14), respectively.

o

1) Ifax] =4/3 and g1 < 202, or ar] < 4-’3 and o1 = 02, or ax] < 4/3 and g1 < 202, or

3)

ax} <4/3 01 = 209 and ax} < 01/(03—03). orax} < 4/3. 01 > 205, 03 /(07 —03) < ax}
and M < 0 hold. then the equilibrium I_':..r:;.hnf] | 15 locally asymptotically stable for all T = 0.

[fax] =4/3 and 01 > 20,5, or ax] > 4/3, or ax] < 4/3. 01 = 204, 07/(0] — 03) < ax]
and M = 0 hold. then the equilibrium (x7, x7) 15 locally asymptotically stable for T2 < T2,
and unstable for 79 > T3,. Furthermore, system (3) undergoes a Hopf bifurcation at (x7. x7)

-
] |
when T = Ta, if the corresponding root A = wwg of (6) is simple.

a

If axi < 4/3, 01 > 202, 03/(07 —03) < ax] and M > 0 hold, then there is a positive
integer m such Tfmf the Er.;rz.zz-.femmm (x7.27) s locally asymptotically stable when
0,75,) U (T3,,73,) U ---U(T5__ .75 ) and unstable when 7o € (73,,75,) U (T3,

—
2 =

T
_lgl..'zlll L

0 1 = A 2 2 = 207 1 29
Uty . Ty )Y |’rg+ ¢ ). Furthermore. system (3) undergoes a Hopf bifurcation at
£ L _ _+ . 4 ¢ . o . . e .
(x].27) when 7o =75, . m =012 __ if the corresponding root A = 1w of (6) is stimple.




The case tau 1 > 0 and tau_2 fixed
in the interval [0, tau 2 0)

Characteristic polynomial:

N+ AN+B+(C+DN)e " +(C+ENe M2+ FeM1iF72) —

where:
J'l {T-j__:

k. 4

(1 —2axy)” — (ax]

1092



We introduce:




We have the following:

Theorem 10 Let 75 € [0.75

1) If g(w) has no positive zero. then the equilibrium (x7],x7) of system (3) 1s locally asymptot-

1C0 Hf stable ,i*{'}.f" T1 = L

I, 3) undergoes H ﬂpj ﬂl_.‘-"f_-l;l'-'lfﬁ'?'{.' J_f'ffr_m a:n‘. i..?.fr::' t.*r_}"u.':'h.r.m um | T r1 ) ;hw‘ T1 = T1,
root A = iw of (16) 1s stmple and condition (18) holds.




The case tau 1 =tau_2 =tau

The characteristic equation (5) becomes

N4+al+b+(d+cA) e +he " =0.

We can apply some recent results provided in:
Chen, S., Shi, J., Weti, J., 2013. Time delay-induced instabilities and Hopf bifurcations in
general reaction—diffusion systems. Journal of Nonlinear Science 23, 1—38.




Let A =iw (w > 0) be a root of (19). Then, we have

—w tatw+ b+ (d+ciw)e ™ + he 7T =0,
If (wr)/2 # (7/2) + jm, j € N = NU {0}, then we have e 7 = (1 —i6)/(1 + if), with

6 = tan [(wT)/2] . Separating the real and imaginary parts. one has that 6 satisfies

(w2 =b+d—h)6> — 2awb = WV—b—d—h, |
| | (20)
(c—a)w?+ (—2w2 +20—-20)0 = —(c+a)w.
Define
W —b+d—nh —2aw |
D(w) = | | , : (21)
! (c—a)w —2w* 4+ 20— 2h
W —b—d—-h —2aw
Elw) = | ,
—(c+a)w —2w=+2b—2h

:u-.:?—b—d—h w?—b—d-—h |

(c—a)w —(c+a)w




-
Theorem 18 Let D(w) be defined as in (21).

1)

2)

i)
i)

ii1)

iv)

Let ax] > 4/3. 01 = 02 and D

(w) = 0. Then the equilibrium (xj,x]) of system (3) 1s
locally asymptotically stable for all ™ =

= 0.

‘v" |

Let ax] > 4/3. 0y = 05 and D(w) # 0. or ax] > 4/3 and o, # 05, or ax] < 4/3 and
Jar; —1#0. ax]; —1%0 ana’l—Ear* = 0.

The guartic polynomial equation (22) has a root ;ui- for wy = 0.

The characteristic equation (19) has a pair of roots Liwy when T = 1"3'1 j e N with 7
defined as in (23).
Let

G(w.0) = [d(1+6%)+2h(1—6%)] 2w(l — 67) + 2ab;
— [ew(1+6%) — 4hb][a(l — 67) — 4w + c(1 + 67)].

If Glwn.0xn) > 0, then iwy is a simple root of the characteristic equation fﬂrr T = '“_?Y and

there exists A(T) = v(T )+ ?.4.,[*'] uhwh is the unique root for T {**'j — 2,7\ +2) for some
small = > 0 satisfying v(1 v) = 0. w(T! ) =wn and V(7 "_L.) = [].

If G(wn.,0n) = 0, then there exists 7. > 0 such that the equilibrium (z7,x7]) of system (3)
is locally asymptotically stable when 7 € [0.7.) and it is unstable when 7 € (7.7, + =) for

£ > 0 and small. Furthermore. a Hopf bifurcation occurs at 7 = 7,.
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