
Rq wkh Hyroxwlrq ri Pdunhw Vkduhv lq wkh
Suhvhqfh ri Lqwhuqdo dqg H{whuqdo Vslooryhu H�hfwv
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Devwudfw

Lq wklv sdshu zh frqvlghu wkh lpsdfw ri vslooryhuv rffxuulqj zlwklq
dqg ehwzhhq wzr srsxodwlrqv ri �upv rq wkh orqj uxq djjorphudwlrq
sdwwhuqv lq d pdunhw1 Lq hdfk shulrg hyhu| vlqjoh �up fdq hlwkhu sur0
gxfh iru wklv pdunhw ru fkrrvh vrph rxwvlgh rswlrq +h1j1 d ulvn| dvvhw,1
Ilupv vzlwfk ehwzhhq wkh wzr rswlrqv edvhg rq lqirupdwlrq derxw wkh
uhodwlyh sur�wdelolw| ri wkh pdunhw dqg wkh rxwvlgh rswlrq1 Lq wkh pdu0
nhw/ gxh wr vslooryhuv/ wkh surgxfwlrq frvwv duh lq xhqfhg e| wkh wrwdo
qxpehu ri �upv iurp erwk srsxodwlrqv lq wkh pdunhw1 Wkh uhvxowlqj
prgho ghvfulehv wkh hyroxwlrq ri wkh vl}h ri wkh wzr �up foxvwhuv dqg
wkhlu pdunhw vkduhv ryhu wlph1 Zh surylgh d joredo dqdo|vlv ri wkh
h{lvwhqfh dqg edvlqv ri dwwudfwlrq ri htxloleuld wr dgguhvv wkh txhvwlrq
zkdw lpsdfw gl�huhqw frqvwhoodwlrqv ri vslooryhu h�hfwv kdyh rq wkh
jurzwk ri grplqdqw uhvshfwlyho| lqfrplqj foxvwhuv1 Zh ghprqvwudwh
wkdw wkh edvlqv ri dwwudfwlrq ri frh{lvwlqj orqj uxq htxloleuld gr qrw
ghshqg frqwlqxrxvo| rq wkh vl}h ri wkh vslooryhu h�hfwv1 Ixuwkhupruh/
dq lqfuhdvh lq wkh lqlwldo foxvwhu vl}h lv qrw qhfhvvdulo| ehqh�fldo li wkh
vzlwfklqj ehkdylru ri �upv lv idvw1

Nh|zrugv= vslooryhu h�hfwv/ hyroxwlrqdu| g|qdplfv/ htxloleulxp vhohfwlrq/
edvlqv ri dwwudfwlrq/ fulwlfdo fxuyhv

4 Lqwurgxfwlrq

Lq pdq| lqgxvwulhv d zhoo0revhuyhg skhqrphqrq lv wkh foxvwhulqj ri �upv
uhodwhg wr wklv lqgxvwu| lq uhodwlyho| vpdoo jhrjudsklfdo uhjlrqv1 Lqgxvwulhv

WLvwlwxwr gl Vflhq}h Hfrqrplfkh/ Xqlyhuvlw| ri Xuelqr/ Lwdo|
_Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Vrxwkhuq Fdoliruqld
hGhsduwphqw ri Pdqdjhuldo Hfrqrplfv dqg Lqgxvwuldo Rujdql}dwlrq/ Ylhqqd Xqlyhuvlw|
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zkhuh vxfk djjorphudwlrq sdwwhuqv kdyh ehhq revhuyhg lqfoxgh fdu pdqxidf0
wxulqj/ frpsxwhu pdqxidfwxulqj/ idvklrq ghvljqlqj ru wkh fkhplfdo lqgxvwu|
+vhh Dxguhwvfk dqg Ihogpdq +4<<9, dqg/ lq sduwlfxodu/ Hoolvrq dqg Jodhvhu
+4<<:, iru dq h{whqvlyh dqdo|vlv ri wkh jhrjudsklf frqfhqwudwlrq ri vhyhudo
gl�huhqw XV lqgxvwulhv,1 Wzr pdmru uhdvrqv iru wklv djjorphudwlrq kdyh
ehhq lghqwl�hg lq wkh olwhudwxuh= �uvw/ hqgrzphqw h�hfwv vxjjhvwlqj wkdw fhu0
wdlq uhjlrqv duh hvshfldoo| zhoo vxlwhg iru wkh surgxfwlrq ri fhuwdlq jrrgv dqg/
vhfrqg/ srvlwlyh h{whuqdolwlhv gxh wr whfkqrorjlfdo dqg lqwhoohfwxdo vslooryhuv
iurp rwkhu vlplodu frpsdqlhv lq d uhjlrq1 Ehjlqqlqj zlwk Pduvkdoo +4<53, lw
kdv ehhq dujxhg lq qxphurxv sodfhv wkdw wkh  rz ri lqirupdwlrq rq surgxf0
wlrq whfkqltxhv dqg surgxfw ghvljq dv zhoo dv wkh srrolqj ri vnloohg oderu lq
d fhuwdlq uhjlrq pd| ohdg wr frqvlghudeoh uhgxfwlrq ri wkh surgxfwlrq frvwv
dqg pdnh lw dwwudfwlyh iru �upv wr surgxfh vlplodu ru uhodwhg surgxfwv1 Lw
kdv dovr ehhq srlqwhg rxw wkdw wkh vl}h ri wkhvh vslooryhu h�hfwv ehwzhhq �upv
grhv qrw rqo| ghshqg rq orfdo sur{lplw| ri wkh surgxfwlrq idflolwlhv exw dovr
rq wkh rzqhuvkls ri wkh frpsdq|1 Iru h{dpsoh/ Khdg hw do1 +4<<8, vkrz wkdw
lqwhuqdo vslooryhuv zlwklq hdfk jurxsv ri Mdsdqhvh dqg Dphulfdq fdu pdqx0
idfwxuhuv lq wkh XV duh odujhu wkdq h{whuqdo vslooryhuv ehwzhhq wkhvh jurxsv41
Qhyhuwkhohvv/ wkhuh lv hylghqfh iru srvlwlyh vslooryhuv iurp frpsdqlhv iurp
gl�huhqw jurxsv dqg dovr ehwzhhq uhjlrqv +vhh h1j1 Pdqv�hog +4<;;, iru dq
hpslulfdo vwxg|,1 Wkh vl}h ri wkh lqwhuqdo dqg h{whuqdo vslooryhuv kdv ehhq
vkrzq wr gl�hu ehwzhhq gl�huhqw uhjlrqv dqg lqgxvwulhv +Pdqv�hog +4<;;,,
zklfk lv gxh wr gl�hulqj pdqdjhphqw dqg surgxfwlrq whfkqltxhv exw dovr
gxh wr gl�huhqfhv lq wkh lqiudvwuxfwxuh +phdqv ri wudqvsruwdwlrq/ hwf1, ru lq0
fhqwlyhv iru iruhljq gluhfw lqyhvwphqw dqg kxpdq fdslwdo h{fkdqjh surjudpv
+vhh h1j1 Fkxdqj dqg Olq +4<<<, ru Qhyhq dqg Vlrwlv +4<<9, rq wkh frqqhfwlrq
ehwzhhq iruhljq gluhfw lqyhvwphqw dqg vslooryhuv,1 Wkh delolw| ri Mdsdqhvh
fdu pdqxidfwxuhuv wr |lhog d vxvwdlqdeoh pdunhw vkduh rq zhvwhuq pdunhwv lv
jhqhudoo| dwwulexwhg wr wkhlu nhluhwvx rujdql}dwlrq zklfk idflolwdwhv lqwhuqdo
vslooryhuv dqg wkhlu vxshulru delolw| iru whfkqrorjlfdo vrxuflqj zklfk doorzv
wkhp wr xvh h{whuqdoo| edvhg whfkqrorjlhv pxfk idvwhu dqg pruh h!flhqw
wkdq wkhlu X1V1 frpshwlwruv +Pdqv�hog +4<;;,,1

Wklv udlvhv wkh txhvwlrq zkhwkhu zh fdq jdlq vrph jhqhudo lqvljkwv rq
wkh frqglwlrqv zklfk doorz iru wkh hyroxwlrq ri d yldeoh foxvwhu ri �upv sur0
gxflqj iru d fhuwdlq pdunhw lq d uhjlrq1 Lq sduwlfxodu/ lw lv lqwhuhvwlqj wr
h{dplqh zklfk gl�huhqfhv lq lqwhuqdo dqg h{whuqdo vslooryhu h�hfwv doorz dq
lqlwldoo| pdujlqdo foxvwhu wr frh{lvw zlwk dqrwkhu foxvwhu ri �upv lq wkh pdu0

