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Background models

Day and Huang, 1990:

financial market model generating Bull and Bear (BB) market dynamics (randomly
alternating periods of generally rising or generally falling prices). Three types of agent:

@ a market maker who adjusts prices with respect to excess demand;
@ chartists who believe in the persistence of BB markets;

@ fundamentalists who bet on mean reversion.

— 1D nonlinear map. Surveys of follow-up papers: Hens and Schenk-Hoppé (Eds.), 2009.

19-09-2014 1.Sushko BB market dynamics 2 /21



Background models

Day and Huang, 1990:

financial market model generating Bull and Bear (BB) market dynamics (randomly
alternating periods of generally rising or generally falling prices). Three types of agent:

@ a market maker who adjusts prices with respect to excess demand;
@ chartists who believe in the persistence of BB markets;
@ fundamentalists who bet on mean reversion.

— 1D nonlinear map. Surveys of follow-up papers: Hens and Schenk-Hoppé (Eds.), 2009.

Tramontana, Westerhoff, Gardini, 2013:
based on Huang and Day, 1993 (1D PWL continuous map), it is assumed that
@ a number of chartists and fundamentalists are always active in the market;

@ additional chartists and fundamentalists may enter when the distance between the
price and its fundamental value exceeds a critical level;

@ new traders’ demand may be non-zero at the market entry level.

— 1D PWL discontinuous map: entry thresholds are symmetric.
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The set up of the model

The log-linear price adjustment rule:

Pt+1:Pt-i-a(DtC'l+DtF'1+Dtc’2+Df’2)

a > 0 is a price adjustment parameter; a = 1.
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Pt+1:Pt-i-a(DtC'l+DtF'1+Dtc’2+Df’2)

a > 0 is a price adjustment parameter; a = 1.

Chartists of type 1

are always active, and when
prices are above the fundamental
value F' they buy:

Dt = ¢y (P — F)
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The set up of the model

The log-linear price adjustment rule:

Pt+1:Pt+a(DtC'1+DtF'1+Dtc’2+Df’2)

a > 0 is a price adjustment parameter; a = 1.

Chartists of type 1 Chartists of type 2
are always active, and when wait for a stronger price signal before entering the
prices are above the fundamental market:

value F' they buy:

0, —2" <P —F<zt

C2(Pt—F)+C3, Pt—FZZJr

Cz(Pt—F)—Cg, Pt—FS—Z_
C,2
DE* = ¢\ (P; - F) D=
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Pt+1:Pt+a(DtC'1+Df’1+Dtc'2+Df'2)

a > 0 is a price adjustment parameter; a = 1.

Chartists of type 1 Chartists of type 2
are always active, and when wait for a stronger price signal before entering the
prices are above the fundamental market:

value F' they buy:

0, —2" <P —F<zt

CQ(Pt_F)+C3, Pt—FZZJr

Cz(Pt—F)—Cg, Pt—FS—Z_
C,2
DE* = ¢\ (P; - F) D=

c1 > 0 and co > 0 measure the reactivity to the signal of type 1 and type 2 chartists;
2T >0, 27 > 0 are entry thresholds for type 2 chartists in the bull and bear region;

c3 > max [—czz+; —czz_] permits to adjust the transaction to have non-negative order
in the bull market and non-positive order in the bear market.
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The set up of the model

The orders of type 1 and 2 fundamentalists

are similar except for the fact that they buy when the price is below the fundamental
value, while they sell when price is higher than the fundamental value:

D" = fi(F - R)

0, f —z27 <P —F<zt
fz(F—Pt)—fg, if .Pt—FZZS+
f1 >0 and f2 > 0 are reaction parameters; f3 > max [f2z+; fzz_] helps to ensure
positive (resp. negative) orders in the bull (resp. bear) region.

