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Background models

Day and Huang, 1990:

�nancial market model generating Bull and Bear (BB) market dynamics (randomly
alternating periods of generally rising or generally falling prices). Three types of agent:

a market maker who adjusts prices with respect to excess demand;

chartists who believe in the persistence of BB markets;

fundamentalists who bet on mean reversion.

! 1D nonlinear map. Surveys of follow-up papers: Hens and Schenk-Hopp�e (Eds.), 2009.

Tramontana, Westerho�, Gardini, 2013:
based on Huang and Day, 1993 (1D PWL continuous map), it is assumed that

a number of chartists and fundamentalists are always active in the market;

additional chartists and fundamentalists may enter when the distance between the
price and its fundamental value exceeds a critical level;

new traders' demand may be non-zero at the market entry level.

! 1D PWL discontinuous map: entry thresholds are symmetric.
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The set up of the model

The log-linear price adjustment rule:

Pt+1 = Pt + a
�
D
C;1
t +D

F;1
t +D

C;2
t +D

F;2
t

�
a > 0 is a price adjustment parameter; a = 1.

Chartists of type 1

are always active, and when
prices are above the fundamental
value F they buy:

D
C;1
t = c1(Pt � F )

Chartists of type 2

wait for a stronger price signal before entering the
market:

D
C;2
t =

(
c2(Pt � F )� c3; Pt � F � �z�

0; �z� < Pt � F < z+

c2(Pt � F ) + c3; Pt � F � z+

c1 > 0 and c2 > 0 measure the reactivity to the signal of type 1 and type 2 chartists;
z+ > 0; z� > 0 are entry thresholds for type 2 chartists in the bull and bear region;
c3 � max

�
�c2z

+;�c2z
�

�
permits to adjust the transaction to have non-negative order

in the bull market and non-positive order in the bear market.
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The set up of the model

The orders of type 1 and 2 fundamentalists

are similar except for the fact that they buy when the price is below the fundamental
value, while they sell when price is higher than the fundamental value:

D
F;1
t = f1(F � Pt)

D
F;2
t =

(
f2(F � Pt) + f3; if Pt � F � �z�

0; if �z� < Pt � F < z+

f2(F � Pt)� f3; if Pt � F � z+

f1 > 0 and f2 > 0 are reaction parameters; f3 � max
�
f2z

+; f2z
�

�
helps to ensure

positive (resp. negative) orders in the bull (resp. bear) region.

Price adjustment:

Pt+1 =

8<
:

Pt + (c1 + c2 � f1 � f2)(Pt � F )� c3 + f3 if Pt � F � �z�

Pt + (c1 � f1)(Pt � F ) if �z� < Pt � F < z+

Pt + (c1 + c2 � f1 � f2)(Pt � F ) + c3 � f3 if Pt � F � z+
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The set up of the model

The model in terms of deviations from the fundamental value:
de�ninig

xt := Pt � F; S1 := c1 � f1; S2 := c2 � f2; m := c3 � f3

we get the following family of 1D discontinuous PWL maps f with three linear branches:

f : xt+1 =

(
fL(x) = (1 + S1 + S2)xt �m if xt � �z

�

fM (x) = (1 + S1)xt if �z� < xt < z+

fR(x) = (1 + S1 + S2)xt +m if xt � z+

Our aim

To describe bifurcation structure of the parameter space of the map f , in
particular, to understand how parameter regions related to attracting cycles
(periodicity regions) are ordered.
TWG, 2013: symmetric case z� = z+ = 1. How bifurcation structure changes if
symmetry is broken?
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1D discontinuos piecewise linear (PWL) maps

with one discontinuity point:

g : x! g(x) =

�
gL(x) = aLx+ �L; x < 0
gR(x) = aRx+ �R; x > 0

gL(0) 6= gR(0);

with two discontinuity points:

g : x! g(x) =

8<
:

gL(x) = aLx+ �L; x < dL
gM (x) = aMx+ �M ; dL < x < dR
gR(x) = aRx+ �R; x > dR

gL(dL) 6= gM (dL), gM (dR) 6= gR(dR):

Boundaries of periodicity regions

Suppose g has an attracting cycle of period n � 3. Then a boundary of the
related periodicity region corresponds to either border collision bifurcation (BCB)
of the cycle, or to its degenerate �ip bifurcation (DFB).
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Bifurcation structures in 1D discontinuous PWL maps

Period incrementing structure (0 < aL < 1, �1 < aR < 0)

Period adding structure (0 < aL; aR < 1)
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Symbolic sequences and complexity levels

Leonov, 1959, Avrutin et al., 2010, Gardini et al., 2010

First complexity level (basic cycles):

�1;1 = fLRn1g
1

n1=1
; �2;1 = fRLn1g

1

n1=1

Symbolic replacements:

�
L
m :=

�
L! LRm

R! RLRm
; �

R
m :=

�
L! LRLm

R! RLm

Second complexity level (m = n2):

�1;2 =
�
LR

n2 (RLRn2)
n1
	
1

n1;n2=1
; �2;2 =

�
LRL

n2 (RLn2)
n1
	
1

n1;n2=1

�3;2 =
�
RLR

n2 (LRn2)
n1
	
1

n1;n2=1
; �4;2 =

�
RL

n2 (LRLn2)
n1
	
1

n1;n2=1

Applying the replacements with m = n3 to the families of complexity level two we obtain
23 families �j;3, j = 1; : : : ; 23, of complexity level three, and so on.
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BB model, z� = z
+
= 1 (TWG, 2013)

Periodicity regions in the (m;S2)-parameter plane, S1 = 0:5

R1: period adding structure and disjoint symmetric attractors;

R2: period incrementing structure and chaotic intervals;

R3: even-period incrementing structure and chaotic intervals;

R4: even-period adding structure and bistability.
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BB model, z� = z
+
= 1
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BB model, z� = z
+
= 1: the region R4
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BB model, z� = z
+
= 1: the region R4

R4: period adding structure

Symmetry of f wrt to the origin

) an invariant set A is either symmetric itself wrt to 0, or 9 A0 symmetric to A;
) if f has a cycle 
n with odd n then 9 
0n symmetric to 
n.
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BB model, z� = z
+
= 1: the region R4

Basic cycles

�1;1 =
�
RCk

�LC
k
+

	
k�0

((2k + 2)-cycles);

�2;1 =
n
RCk

�LC
k+1
+ ; LCk

+RC
k+1
�

o
k�0

((2k + 3)-cycles).
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The region R4: breaking symmetry

BCB boundaries

ll = fp : fn�1(fL(z
�)) = z�g; lr = fp : fn�1(fM (z�)) = z�g

rl = fp : fn�1(fM (z+)) = z+g; rr = fp : fn�1(fR(z
+)) = z+g

p is a point in the parameter space (in symmetric case ll = rr, lr = rl).
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The region R4: breaking symmetry
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The region R4: breaking symmetry
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The regions R4 and R3: breaking symmetry

z� = 1, z+ = 2:9
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