4Uhodwhgo|/ Hoolvrq dqg Jodhvhu +4<<:, �qg lq wkhlu hpslulfdo vwxg| wkdw zlwklq frxqw|
vslooryhuv duh vwurqjhu wkdq qhdue|0frxqw| vslooryhuv1
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nhw dqg xqghu zklfk flufxpvwdqfhv lqwhuqdo dqg2ru h{whuqdo vslooryhu h�hfwv
pd| ohdg wr d pdunhw wdnhryhu e| rqh foxvwhu1 Ixuwkhupruh/ wkh txhvwlrq
zkhwkhu dq lqfuhdvh ri lqwhuqdo ru h{whuqdo vslooryhu h�hfwv lv pruh dgydqwd0
jhrxv iurp wkh orqj uxq shuvshfwlyh ri d orfdo lqgxvwu| jurxs dulvhv1 Wkhvh
txhvwlrqv duh sduwlfxoduo| uhohydqw iru uhjlrqdo sodqqhuv zkr duh lqwhuhvwhg lq
dwwudfwlqj ru exloglqj xs d fhuwdlq lqgxvwu| foxvwhu lq wkhlu uhjlrq e| surylg0
lqj dssursuldwh lqiudvwuxfwxuh dqg lqfhqwlyhv iru wkh hphujhqfh ri vslooryhuv
dqg e| dwwudfwlqj lqlwldo lqyhvwphqwv1 D ihz dxwkruv kdyh surylghg srolf|
uhfrpphqgdwlrqv rq wkhvh lvvxhv edvhg rq hpslulfdo vwxglhv +Fkxdqj dqg
Olq +4<<<,, ru vwdwlf prghov +Fduolvoh +4<<5,,/ krzhyhu zlwkrxw h{solflwo|
wdnlqj lqwr dffrxqw wkh lqwhudfwlrq ri glvwlqfw foxvwhuv lq wkh pdunhw1 Lq wklv
sdshu zh fduu| rxw d g|qdplf hyroxwlrqdu| dqdo|vlv ri wkh frpshwlwlrq ri
wzr lqgxvwu| jurxsv +vd| Mdsdqhvh dqg XV fdu pdqxidfwxuhuv, lq d pdunhw
zkhuh lqwhuqdo dqg h{whuqdo vslooryhu h�hfwv duh suhvhqw1 Wkh vl}h ri wkh wzr
lqgxvwu| jurxsv ghshqgv rq wkh dwwudfwlylw| ri wkh pdunhw iru erwk jurxsv/
zklfk lv h{suhvvhg e| wkh sur�wv dfklhyhg e| �upv zkr duh surgxflqj iru
wkh pdunhw lq uhodwlrq wr wkh sur�w ri vrph rxwvlgh rswlrq1 Wkh pdunhw
hqwu| dqg h{lw ghflvlrq ri �upv lv pdgh rq wkh edvlv ri lqirupdwlrq derxw
wkh uhodwlyh sur�wdelolw| ri wkh pdunhw zklfk kdv ehhq froohfwhg yld gluhfw
frppxqlfdwlrq zlwklq wkh jurxs1 Lq rughu wr dgguhvv wkh txhvwlrqv srvhg
deryh/ zh dqdo|}h wkh hyroxwlrq ri wkh vl}h dqg pdunhw vkduhv uhvshfwlyho|
iru erwk �up foxvwhuv1 Lq sduwlfxodu/ zh zloo lqyhvwljdwh wr zklfk vwhdg|
vwdwh wkh surfhvv frqyhujhv ghshqglqj rq wkh vl}hv ri wkh vslooryhu h�hfwv/
wkhlu uhodwlrq wr hdfk rwkhu dqg wkh lqlwldo pdunhw vkduhv ri erwk jurxsv1 Zh
zloo fkdudfwhul}h wkh vhw ri lqlwldo pdunhw vkduhv zklfk ohdg wr frqyhujhqfh
wr d fhuwdlq htxloleulxp � wkh edvlq ri dwwudfwlrq ri wklv htxloleulxp � dqg
zloo xvh wkh vl}h ri wkh gl�huhqw edvlqv dv d phdvxuh ri wkh h!fdf| ri srolflhv
ohdglqj wr lqfuhdvhv ru dgydqwdjhv lq lqwhuqdo ru h{whuqdo vslooryhuv1

Ehvlghv ghdolqj zlwk wkhvh hfrqrplf txhvwlrqv wklv sdshu dovr dgguhvvhv
d jhqhudo/ pruh whfkqlfdo/ srlqw uhodwhg wr g|qdplf hyroxwlrqdu| dqdo|vlv1
Iru wkh odvw wzr ghfdghv g|qdplf hyroxwlrqdu| prghov edvhg rq orfdo lqwhu0
dfwlrq ri erxqghgo| udwlrqdo djhqwv kdyh ehhq xvhg iuhtxhqwo| wr jdlq d qhz
xqghuvwdqglqj ri vhyhudo hfrqrplf sureohpv51 Zkhuhdv wklv w|sh ri uhvhdufk
lqlwldoo| irfxvhg rq wkh qrwlrq ri hyroxwlrqdu| vwdelolw| +HVV, dqg ghwhuplq0
lvwlf hyroxwlrqdu| g|qdplfv/ wkh odujhu sduw ri uhfhqw frqwulexwlrqv kdv xvhg
vwrfkdvwlf prghov lqfoxglqj *h{shulphqwdwlrq* ru *huuru* whupv1 Wkhvh prg0

5Wkh �hogv ri dssolfdwlrq lqfoxgh edujdlqlqj prghov +\rxqj +4<<6,/ Hoolqjvhq +4<<:,,/
dxfwlrqv +Gdzlg +4<<<d,/ Ox dqg PfDihh +4<<9,,/ wkh irupdwlrq ri vrfldo qrupv +\rxqj
+4<<;, ru ydulrxv prghov ri pdunhw lqwhudfwlrq +Txlq dqg Vwxduw +4<<:,/ Yhjd0Uhgrqgr
+4<<:,,1
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hov duh xvxdoo| dqdo|}hg xvlqj wkh vr fdoohg *Iuhlgolq0Zhqw}hoo phwkrg* zklfk
fkdudfwhul}hv wkh vwdwhv zklfk vwd| lq wkh olplw glvwulexwlrq ri wkh surfhvv
dv wkh suredelolw| iru h{shulphqwv jrhv wr }hur1 Dq dsshdolqj ihdwxuh ri
wklv whfkqltxh lv wkdw lw jhqhudwhv/ iru prvw ri wkh prghov/ d xqltxh orqj
uxq suhglfwlrq dqg/ wkhuhiruh/ lv d xvhixo wrro iru htxloleulxp vhohfwlrq edvhg
rq hyroxwlrqdu| dujxphqwv1 Krzhyhu/ lw kdv wr eh srlqwhg rxw wkdw wkhvh
suhglfwlrqv riwhq krog rqo| lq wkh yhu| orqj uxq dqg wkhuh pd| eh d odujh
suredelolw| wkdw wkh surfhvv vwd|v iru d yhu| orqj wlph forvh wr vrph vwdwh
gl�huhqw iurp wkh vwrfkdvwlfdoo| vwdeoh rqh61 Rqh wkh rwkhu kdqg/ ghwhu0
plqlvwlf prghov qrupdoo| gr qrw surylgh xqltxh suhglfwlrqv derxw wkh orqj
uxq rxwfrph1 Lw lv zhoo0nqrzq wkdw wkhuh pljkw h{lvw vhyhudo +qrq0lqwhulru,
hyroxwlrqdu| vwdeoh vwdwhv zklfk duh orfdoo| vwdeoh iru pdq| surplqhqw hyr0
oxwlrqdu| g|qdplfv1 Wkxv/ wkh orqj uxq suhglfwlrq lq jhqhudo ghshqgv rq wkh
lqlwldo frqglwlrqv ri wkh surfhvv/ dqg wkh orqj uxq lq wklv iudphzrun lqyroyhv
d pxfk vkruwhu wlph krul}rq wkdq iru wkh vwrfkdvwlf prghov1

Frqvlghulqj rxu prgho ri wzr frpshwlqj jurxsv ri �upv lw vhhpv wkdw
wkh lqlwldo frqglwlrqv +l1h1 wkh lqlwldo pdunhw vkduhv ri wkh wzr jurxsv, lqghhg
kdv d fuxfldo lq xhqfh rq wkh rxwfrph ri wkh frpshwlwlrq lq d uhdvrqdeoh
wlph iudph1 Wkxv/ iru wkh sxusrvh ri wklv sdshu/ zh �qg lw pruh vxlwdeoh
wr orrn dw wkh lqwhuphgldwh uxq xvlqj d ghwhuplqlvwlf prgho ri wkh hyroxwlrq
ri wkh vl}h ri wkh wzr lqgxvwu| jurxsv1 Zh zloo iroorz Iulhgpdq +4<<;, zkr
srlqwv rxw wkdw �^L`q prvw dssolhg zrun lw vx!fhv wr lghqwli| wkh hyroxwlrqdu|
htxloleuld dqg wkhlu edvlqv ri dwwudfwlrq�/ +s1 67> vhh dovr Iulhgpdq +4<<4,
s1 96<, dqg zloo fkdudfwhul}h wkh htxloleuld lq rxu prgho dqg wkhlu edvlqv iru
gl�huhqw frqvwhoodwlrqv ri lqwhuqdo dqg h{whuqdo vslooryhuv1 Rewdlqlqj vxfk d
fkdudfwhul}dwlrq iru kljkhu glphqvlrqdo qrq0olqhdu prghov e| dqdo|wlf phdqv
+dqg qrw rqo| qxphulfdoo|, lv/ krzhyhu/ dq lqwulfdwh wdvn1 Vr idu ihz uhvxowv
rwkhu wkdq iru vwdqgdug qrupdo irup jdphv duh dydlodeoh +vhh h1j1 Iulhgpdq
+4<<;,,1 Wklv pljkw eh vhhq dv d uhdvrq wkdw yhu| ihz vxfk g|qdplf dqdo|vhv
kdyh ehhq fduulhg rxw vr idu/ exw lq wklv sdshu zh ghprqvwudwh krz wkh wkhru|
ri fulwlfdo fxuyhv fdq eh xvhg wr xqghuvwdqg dqg suhglfw wkh fkdqjhv ri wkh
edvlqv ri dwwudfwlrq lq kljko| qrq0olqhdu hyroxwlrqdu| prghov zlwk pxowlsoh
frh{lvwlqj vwhdg| vwdwhv1 Dowkrxjk wklv whfkqltxh kdv ehhq vsrudglfdoo|
dssolhg lq hfrqrplf prgholqj lq wkh sdvw +vhh h1j1 Elvfkl hw do1 +5333, dqg
Elvfkl dqg Nrsho +4<<<,,/ wklv lv wr rxu nqrzohgjh wkh �uvw vwxg| zkhuh wkh
phulwv ri wklv dssurdfk iru hyroxwlrqdu| dqdo|vlv duh h{soruhg1 Wkh xvh ri