{ fz(F—Pt)+f3, If Pt_FS -z
D;"? =
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The set up of the model

The orders of type 1 and 2 fundamentalists

are similar except for the fact that they buy when the price is below the fundamental
value, while they sell when price is higher than the fundamental value:

D" = fi(F - R)

f2(F—P)+fs, if Bb—F< -z~
D ={ o, f —z2 <P -F<z"
fz(F—Pt)—fg, If .Pt—FZZS+

f1 >0 and f2 > 0 are reaction parameters; f3 > max [f22+; fzz_] helps to ensure
positive (resp. negative) orders in the bull (resp. bear) region.

Price adjustment:

Pot+(aa+ec—fi—fo)(Pe—F)—c3s+fs if BB—F< —z~
P = P, +(c1 — fL1)(P = F) if 27 <P —-F<2zt
Pot(cr+ca—fi—fo)(Pi—F)+cs—fs if PL—F>z"
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The set up of the model

The model in terms of deviations from the fundamental value:
defininig
ze:=P.—F, Si:=c1—f1, Sa2i=ca2— fa, m:i=c3s— f3
we get the following family of 1D discontinuous PWL maps f with three linear branches:
fr(@)=1+S1+S)ze—m if z,<—2z"
fizep= {

fu(z) = (14 S1)ze if —z <z <zt
fR(m) = (1+Sl +Sg)$t+m if Tt ZZ+
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The set up of the model

The model in terms of deviations from the fundamental value:
defininig
Tt I:Pt—F, Sl Z:C]_—fl, Sz I:CQ—fg, mZ:C3—f3

we get the following family of 1D discontinuous PWL maps f with three linear branches:

fu(z) = (14 S1)ze if —z <z <zt

fr@)=(1+ 81+ S2)ze —m if z < —2"
f Tty1 —
fR(:z:) = (1—|—Sl +Sg)$t+m if Tt ZZ+

Our aim

To describe bifurcation structure of the parameter space of the map f, in
particular, to understand how parameter regions related to attracting cycles
(periodicity regions) are ordered.

TWG, 2013: symmetric case z— = z* = 1. How bifurcation structure changes if
symmetry is broken?
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1D discontinuos piecewise linear (PWL) maps

with one discontinuity point:

gr(z) =arz+pr, <0

9:m—>g(m)={ gR(m):aRm-i_/J'R’ z>0

9z.(0) # gr(0);
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1D discontinuos piecewise linear (PWL) maps

with one discontinuity point:

gr(z) =arz+pur, =<0

g:m%g(m):{ gr(z) =agz +pur, >0

9z.(0) # gr(0);

with two discontinuity points:

gr(z) =arz+puL, z<dg
g:z—g(x)=q gu(z) =amz+py, dr<z<dg
gr(z) =aprz +pr, z>dg

9r(dr) # gm(dr), gm(dr) # gr(dr).
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1D discontinuos piecewise linear (PWL) maps

with one discontinuity point:

: _J g(@)=arz+puL, <0
g'még(m)_{gR(m):aR$+#R, z>0

9z.(0) # gr(0);

with two discontinuity points:

gr(z) =arr+pr, z<dg
g:z—g(x)=q gu(z) =amz+py, dr<z<dg
gr(z) =aprz +pr, z>dg

9r(dr) # gm(dr), gm(dr) # gr(dr).

Boundaries of periodicity regions

Suppose g has an attracting cycle of period n > 3. Then a boundary of the
related periodicity region corresponds to either border collision bifurcation (BCB)
of the cycle, or to its degenerate flip bifurcation (DFB).
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Bifurcation structures in 1D discontinuous PWL maps

Period incrementing structure (0 < ar, < 1, —1 < ag < 0)
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Bifurcation structures in 1D discontinuous PWL maps

Period incrementing structure (0 < ar, < 1, —1 < ag < 0)

Hr

Period adding structure (0 < az,ap < 1)
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Bifurcation structures in 1D discontinuous PWL maps

Period incrementing structure (0 < ar, < 1, —1 < ag < 0)
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Symbolic sequences and complexity levels
Leonov, 1959, Avrutin et al., 2010, Gardini et al., 2010
First complexity level (basic cycles):

Y11 ={LR™}? o1 = {RL™}?

nyp=1" ni=1
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Symbolic sequences and complexity levels
Leonov, 1959, Avrutin et al., 2010, Gardini et al., 2010

First complexity level (basic cycles):

Y11 ={LR™ }:'121 , Y21 ={RL™M}>

ni1=1

Symbolic replacements:

. [ L—LR™ s _ [ L— LRL™
*m =1 RS RLR™' "™ =) RS RL™
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Symbolic sequences and complexity levels
Leonov, 1959, Avrutin et al., 2010, Gardini et al., 2010

First complexity level (basic cycles):

Y11 ={LR™ }n1 1 Y21 = {RLm}nl 1
Symbolic replacements:
: [ L LR rn_ [ L— LRL™
km*=1 R—= RLR™' "=\ R- RL™

Second complexity level (m = ny):

Bun = {LR™ (RER™YMYS | D= {LRL™ (A7)}

ni,ma=1 0 ni,n2

Y32 = {RLRnZ (LRM)M} Y42 = {RL7L2 (LRL™) n1}°°

ny,np=1" ny,nz=1
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Symbolic sequences and complexity levels
Leonov, 1959, Avrutin et al., 2010, Gardini et al., 2010

First complexity level (basic cycles):

Y11 ={LR™ },,L1 1 Y21 = {RLm}nl 1
Symbolic replacements:
o ._ [ L LR" & ._ [ L—LRL™
™= R—RLR™' "™~ ) R— RL™

Second complexity level (m = ny):

Bun = {LR™ (RER™YMYS | D= {LRL™ (A7)}

ni,ma=1 0 ni,n2

Y32 = {RLRnZ (Lan)nl} Y42 = {RL7L2 (LRL™) n1}°°

ny,np=1" ny,nz=1

Applying the replacements with m = n3 to the families of complexity level two we obtain
23 families 53, 7 = 1,...,2%, of complexity level three, and so on.
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BB model, 27 = 2z =1 (TWG, 2013)

Periodicity regions in the (m, Sy)-parameter plane, S; = 0.5
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BB model, 27 = 2z =1 (TWG, 2013)

Periodicity regions in the (m, Sy)-parameter plane, S; = 0.5

chaos

divergence

R3

R4

Ri

divergence

chaos

R2

-05

05 1 m 15 2

19-09-2014 1.Sushko

BB market dynamics

9/ 21



BB model, 27 = 2z =1 (TWG, 2013)

Periodicity regions in the (m, Sy)-parameter plane, S; = 0.5
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@ R1: period adding structure and disjoint symmetric attractors;
@ R2: period incrementing structure and chaotic intervals;
@ R3: even-period incrementing structure and chaotic intervals;

@ R4: even-period adding structure and bistability.
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BB model, z7 =2t =1
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BB model, z7 =2t =1
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BB model, 2= = 27 = 1: the region Ry
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BB model, 2= = 27 = 1: the region Ry

Ry: period adding structure
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BB model, 2= = 27 = 1: the region Ry
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Ry: period adding structure
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Symmetry of f wrt to the origin

= an invariant set A is either symmetric itself wrt to 0, or 3 A’ symmetric to A;
= if f has a cycle -y, with odd n then 3 ), symmetric to 7y,.
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BB model, 2= = 27 = 1: the region Ry

Basic cycles
$11={RCELCE}, . ((2k + 2)-cycles);

Bo1 = {RC’ELC’_’ﬁH,LCﬂﬁRC’fﬂ}DO ((2k + 3)-cycles).
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The region Ry4: breaking symmetry

BCB boundaries

W={p: " (fe(z7)) =27} Ir={p: f"H(fu(z7)) =27}
ri={p: " (fu(z")) =2}, rr={p: f"(fr(z")) =27}

p is a point in the parameter space (in symmetric case Il = 77, Ir = rl).
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BCB boundaries
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The region Ry4: breaking symmetry
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The region Ry4: breaking symmetry
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z==1,z*=1.5

z7=1,z+=2.9

fHac



The regions R4 and Rs: breaking symmetry
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