6Iru h{dpsoh Hoolvrq +5333, srlqwv rxw wkdw �1 1 1 / lw lv lqkhuhqwo| olplwhg lq vfrsh wr d
fkdudfwhul}dwlrq ri wkh yhu| orqj uxq olplw1 Wklv fdq eh sureohpdwlf ehfdxvh hyroxwlrq lq
wkhvh prghov lv dw wlphv vr vorz dv wr eh ri olplwhg sudfwlfdo lpsruwdqfh1�
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wklv whfkqltxh vkrxog idflolwdwh wkh dssolfdelolw| ri ghwhuplqlvwlf hyroxwlrqdu|
dqdo|vlv lq pdq| rwkhu prghov dv zhoo/ dqg frxog lq vrph fdvhv jhqhudwh
suhglfwlrqv iru d pruh uhdolvwlf wlph krul}rq wkdq wkh vwrfkdvwlf dssurdfk1
Wkxv/ wkh dqdo|vlv surylghg khuh vkrxog eh ri jhqhudo lqwhuhvw iru uhvhdufkhuv
zrunlqj lq wkh �hog ri hyroxwlrqdu| prgholqj dv zhoo1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh lqwurgxfh wkh prgho1
Vhfwlrq 6 ghdov zlwk wkh fdvh zkhuh rqo| lqwhuqdo vslooryhuv h{lvw1 Vhfwlrq 7
wkhq vwxglhv wkh fkdqjhv ri wkh orqj uxq rxwfrphv zkhq vslooryhuv h{lvw qrw
rqo| zlwklq d srsxodwlrq exw dovr ehwzhhq srsxodwlrqv1 Vhfwlrq 8 eulh |
vxppdul}hv wkh pdlq �qglqjv1 Doo surriv duh jlyhq wkh Dsshqgl{1

5 Pdunhwv dqg Vslooryhuv

Frqvlghu wzr jurxsv ri �upv l @ 4> 5 zklfk kdyh wr ghflgh zkhwkhu wr
surgxfh iru d fhuwdlq pdunhw ru qrw1 Dowhuqdwlyho|/ |rx pljkw wklqn ri wzr
jurxsv ri lqyhvwruv zkr kdyh wr ghflgh zkhwkhu wr lqyhvw lq d fhuwdlq orfdo
lqgxvwu| eudqfk ru qrw1 Dv odlg rxw lq wkh lqwurgxfwlrq/ wkh dvvljqphqw lqwr
rqh ri wkh jurxsv pd| eh gxh wr vhyhudo uhdvrqv olnh wkh orfdwlrq ru wkh
qdwlrqdo ruljlq ri wkh �upv1 Wkh rqo| fuxfldo revhuydwlrq khuh lv wkdw wkhuh
lv pruh  rz ri lqirupdwlrq zlwklq d jurxs wkdq ehwzhhq wkh wzr jurxsv1
Wr nhhs pdwwhuv dv vlpsoh dv srvvleoh zh dvvxph wkdw wkh wzr jurxsv duh ri
wkh vdph vl}h dqg ghqrwh e| {�| wkh iudfwlrq ri �upv lq srsxodwlrq l> l @ 4> 5
zklfk duh lq wkh pdunhw dw wlph w1 Wklv iudfwlrq pljkw dv zhoo eh lqwhusuhwhg
dv wkh iudfwlrq ri dydlodeoh fdslwdo lq hdfk frxqwu| zklfk lv lqyhvwhg lq �upv
lq wkh pdunhw1 Dvvxplqj frqvwdqw uhwxuqv wr vfdoh/ lw grhv qrw pdnh d
gl�huhqfh iru dq| ri rxu dujxphqwv zkhwkhu rxwsxw zlwklq rqh frxqwu| lv
surgxfhg e| vhyhudo odujh ru pdq| vpdoo �upv dv orqj dv qr �up kdv uhohydqw
pdunhw srzhu1

Iru uhdvrqv ri vlpsolflw| lw lv dvvxphg wkdw hyhu| �up lq wkh pdunhw
surgxfhv rqh xqlw ri d krprjhqhrxv jrrg shu shulrg1 Djjuhjdwh rxwsxw lq
wkh pdunhw lv wkhq jlyhq e| +{�.{2, wlphv wkh qxpehu ri �upv1 Wkh pdunhw
fohdulqj sulfh lv ghwhuplqhg e| dq lqyhuvh ghpdqg ixqfwlrq

s @ s+{� . {2,=

Gxh wr lqwhuqdo vslooryhuv zlwklq wkh jurxs/ frvwv uhgxfwlrqv duh kljkhu wkh
pruh rwkhu �upv lq wkh srsxodwlrq surgxfh wkh vdph jrrg1 Dgglwlrqdoo|/
li erwk/ lqwhuqdo dqg h{whuqdo vslooryhuv h{lvw/ frvwv uhgxfwlrqv dovr dulvh
gxh wr surgxfwlrq dfwlylwlhv lq wkh rwkhu srsxodwlrq1 Zh lqfoxgh vxfk frvw
h{whuqdolwlhv lq rxu prgho e| dvvxplqj wkdw wkh xqlw frvwv iru d �up ghshqg
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rq wkh qxpehu ri �upv iurp erwk srsxodwlrqv zklfk surgxfh wkh jrrg lq wkh
pdunhw1 Khqfh/ zh h{suhvv xqlw frvwv ri d �up lq srsxodwlrq l e| f�+{�> {2,/
zkhuh YS�

Y%�
� 3> l> m @ 4> 5> YS�

Y%�
� YS�

Y%�
> l> m @ 4> 5> l 9@ m1 Wklv jlyhv d shu

shulrg sur�w ri
��+{�> {2, @ s+{� . {2,� f�+{�> {2,=

Wkh sur�w ri d �up zklfk vwd|v rxw ri wkh pdunhw +l1h1 fkrrvhv wkh rxwvlgh
rswlrq, lv prghohg dv d vwrfkdvwlf yduldeoh1 Rxwvlgh sur�w ri �up i lq
srsxodwlrq l dw wlph w lv x�sc| zlwk h{shfwhg ydoxh X�1 Rxwvlgh sur�wv duh
lqghshqghqw dfurvv lqglylgxdo �upv lq d srsxodwlrq dqg wlph1 Zh zulwh
x�sc| @ X� . ��sc| zkhuh wkh ghqvlw| ri ��sc| lv lqghshqghqw ri i dqg w/ kdv
ixoo vxssruw LU dqg lv xqlprgdo dqg v|pphwulf zlwk uhvshfw wr 31 Wkh
glvwulexwlrq ixqfwlrq ri ��sc| lv ghqrwhg e| ��1

Hdfk shulrg w @ 3> = = = >4 hyhu| �up ghflghv zkhwkhu wr hqwhu ru wr h{lw
wkh pdunhw71 Li d �up vdpsohv dqrwkhu �up +lq wkh vdph srsxodwlrq, zklfk
kdv fkrvhq d gl�huhqw dfwlrq lq wkh suhylrxv shulrg/ lw vzlwfkhv +l1h1 h{lwv ru
hqwhuv, zkhqhyhu wkh sur�w ri wkh rwkhu �up kdv ehhq odujhu wkdq lwv rzq
sur�w1 Wkh vdpsolqj surfhgxuh lv dvvxphg wr eh vwrfkdvwlfdoo| lqghshqghqw
iurp wkh rxwvlgh sur�w x�sc| dqg wklv lpsolhv wkdw wkh suredelolw| wkdw dq
duelwudu| �up lq srsxodwlrq l zklfk lv qrz lq wkh pdunhw h{lwv diwhu shulrg
w lv jlyhq e|=

s�J�|+{�> {2, @ +4� {�,LS+��+{�> {2, ? X� . ��sc|,

@ +4� {�,+4���+��+{�> {2,� X�,,>

Rq wkh rwkhu kdqg/ d �up fxuuhqwo| rxwvlgh wkh pdunhw hqwhuv wkh pdunhw
zlwk suredelolw|

s��?+{�> {2, @ {�LS+��+{�> {2, A X� . ��sc|,

@ {���+��+{�> {2,� X�,>

Wkh h{shfwhg iudfwlrq ri srsxodwlrq l �upv +l @ 4> 5, lq wkh pdunhw lv wkhuh0
iruh=

{�c|n� @ {�c| . +4� {�c|,s
�
�?+{�c|> {2c|,� {�c|s

�
J�|+{�c|{2c|,

@ {�c| . {�c|+4� {�c|,+��+��+{�c|> {2c|,� X�,� +4��+��+{�c|> {2c|,� X�,,

@ {�c| . {�c|+4� {�c|,J�+��+{�c|> {2c|,� X�,> +4,

7Dv lqglfdwhg deryh/ wklv fdq dowhuqdwlyho| eh lqwhusuhwhg dv wkh ghflvlrq ri dq lqyhvwru
lq wkh srsxodwlrq wr lqyhvw lq wklv pdunhw e| irxqglqj d surgxfwlrq �up ru wr zlwkgudz
fdslwdo uhvshfwlyho|1
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zkhuh J�+{, =@ 5��+{, � 41 Wkh hyroxwlrq ri wkh iudfwlrqv {� dqg {2 duh
khqfh ghvfulehg e| d qrqolqhdu ghwhuplqlvwlf v|vwhp lq glvfuhwh wlph1 Zrug
ri prxwk g|qdplfv vlplodu wr wklv rqh kdyh ehhq dqdo|}hg e| Ixghqehuj
dqg Hoolvrq +4<<6/ 4<<8, dqg Gdzlg +4<<<e,1 Lw lv reylrxv wkdw wkh vkdsh ri
wkh ixqfwlrq J� ghshqgv rq wkh glvwulexwlrq ixqfwlrq ��1 Krzhyhu/ iurp wkh
idfw wkdw �� lv d glvwulexwlrq ixqfwlrq dqg wkh surshuwlhv ri wkh fruuhvsrqg0
lqj ghqvlw| +xqlprgdolw| dqg v|pphwu|, lw lv hdv| wr ghulyh wkh iroorzlqj
vwdwhphqwv iru l @ 4> 5=

J�+3, @ 3> olp
%<"

J�+{, @ 4> olp
%<3"

J�+{, @ �4=

Ixuwkhupruh/ J�+{, lv v|pphwulf zlwk uhvshfw wr 3/ frqyh{ rq +�4> 3` dqg
frqfdyh rq ^3>4,1 Wkh vorsh ri J� dw 3 lv wzlfh wkh dowlwxgh ri wkh kxps
ri wkh xqlprgdo ghqvlw|1 Lw zloo wxuq rxw wkdw wkh txdolwdwlyh surshuwlhv ri
wkh orqj uxq ehkdylru ri wkh g|qdplfv lq pdq| fdvhv fuxfldoo| ghshqg rq
wkh *vshhg* ri wkh  rz wrzdugv wkh dfwlrq zlwk wkh kljkhu h{shfwhg sur�w1
Khqfh/ zh zloo xvh J�

�+3, dv d phdvxuh ri wklv vshhg dqg ghqrwh lw e| ��
81

Vwxg|lqj wkh qrqolqhdu wzr0glphqvlrqdo g|qdplfdo v|vwhp +4, doorzv xv
wr ghulyh txdolwdwlyh ihdwxuhv ri wkh hyroxwlrq ri wkh iudfwlrq ri �upv ri
wkh wzr srsxodwlrqv zklfk duh lq wkh frqvlghuhg pdunhw1 Lq sduwlfxodu/
zh duh lqwhuhvwhg lq wkh txhvwlrq krz lqlwldo pdunhw vkduhv ri �upv ri wkh
wzr srsxodwlrqv/ {�cf dqg {2cf/ dqg gl�huhqfhv lq +lqwhuqdo dqg h{whuqdo,
vslooryhuv lq xhqfh wkh frqyhujhqfh surshuwlhv ri wkh hyroxwlrqdu| surfhvv
wr vrph orqj uxq htxloleulxp +wkh djjorphudwlrq sdwwhuq,1 Wr dqvzhu wklv
txhvwlrq/ zh zloo surylgh dq h{whqvlyh dqdo|vlv ri wkh htxloleuld dqg wkhlu
edvlqv ri dwwudfwlrq1 Krzhyhu/ ehiruh zh surfhhg zh qhhg wr eh pruh vshfl�f
derxw wkh ixqfwlrqv lqyroyhg1

Zh zloo dvvxph wkdw wkh ghpdqg fxuyh lv olqhdu

s+{� . {2, @ Sf �E+{� . {2,=

Ixuwkhupruh/ zh xvh wkh iroorzlqj udwlrqdo h{suhvvlrq iru wkh xqlw frvwv ri d
�up lq srsxodwlrq l=

f�+{�> {2, @
F�

4 . ��{� . ��{�
l> m 5 i4> 5j> l 9@ m>

Wkh sdudphwhu �� lqfrusrudwhv wkh h�hfw ri lqwhuqdo vslooryhuv/ zkhuhdv ��
fkdudfwhul}hv lq krz idu vslooryhuv rffxu h{whuqdoo| ehwzhhq wkh wzr srsx0
odwlrqv1 Dv h{sodlqhg lq wkh lqwurgxfwlrq/ wkh txdolwdwlyh surshuwlhv ri wkh

8Iru pdq| fodvvhv ri glvwulexwlrq ixqfwlrqv/ olnh wkh qrupdo glvwulexwlrq/ d odujh vorsh
ri C� dw }hur fruuhvsrqgv wr d vpdoo yduldqfh ri wkh rxwvlgh sur�w> iru h{dpsoh iru wkh
qrupdo glvwulexwlrq b� lv lqyhuvho| sursruwlrqdo wr j1
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frvw ixqfwlrq duh lqvsluhg e| h{lvwlqj wkhruhwlfdo dqg hpslulfdo zrun1 Wr
wdnh dffrxqw ri wkh idfw wkdw lqwhuqdo vslooryhuv duh vwurqjhu wkdq wkrvh eh0
wzhhq srsxodwlrqv +vhh Hoolvrq dqg Jodhvhu +4<<:,/ Khdg hw do1 +4<<8,,/ zh
dvvxph wkdw �� � ��1 Wkh sur�w ri d �up lq srsxodwlrq l zkr lv lq wkh
pdunhw lv wkhq jlyhq e|

��+{�> {2, @ Sf �E+{� . {2,� F�

4 . ��{� . ��{�
l> m @ 4> 5> l 9@ m= +5,

Zh zloo dozd|v dvvxph wkdw li doo �upv iurp erwk srsxodwlrqv duh lq
wkh pdunhw/ wkh sd|r� iru �upv lq wkh pdunhw lv vpdoohu wkdq wkh h{shfwhg
rxwvlgh sur�w1 Wklv dvvxpswlrq uxohv rxw wkh udwkhu xquhdolvwlf dqg xqlqwhu0
hvwlqj fdvh zkhuh wkh pdunhw lv vr pxfk pruh dwwudfwlyh wkdq wkh rxwvlgh
rswlrq wkdw doo �upv iurp erwk srsxodwlrqv zdqw wr hqwhu ru vwd| xqghu doo
flufxpvwdqfhv1 Rq wkh rwkhu kdqg/ wkh prqrsro| sur�w ri wkh �up hqwhu0
lqj wkh pdunhw vkrxog eh odujhu wkdq wkh h{shfwhg rxwvlgh sur�w1 Wkhvh
frqglwlrqv duh uhsuhvhqwhg e| wkh iroorzlqj lqhtxdolwlhv=

Sf � 5E � ��

�nq�n��
? X� l @ 4> 5

Sf �F� A X� l @ 4> 5
+6,

Dgglwlrqdoo|/ zh pdnh wkh pruh whfkqlfdo dvvxpswlrq wkdw/ li wkhuh zhuh qr
vslooryhuv/ wkh h{shfwhg sur�w ri wkh rxwvlgh rswlrq zrxog eh kljkhu wkdq
wkh sur�w lq wkh pdunhw li kdoi ri wkh �upv duh lq wkh pdunhw

Sf �E �F� ? X� l @ 4> 5= +7,

Rqh ri wkh pdlq srlqwv zh zloo pdnh lq wklv sdshu lv wr vkrz wkdw lq wkh
suhvhqfh ri odujh vslooryhuv d srsxodwlrq ri �upv fdq lqydgh d pdunhw ghvslwh
wkh idfw wkdw wkhlu lqlwldo pdunhw vkduh lv vpdoo1 Dffruglqjo|/ lw lv vhqvleoh
wr dvvxph wkdw wkhvh vslooryhuv duh wkh uhdvrq zk| wkh pdunhw pd| ehfrph/
rq dyhudjh/ pruh dwwudfwlyh wkdq wkh rxwvlgh rswlrq1 E| pdnlqj wklv dv0
vxpswlrq zh dyrlg wkh glvfxvvlrq ri vhyhudo fdvhv1 Krzhyhu/ lw zrxog eh
vwudljkwiruzdug wr h{whqg wkh dqdo|vlv wr fdvhv zkhuh wklv dvvxpswlrq grhv
qrw krog1

Xvlqj wkh h{suhvvlrqv jlyhq deryh/ zh rewdlq wkh iroorzlqj hyroxwlrq0
du| prgho zklfk ghvfulehv wkh g|qdplfv ri wkh iudfwlrq ri �upv iurp erwk
srsxodwlrqv lq wkh pdunhw=

{�c|n� @ {�c| . {�c|+4� {�c|,J�

�
D� �E+{�c| . {2c|,� ��

�nq�%�n��%2

�
{2c|n� @ {2c| . {2c|+4� {2c|,J2

�
D2 �E+{�c| . {2c|,� �2

�nq2%2n�2%�

�
>

+8,

;



zkhuh D� =@ Sf�X�1 Zh gh�qh W = ^3> 4`2 :$ ^3> 4`2 dv wkh uljkw kdqg vlgh ri
+8, dqg xvlqj wklv qrwdwlrq wkh v|vwhp uhdgv {|n� @ W +{|,1 Lq jhqhudo whupv
zh kdyh ghulyhg d wzr0srsxodwlrq hyroxwlrqdu| prgho zlwk qrq0olqhdu sd|r�
ixqfwlrqv dqg lqwhu0 dqg lqwud srsxodwlrq lqwhudfwlrq1 Lq wkh uhpdlqghu ri
wkh sdshu/ zh zloo surfhhg dv iroorzv= Iluvw/ zh zloo h{dplqh wkh vhw ri
srvvleoh htxloleuld ri wklv g|qdplfdo v|vwhp/ zklfk jlyhv wkh srwhqwldo +orqj
uxq, djjorphudwlrq sdwwhuqv ri �upv ri wkh wzr srsxodwlrqv lq wkh pdunhw1
Vhfrqg/ zh zloo vwxg| wkhlu orfdo vwdelolw| surshuwlhv1 Wklug/ zh zloo wxuq
wr wkh htxloleulxp vhohfwlrq sureohp1 Zh zloo irfxv rq d joredo dqdo|vlv
dqg fkdudfwhul}h wkh edvlqv ri dwwudfwlrq ri wkh gl�huhqw vwdeoh htxloleuld iru
gl�huhqw sdudphwhu frqvwhoodwlrqv1

6 Il{hg Srlqwv dqg Orfdo Vwdelolw|

Reylrxvo|/ wkh vwdwh vsdfh V =@ ^3> 4`� ^3> 4` lv lqyduldqw xqghu wkh g|qdplfv
+8, dqg doo irxu fruqhuv duh �{hg srlqwv1 D vwdqgdug orfdo vwdelolw| dqdo|vlv
ixuwkhu vkrzv wkdw xqghu dvvxpswlrqv +6, wkh wzr fruqhuv +3> 3, dqg +4> 4,
duh xqvwdeoh91 Wkh fruqhu +4> 3, lv orfdoo| dv|pswrwlfdoo| vwdeoh li

Sf �E � F�

4 . ��
A X� +9,

Sf �E � F2

4 . �2
? X2 +:,

dqg +3> 4, lv orfdoo| dv|pswrwlfdoo| vwdeoh xqghu wkh v|pphwulf frqglwlrqv

Sf �E � F�

4 . ��
? X� +;,

Sf �E � F2

4 . �2
A X2= +<,

Ehvlghv wkhvh irxu �{hg srlqwv wkh v|vwhp pd| dovr kdyh dgglwlrqdo vwd0
wlrqdu| srlqwv1 Hyhu| srlqw lq wkh lqwhulru ri V zkhuh ��+{�> {2, @ X� dqg
�2+{�> {2, @ X2 lv d �{hg srlqw ri +8,1 Ixuwkhupruh/ �{hg srlqwv h{lvw rq wkh
xsshu dqg orzhu erxqgdu| ri V zkhuh ��+{�> {2, @ X� dqg rq wkh ohiw dqg
uljkw erxqgdu| zkhuh �2+{�> {2, @ X21 Wr idflolwdwh wkh dqdo|vlv zh gh�qh
wkh fxuyhv I�> l @ 4> 5 dv wkh vhw ri doo srlqwv +{�> {2, zkhuh wkh sur�w lq wkh
pdunhw htxdov wkh h{shfwhg rxwvlgh sur�w iru d �up ri srsxodwlrq l/ l1h1

I� @ i+{�> {2, 5 ^3> 4`2m��+{�> {2, @ X�j= +43,
9Wkh ghwdlov ri wkh orfdo vwdelolw| dqdo|vlv fdq eh irxqg lq d whfkqlfdo Dsshqgl{ dydlodeoh

xsrq uhtxhvw iurp wkh dxwkruv1

<



Lqwhulru htxloleuld h{lvw dw doo lqwhuvhfwlrqv ri wkh fxuyhv I� dqg I21 Il{hg
srlqwv dw wkh erxqgdu| rffxu hlwkhu dw wkh lqwhuvhfwlrq ri I� zlwk {2 @ 3 ru
{2 @ 4/ ru dw wkh lqwhuvhfwlrq ri I2 zlwk {� @ 3 ru {� @ 41 Qrwh krzhyhu/
wkdw �{hg srlqwv rq wkh erxqgdu| pljkw qrw fruuhvsrqg wr Qdvk htxloleuld
ri wkh prgho1

Lq wkh iroorzlqj sursrvlwlrq zh fkdudfwhul}h wkh �{hg srlqwv +rwkhu wkdq
wkh yhuwlfhv, ri wkh g|qdplfv xqghu rxu dvvxpswlrqv1

Sursrvlwlrq 4 Iru �� A 3 wkh g|qdplfdo v|vwhp +8, fdq kdyh dw prvw rqh
�{hg srlqw lq wkh lqwhulru ri ^3> 4`2 dqg li lw h{lvwv lw lv dozd|v xqvwdeoh1
Dgglwlrqdoo|/ wkhuh fdq eh hlwkhu dw prvw wzr �{hg srlqwv rq wkh erxqgdu|
{� @ 4 ru rqh �{hg srlqw rq {� @ 3 dqg hlwkhu dw prvw wzr �{hg srlqwv rq
wkh erxqgdu| {2 @ 4 ru rqh �{hg srlqw rq {2 @ 31 Wkhuh fdq qhyhu eh �{hg
srlqwv rq {� @ 3 dqg rq {� @ 4> l @ 4> 5 vlpxowdqhrxvo| iru wkh vdph ydoxhv
ri wkh sdudphwhuv1

Wdnlqj lqwr dffrxqw sursrvlwlrq 4 zh frqfoxgh wkdw rxu prgho fdq kdyh
xs wr qlqh frh{lvwlqj �{hg srlqwv1 Wkhuh duh dozd|v irxu dw wkh yhuwlfhv
ri ^3> 4`2/ dw prvw irxu rq wkh erxqgdu| dqg dw prvw rqh lq wkh lqwhulru ri
wkh xqlw vtxduh1 Vkruw lqwurvshfwlrq ixuwkhu hvwdeolvkhv wkdw wkhuh fdq eh
dw prvw rqh vwdeoh htxloleulxp lq wkh lqwhulru ri d erxqgdu| olqh ri wkh xqlw
vtxduh1 Wkhuhiruh/ doo wrjhwkhu wkhuh fdq eh dw prvw irxu orfdoo| vwdeoh �{hg
srlqwv1 Dq| ri wkhvh vwdeoh �{hg srlqwv lv wkh srwhqwldo orqj uxq rxwfrph
ri wkh hyroxwlrqdu| surfhvv gulyhq e| wkh vzlwfklqj ehkdylru ri wkh �upv1
Vwdqgdug dujxphqwv xvhg lq wkh hyroxwlrqdu| jdph wkhru| olwhudwxuh +h1j1
Zhlexoo +4<<8,, lpso| wkdw hyhu| orfdoo| vwdeoh �{hg srlqw fruuhvsrqgv wr
d Qdvk htxloleulxp ri wkh xqghuo|lqj wzr srsxodwlrq jdph1 Zklfk orfdoo|
vwdeoh htxloleulxp lv dfwxdoo| fkrvhq ghshqgv rq wkh lqlwldo pdunhw vkduh
�upv lq srsxodwlrq l kdyh1 Lq rughu wr rewdlq d wkrurxjk xqghuvwdqglqj
ri wkh lqwhusod| ehwzhhq lqlwldo pdunhw vkduhv/ orqj uxq rxwfrphv dqg wkhlu
ghshqghqfh rq sdudphwhuv/ iru hdfk htxloleulxp zh qhhg d fkdudfwhul}dwlrq
ri wkh vhw ri lqlwldo frqglwlrqv iru zklfk wkh surfhvv frqyhujhv wr lw1 Lq rwkhu
zrugv/ zkdw lv qhhghg lv qrw rqo| dq lghqwl�fdwlrq ri wkh vhw ri orfdoo| vwdeoh
�{hg srlqwv/ exw dovr d fkdudfwhul}dwlrq ri wkhlu edvlqv ri dwwudfwlrq dqg wkh
fkdqjhv wkhvh edvlqv xqghujr dv sdudphwhuv duh ydulhg1

Wr pdnh pdwwhuv vlpsoh/ zh lqwurgxfh d frkhuhqw qrwdwlrq iru doo �{hg
srlqwv rq wkh erxqgdu| zklfk zh zloo xvh wkurxjkrxw wkh dqdo|vlv1 Zh
ghqrwh wkh yhuwlfhv dv= 3 @ +3> 3,> YU @ +4> 3,> YUU @ +4> 4,> YUUU @ +3> 4,/ dqg
wkh xqltxh lqwhulru �{hg srlqw dv V @ +v�> v2,1 Reylrxvo|/ YU fkdudfwhul}hv
dq djjorphudwlrq sdwwhuq zkhuh doo �upv ri srsxodwlrq 4 duh lq wkh pdunhw
dqg doo �upv ri srsxodwlrq 5 fkrrvh wkh rxwvlgh rswlrq1 Frqyhuvho|/ lq
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YUUU srsxodwlrq 5 �upv duh lq wkh pdunhw dqg srsxodwlrq 4 �upv fkrrvh
wkh rxwvlgh rswlrq1 Zh ghqrwh e| SU @ +sU�> 3, wkh lqwhulru �{hg srlqw rq
wkh erxqgdu| olqh {2 @ 3/ e| TUU @ +4> tUU2, dqg SUU @ +4> sUU2, wkh wzr
�{hg srlqwv rq {� @ 4/ zkhuh tUU2 ? sUU2/ e| TUUU @ +tUUU�> 4, dqg SUUU @
+sUUU�> 4, wkh wzr �{hg srlqwv rq {2 @ 4/ zkhuh tUUU� ? sUUU� dqg e| SUT @
+3> sUT 2, wkh lqwhulru �{hg srlqw rq {� @ 31 Iru h{dpsoh/ SUUU fkdudfwhul}hv
d vlwxdwlrq zkhuh lq wkh orqj uxq �upv ri srsxodwlrq 5 grplqdwh wkh pdunhw1
Krzhyhu/ qrw doo �upv ri srsxodwlrq 4 duh gulyhq rxw ri wkh pdunhw= d iudfwlrq
ri �upv ri srsxodwlrq 4 frh{lvwv1

Wr nhhs rxu h{srvlwlrq dv fohdu dqg vlpsoh dv srvvleoh zh dvvxph wkdw wkh
frqvwdqw xqlw frvwv ri d vlqjoh �up iurp hlwkhu srsxodwlrq duh lghqwlfdo= F� @
F2 @ F1 Lq rwkhu zrugv/ wkh sur�w d vlqjoh �up fdq dfklhyh zkhq hqwhulqj
d pdunhw zkhuh qr rwkhu �up ri wkh vdph srsxodwlrq lv lq/ lv lqghshqghqw
ri wkh srsxodwlrq wkh �up ehorqjv wr1 Ixuwkhupruh/ zh dvvxph wkdw wkh
glvwulexwlrq ri wkh rxwvlgh sur�w lv lghqwlfdo lq erwk srsxodwlrqv/ l1h1 �� @
�2/ zklfk lq sduwlfxodu lpsolhv J� @ J2 =@ J dqg X� @ X21 Wkhuhiruh/
zh kdyh D� @ D2 @ D1 Wkh srsxodwlrqv pljkw gl�hu/ krzhyhu/ zlwk uhjdug
wr wkhlu lqiudvwuxfwxuh idflolwdwlqj vslooryhuv dqg frvw h{whuqdolwlhv ehwzhhq
wkhlu phpehuv +l1h1 zlwk uhvshfw wr �� dqg ��,1

7 Lqwhuqdo Vslooryhuv

Zh vwduw rxu dqdo|vlv e| frqvlghulqj d vfhqdulr zkhuh lqwhuqdo/ exw qr h{0
whuqdo vslooryhuv h{lvw1 Wkdw lv/ zh dvvxph �� A 3 dqg �� @ 3 iru l @ 4> 51
Glvfuhwh wlph g|qdplfv kdyh wkh jhqhulf surshuw| wkdw wkh| pljkw *ryhu0
vkrrw* htxloleuld li wkh vwhs0vl}h lv wrr odujh1 Wkurxjkrxw wklv �uvw sduw ri
wkh dqdo|vlv zh zloo dyrlg wklv e| dvvxplqj wkdw wkh g|qdplfv lv %vx!flhqwo|
vorz% +l1h1 �� @ �2 =@ � lv vx!flhqwo| vpdoo,/ vxfk wkdw qr orfdo ryhuvkrrw0
lqj rffxuv dw dq| �{hg srlqw1 Wklv fruuhvsrqgv wr d vlwxdwlrq zkhuh wkh
yduldqfh ri wkh rxwvlgh sur�w lv odujh1 Odwhu rq lq rxu dqdo|vlv zh zloo dovr
ghdo zlwk wkh h�hfw ri dq lqfuhdvh ri wkh vshhg ri wkh  rz lq dqg rxw ri wkh
pdunhw1

714 V|pphwulf Vslooryhuv dqg Vorz G|qdplfv

Ohw xv vwduw zlwk wkh v|pphwulf fdvh zkhuh wkh lqwhuqdo vslooryhuv lq erwk
srsxodwlrqv duh htxdo/ l1h1 �� @ �2 =@ �1 Lqlwldoo|/ zh zloo dvvxph yhu| vpdoo
vslooryhu h�hfwv dqg fkdudfwhul}h krz wkh vhw ri �{hg srlqwv dqg wkh vhw ri
lqlwldo frqglwlrqv iru wkh iudfwlrq ri �upv +{�cf dqg {2cf, zklfk frqyhujh
wr wkhvh htxloleuld fkdqjh dv � lv lqfuhdvhg1 Lq wkh olplw fdvh � @ 3/ wkh
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fxuyhv I� dqg I2 duh lghqwlfdo vwudljkw olqhv zlwk vorsh �41 Lw iroorzv iurp
dvvxpswlrq +7, wkdw wkh| duh erwk ehorz wkh olqh {�.{2 @ 41 Qrwh wkdw wklv
lpsolhv wkdw zh kdyh d frqwlqxxp ri lqwhulru �{hg srlqwv1 Jhqhulfdoo|/ lq
vxfk d fdvh gl�huhqw lqlwldo frqglwlrqv ohdg wr gl�huhqw orqj uxq vwdwhv1 Li zh
voljkwo| lqfuhdvh �/ wkh fxuyh I� ehqgv xszdugv> wkh lqwhuvhfwlrq srlqw zlwk
{� @ 3 lv �{hg dqg wkh lqwhuvhfwlrq srlqw zlwk {2 @ 3 pryhv wr wkh uljkw1
Wkh fxuyh I2 fkdqjhv lq d v|pphwulf zd|1 Zh fdq wkhuhiruh frqfoxgh wkdw
iru srvlwlyh/ exw yhu| vpdoo ydoxhv ri �/ dgglwlrqdoo| wr wkh irxu yhuwlfhv/
wkhuh duh wkuhh �{hg srlqwv= wkh vlqjoh lqwhulru htxloleulxp/ V/ SU rq wkh
olqh {� @ 3 dqg SUT rq wkh olqh {2 @ 31 Gxh wr +7,/ wkh orfdo vwdelolw|
frqglwlrqv +9, dqg +<, iru YU dqg YUUU duh ylrodwhg iru vx!flhqwo| vpdoo �1
Wkxv/ wkh wzr htxloleuld rq wkh erxqgdu|/ SU @ +sU�> 3, dqg SUT @ +3> sUT 2,/
zkhuh sU� dqg sUT 2 duh lghqwlfdo dqg vdwlvi| D � Es � �

�nqR @ 3/ duh wkh
rqo| wzr vwdeoh htxloleuld1 Zh nqrz wkdw wkh lqwhulru �{hg srlqw/ V/ lv d
vdggoh srlqw dqg wkh frpsohwh v|pphwu| ri wkh g|qdplfv zlwk uhvshfw wr
{� dqg {2 lpsolhv wkdw wkh vwdeoh vhw ri wkh vdggoh lv wkh gldjrqdo ri wkh
xqlw vtxduh1 Iljxuh 4 ghslfwv wkh fxuyhv I�> I2/ doo frh{lvwlqj �{hg srlqwv
dqg wkh gldjrqdo1 Lq doo rxu qxphulfdo looxvwudwlrqv zh xvh wkh sdudphwhu
ydoxhv Sf @ 633> E @ 433> F @ 4<3> X @ 65 iru wkh pdunhw hqylurqphqw
dqg h{shfwhg rxwvlgh sur�wv1 Wkhvh ydoxhv vdwlvi| dvvxpswlrqv +6, dqg +7,
iru doo ��> �� 5 ^3> 4`1 Rwkhu ydoxhv ri wkh sdudphwhuv zklfk vdwlvi| wkhvh
dvvxpswlrqv zrxog |lhog txdolwdwlyho| vlplodu uhvxowv1

Iljxuh 4= Lqvhuw khuh$

Gxh wr wkh v|pphwu| surshuwlhv/ wkh gldjrqdo lv lqyduldqw zlwk uhvshfw wr
wkh g|qdplfv dqg wklv vxjjhvwv/ wkdw lw vhsdudwhv wkh edvlqv ri dwwudfwlrq ri
wkh wzr vwdeoh �{hg srlqwv SU dqg SUT 1 Lq rughu wr uljrurxvo| hvwdeolvk wklv
idfw/ zh kdyh wr vkrz wkdw wkh g|qdplfv qhyhu pdsv d srlqw iurp rqh vlgh
ri wkh gldjrqdo wr wkh rwkhu vlgh1 Rqh zd| wr vkrz wklv/ lv wr suryh wkdw wkh
gldjrqdo lv qrw rqo| iruzdugv/ exw dovr edfnzdugv lqyduldqw zlwk uhvshfw wr
wkh g|qdplfv1 D vlpsoh frqwlqxlw| dujxphqw wkhq hvwdeolvkhv wkdw li wkhuh lv
d edfnzdugv lqyduldqw fxuyh hlwkhu doo srlqwv duh pdsshg iurp rqh vlgh wr wkh
rwkhu ru qrqh1 Vlqfh zh nqrz wkdw/ iru h{dpsoh/ W +YU, @ YU / vkrzlqj wkdw
wkh gldjrqdo lv edfnzdugv lqyduldqw lv vx!flhqw wr vkrz wkdw lw vhsdudwhv
wkh edvlqv ri dwwudfwlrq ri SU dqg SUT 1 Li wkh lqyhuvh ri wkh jhqhudwlqj
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pds ri wkh g|qdplfv lv vlqjoh0ydoxhg/ lw lv wulyldo wkdw wkh iruzdugv lqyduldqw
gldjrqdo lv dovr edfnzdugv lqyduldqw1 Lq rughu wr vhh zkhwkhu wkh lqyhuvh lv
xqltxh/ lw lv xvhixo wr frqvlghu wkh vr0fdoohg fulwlfdo fxuyhv OF ri wkh pds
W 1 Fulwlfdo fxuyhv vhsdudwh duhdv zkhuh wkh qxpehu ri +udqn04, suhlpdjhv
ri srlqwv frlqflgh1 Zkhqhyhu srlqwv kdyh gl�huhqw qxpehuv ri +udqn04,
suhlpdjhv/ wkhuh kdv wr eh dw ohdvw rqh fulwlfdo fxuyh ehwzhhq wkhvh srlqwv
+vhh Dsshqgl{ F iru d vkruw lqwurgxfwlrq lqwr wkh fulwlfdo fxuyh whfkqltxh
dqg Plud hw do1 +4<<9,/ Elvfkl dqg Nrsho +4<<<, ru Elvfkl hw do1 +5333, iru
pruh ghwdlov rq fulwlfdo fxuyhv,1 Li zh ghqrwh wkh vhw ri doo srlqwv zkhuh wkh
ghwhuplqdqw ri wkh Mdfreldq ri wkh pds W ydqlvkhv e| OF3�/ wkhq wkh fulwlfdo
fxuyh OF fdq eh ghwhuplqhg e| dsso|lqj wkh pds W wr doo srlqwv ri wklv vhw/
l1h1 OF @ W +OF3�,1 Lq Dsshqgl{ E lw lv vkrzq wkdw hyhu| lqwhuvhfwlrq ri
d fulwlfdo fxuyh dqg wkh gldjrqdo lv d fulwlfdo srlqw ri wkh uhvwulfwlrq ri W wr
wkh gldjrqdo1 Dffruglqjo|/ wkh qxpehu ri suhlpdjhv ri W dqg lwv uhvwulfwlrq
wr wkh gldjrqdo frlqflghv iru hohphqwv ri wklv vhw1 Wklv lpsolhv wkdw li wkh
qxpehu ri udqn04 suhlpdjhv ri srlqwv rq wkh gldjrqdo lv juhdwhu wkdq 4/
doo dgglwlrqdo udqn04 suhlpdjhv kdyh wr eh rq wkh gldjrqdo1 Wkhuhiruh/ wkh
gldjrqdo lv edfnzdugv lqyduldqw dqg lqghhg vhsdudwhv wkh edvlqv ri dwwudfwlrq
ri SU dqg SUT 1

Dq lqwxlwlyh lqwhusuhwdwlrq ri wklv uhvxow fdq eh jlyhq hdvlo|1 Li lqwhu0
qdo vslooryhuv duh yhu| vpdoo dqg v|pphwulf/ wkh srsxodwlrq ri �upv zklfk
lqlwldoo| kdv wkh vpdoohu iudfwlrq ri �upv lq wkh pdunhw frpsohwho| ohdyhv
wkh pdunhw lq wkh orqj uxq dqg wkh srsxodwlrq zlwk wkh odujhu lqlwldo pdunhw
vkduh frpsohwho| wdnhv ryhu wkh pdunhw1 Krzhyhu/ vlqfh vslooryhuv +dqg khqfh
frvw h{whuqdolwlhv, duh vpdoo/ lw rqo| sd|v wr eh lq wkh pdunhw li wkh sulfh lv
udwkhu kljk1 Frqvhtxhqwo|/ li wkh qxpehu ri �upv iurp wkh rzq srsxodwlrq
lq wkh pdunhw lv wrr odujh/ xvlqj wkh rxwvlgh rswlrq lv/ rq dyhudjh/ pruh
dgydqwdjhrxv/ hyhq li wkh rwkhu srsxodwlrq kdv frpsohwho| ohiw wkh pdunhw1
Dv d frqvhtxhqfh/ rqo| d fhuwdlq iudfwlrq ri �upv vwd|v lq wkh pdunhw lq wkh
orqj uxq/ zkhuhdv vrph phpehuv ri wkh srsxodwlrq +wrjhwkhu zlwk doo �upv
ri wkh rwkhu srsxodwlrq, hqg xs fkrrvlqj wkh rxwvlgh rswlrq1

Orrnlqj dw wkh wudqvlhqw sduw ri d sdwk zkhuh wkh lqlwldo qxpehu ri
�upv lq wkh pdunhw lv vpdoo lq erwk srsxodwlrqv zlwk voljkw dgydqwdjhv iru
srsxodwlrq 4/ lw fdq eh revhuyhg wkdw gxulqj wkh hduo| shulrgv wkh pdunhw lv
dwwudfwlyh iru erwk srsxodwlrqv dqg erwk {� dqg {2 lqfuhdvh +vhh Iljxuh 4,1
Dw vrph srlqw/ krzhyhu/ wkh qxpehu ri �upv lq wkh pdunhw ehfrphv vr odujh
wkdw �upv lq srsxodwlrq 5 +zklfk hqmr| rqo| vpdoohu frvw uhgxfwlrqv gxh wr
vslooryhuv, vwduw ohdylqj wkh pdunhw1 Vlqfh wkh pdunhw lv vwloo dwwudfwlyh iru
srsxodwlrq 4/ wkhvh �upv duh uhsodfhg e| phpehuv iurp srsxodwlrq 4 dqg
wkh sdwk frqyhujhv wr SU 1 Vr/ wkh vwurqj h�hfw ri wkh vpdoo lqlwldo dgydqwdjhv
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lq pdunhw vkduh iru srsxodwlrq 4 ehfrphv dssduhqw rqo| zlwk d fhuwdlq ghod|/
exw lq wkh orqj uxq rqo| wkh lqgxvwu| foxvwhu zlwk wkh lqlwldo dgydqwdjh lq
pdunhw vkduh zloo vxuylyh1

Li wkh vl}h ri lqwhuqdo vslooryhu h�hfwv lv lqfuhdvhg/ wkh htxloleulxp SU

pryhv wr wkh uljkw dqg hyhqwxdoo| froolghv zlwk wkh fruqhu YU 1 Dw wkh srlqw
zkhuh

� @ a� =@
F

D�E
� 4 A 3>

wkh �{hg srlqw SU ohdyhv wkh xqlw vtxduh dqg wkxv ehfrphv luuhohydqw iru rxu
vwxg|1 Wkh �{hg srlqw YU ehfrphv orfdoo| dv|pswrwlfdoo| vwdeoh:1 Iru wkh
vdph sdudphwhu ydoxh ri � dovr SUT pryhv wkurxjk YUUU dqg YUUU ehfrphv
orfdoo| dv|pswrwlfdoo| vwdeoh1 Wkxv/ qrz wkh htxloleuld +4> 3, dqg +3> 4, duh
wkh rqo| wzr vwdeoh htxloleuld1 Wkh vwdeoh pdqlirog ri wkh lqwhulru vdggoh
srlqw vwloo vhsdudwhv wkh edvlqv ri dwwudfwlrq1 Zh ghslfw wkh htxloleuld dqg
wkh fruuhvsrqglqj fxuyhv I�> I2 lq �jxuh 51

Iljxuh 5= Lqvhuw khuh$

Iurp dq hfrqrplf srlqw ri ylhz/ zh qrz kdyh d vlwxdwlrq zkhuh wkh
frvw vdylqjv lq wkh pdunhw gxh wr lqwhuqdo vslooryhuv duh vx!flhqwo| odujh
wr pdnh wkh pdunhw rswlrq dozd|v dwwudfwlyh li wkhuh duh qr �upv iurp
wkh rwkhu srsxodwlrq lq wkh pdunhw1 Krzhyhu/ vslooryhuv duh vwloo qrw odujh
hqrxjk wr pdnh wkh pdunhw lq wkh orqj uxq dwwudfwlyh iru wkh srsxodwlrq
zlwk wkh vpdoohu pdunhw vkduh1 Wudmhfwrulhv khuh orrn yhu| vlplodu wr wkdw
revhuyhg lq �jxuh 41 Li erwk jurxsv lqlwldoo| duh vpdoo/ wkhq wkh qxpehu ri
�upv iurp erwk srsxodwlrqv lqfuhdvhv1 Krzhyhu/ dw vrph srlqw �upv iurp
wkh srsxodwlrq zlwk wkh vpdoohu pdunhw vkduh vwduw ohdylqj wkh pdunhw dqg/
hyhqwxdoo|/ wklv jurxs ydqlvkhv iurp wkh pdunhw1 Rq wkh rwkhu kdqg/ doo �upv
lq wkh srsxodwlrq zklfk lqlwldoo| kdv wkh odujhu pdunhw vkduh hyhqwxdoo| hqwhu
wkh pdunhw1 Wkxv/ iru vxfk ydoxhv ri wkh sdudphwhuv wkh orqj uxq uhvxow lv
d frpsohwh pdunhw wdnhryhu1 Vlqfh wkh glvwulexwlrq ri wkh rxwvlgh sur�w �
zklfk lv wkh sur�w hduqhg e| doo �upv zkr ohiw wkh pdunhw � lv lghqwlfdo lq

:Pdwkhpdwlfdoo| vshdnlqj zh kdyh d wudqvfulwlfdo elixufdwlrq +vhh Oruhq} +4<<6, s1 4441
Qrwh wkdw wklv elixufdwlrq rffxuv rqo| iru � 3 � : f1 Rwkhuzlvh/ iru doo ydoxhv ri q dqg
� rqo| �U dqg �UT duh vwdeoh1 Zh ljqruh wklv udwkhu xqlqwhuhvwlqj fdvh lq wkh ixuwkhu
dqdo|vlv1
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erwk srsxodwlrqv/ lw iroorzv wkdw wkh �upv lq wkh srsxodwlrq zklfk lqlwldoo|
kdv wkh odujhu iudfwlrq ri �upv lq wkh pdunhw hqg xs zlwk kljkhu sur�wv1

Dv lqwhuqdo vslooryhuv lq erwk srsxodwlrqv ehfrph hyhq odujhu/ wkh fxuyh
I� pryhv xs ixuwkhu dqg/ dqdorjrxvo|/ I2 pryhv wr wkh uljkw1 Djdlq/ zh zloo
rqo| ghvfuleh wkh h�hfwv ri wkh fkdqjhv ri I� lq ghwdlo/ vlqfh wkh h�hfwv rq
I2 iroorz iurp wkh v|pphwu| ri wkh pds W 1 Uhphpehu wkdw wkh lqwhuvhfwlrq
srlqw ri I� zlwk wkh erughu olqh {� @ 3 lv qrw d�hfwhg e| wkh vl}h ri �� @ �1
Krzhyhu/ wkh uhpdlqlqj sduw ri wkh fxuyh pryhv xszdugv zkhq � lv lqfuhdvhg
dqg hyhqwxdoo| wrxfkhv wkh krul}rqwdo erughu olqh {2 @ 41 Wkh h{dfw ydoxh
ri � zkhuh wklv wdqjhqf| rffxuv lv jlyhq lq wkh iroorzlqj Ohppd1

Ohppd 4 Iru � @ 3 dqg � A �W/ zkhuh �W A 3 lv wkh odujhu ri wkh wzr
urrwv ri

++D�E,�W �E,2 � 7�WE+F � +D�E,, @ 3 +44,

wkh fxuyh I� kdv wzr srvlwlyh lqwhuvhfwlrq srlqwv zlwk {2 @ 4 dqg I2 kdv wzr
srvlwlyh lqwhuvhfwlrq srlqwv zlwk {� @ 41

Wkh sdlu ri lqwhuvhfwlrq srlqwv ri I� dqg {2 @ 4 pljkw hlwkhu dsshdu ohiw
ru uljkw ri wkh fruqhu +4> 4, ri wkh xqlw vtxduh1 Lq fdvhv zkhuh wkh fxuyh I�

wrxfkhv wkh olqh {2 @ 4 uljkw ri +4> 4,/ wkh ehkdylru ri wkh v|vwhp lq ^3> 4`2

grhv qrw fkdqjh1 Wkxv zh irfxv rq wkh fdvh zkhuh I� wrxfkhv {2 @ 4 lqvlgh
wkh xqlw vtxduh1 Zh zloo vhh wkdw lq wklv fdvh wkh qxpehu ri orfdoo| vwdeoh
htxloleuld dqg wkh txdolwdwlyh surshuwlhv ri wkh surfhvv vxgghqo| fkdqjh1
Exw ehiruh zh jr rq wr glvfxvv wklv wudqvlwlrq/ zh vxppdul}h wkh �qglqjv
iru vpdoo � lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 5 Li lqwhuqdo vslooryhu h�hfwv duh v|pphwulf ehwzhhq wkh wzr
srsxodwlrqv zlwk � ? �W dqg wkhuh h{lvw qr h{whuqdo vslooryhuv/ doo �upv
iurp wkh srsxodwlrq zlwk wkh vpdoohu lqlwldo pdunhw vkduh hyhqwxdoo| ohdyh wkh
pdunhw dqg wkh pdunhw lv frpsohwho| wdnhq ryhu e| �upv iurp wkh srsxodwlrq
zlwk wkh odujhu lqlwldo pdunhw vkduh1 Ghshqglqj rq wkh vl}h ri � rqo| d
iudfwlrq ru doo ri wkhvh �upv vwd| lq wkh pdunhw lq wkh orqj uxq1

Wr xqghuvwdqg wkh fkdqjhv lq wkh qxpehu ri �{hg srlqwv dqg wkhlu orfdo
dqg joredo vwdelolw| surshuwlhv dv wkh vl}h ri wkh lqwhuqdo vslooryhuv furvv wkh
ohyho � @ �W/ lw lv xvhixo wr frqvlghu wkh uhvwulfwlrq ri wkh pds W wr wkh
lqyduldqw olqh {2 @ 41 Pdq| surshuwlhv ri wkh wzr0glphqvlrqdo g|qdplfdo
v|vwhp rq ^3> 4`2 fdq eh lqihuuhg iurp wklv rqh0glphqvlrqdo uhvwulfwlrq1 Iru
{2 @ 4/ wkh wlph hyroxwlrq ri {� lv jlyhq e| wkh v|vwhp {�c|n� @ k+{�c|,
zkhuh

k+{�c|, @ {�c| . {�c|+4� {�c|,J

#
D�E +{�c| . 4,� F

4 . �{�c|

$
+45,

48



Iljxuh 6= Lqvhuw khuh$

Li zh orrn dw wkh judsk ri k/ lw lv reylrxv +vhh wkh dqdo|vlv deryh, wkdw
iru vpdoo ydoxhv ri � wkh judsk olhv ehorz wkh gldjrqdo rq wkh hqwluh lqwhuydo
+3> 4,1 Wklv lpsolhv wkdw wkh pds k kdv rqo| wzr �{hg srlqwv= 3 lv orfdoo|
vwdeoh dqg 4 lv xqvwdeoh1 Li � lv lqfuhdvhg/ dw wkh ydoxh �W wkh judsk ri k
wrxfkhv wkh gldjrqdo iurp ehorz dqg/ iru hyhq odujhu �/ d sdlu ri dgglwlrqdo
�{hg srlqwv dsshduv; +ghshqglqj rq wkh sdudphwhu ydoxhv wklv sdlu lv lq ^3> 4`
ru qrw� vhh wkh dujxphqwv jlyhq lq wkh suhylrxv sdudjudsk,1 Wkh vwdelolw|
surshuwlhv ri wkh fruqhu �{hg srlqwv uhpdlq xqfkdqjhg/ zkhuhdv wkh ohiw ri
wkh wzr qhz dgglwlrqdo �{hg srlqwv/ tUUU�/ lv xqvwdeoh dqg wkh uljkw/ sUUU�
lv vwdeoh1 Wklv fdq eh hdvlo| vhhq lq �jxuh 6 zkhuh zh vkrz d vfkhpdwlf
uhsuhvhqwdwlrq ri wkh uhvwulfwhg pds k iru � A �W1 Wkh pds k lv prqrwrqh
li � lv vx!flhqwo| vpdoo dqg wkxv dq| wudmhfwru| vwduwlqj uljkw ri tUUU� vwd|v
uljkw ri tUUU� dqg frqyhujhv wr sUUU�1 Rq wkh rwkhu kdqg/ dq| wudmhfwru|
zlwk lqlwldo frqglwlrq {�cf ? tUUU� frqyhujhv wr 31 Zh fdq vhh wkdw wkh
xqvwdeoh �{hg srlqw tUUU� kdv rqo| rqh udqn04 suhlpdjh/ qdpho| lwvhoi1 Wkh
orfdo vwdelolw| surshuwlhv ri wkh dgglwlrqdo �{hg srlqwv tUUU� dqg sUUU� ri k
ghwhuplqh wkh vwdelolw| ri wkh �{hg srlqwv TUUU dqg SUUU ri wkh pds W dorqj
wkh lqyduldqw pdqlirog {2 @ 41 Vwdqgdug orfdo vwdelolw| dqdo|vlv vkrzv wkdw
wkh hljhqydoxh iru wkh wudqvyhuvdo hljhqyhfwru lv jlyhq e| 4�J+�2+{�> 4,�X,/
zkhuh {� @ tUUU� ru {� @ sUUU� ghshqglqj rq wkh �{hg srlqw zh frqvlghu1
Zh wuhdw wkh fdvh ri TUUU / exw doo dujxphqwv dovr dsso| wr SUUU 1 Vlqfh TUUU

lv d �{hg srlqw/ zh kdyh

��+tUUU�> 4,� X @ D�E+4 . tUUU�,� 4

4 . �tUUU�
@ 3>

zklfk lpsolhv

�2+tUUU�> 4,� X @ D�E+4 . tUUU�,� 4

4 . �
A 3=

Wkxv/ J+�2+tUUU�> 4, � X, A 3 dqg wkh wudqvyhuvdo hljhqydoxh lv lq +3> 4,1
Wklv lpsolhv wkdw TUUU lv d vdggoh srlqw dqg SUUU lv orfdoo| dv|pswrwlfdoo|
vwdeoh1

; Lq pdwkhpdwlfdo whupv wkh pds � xqghujrhv d wdqjhqw elixufdwlrq/ vhh Oruhq} +4<<6,1
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Wkxv/ zh qrz kdyh irxu frh{lvwlqj orfdoo| vwdeoh htxloleuld/ wzr zlwk
pdunhw wdnhryhuv lq wkh orqj uxq dqg wzr zkhuh foxvwhuv ri �upv iurp erwk
srsxodwlrqv vwd| lq wkh pdunhw1 Wklv pdnhv wkh fkdudfwhul}dwlrq ri wkh
gl�huhqw edvlqv vxevwdqwldoo| pruh gl!fxow wkdq lq wkh fdvhv zh kdyh orrnhg
dw vr idu1 Zh zloo looxvwudwh wkh iroorzlqj uhvxowv e| �jxuhv ghslfwlqj wkh
gl�huhqw edvlqv ri dwwudfwlrq dqg � sulpdulo| lq wkh vhfwlrq rq idvw g|qdplfv
� xvh wkh dfwxdo vkdsh ri wkh fulwlfdo fxuyhv ri wkh g|qdplfv1 Wklv/ krzhyhu/
fdqqrw eh grqh zlwkrxw ixuwkhu vshfl�fdwlrq ri wkh vzlwfklqj ixqfwlrq J1 Lq
wkh qxphulfdo looxvwudwlrqv zh surylgh ehorz zh dozd|v xvh wkh vshfl�fdwlrq
J+{, @ 2

Zdufwdq
�
bZ
2 {

�
/ zkhuh � @ �� @ �21 Wklv ixqfwlrq vdwlv�hv doo wkh

dvvxpswlrqv iru wkh vzlwfklqj ixqfwlrq J dqg � @ J�+3,<1
Wkh vdph olqh ri dujxphqwv dv xvhg wr vkrz wkdw wkh edfnzdugv lqyduldqw

gldjrqdo fdqqrw eh furvvhg e| d wudmhfwru| lpso| wkdw wkh vwdeoh vhw ri wkh
vdggoh srlqw TUUU fdqqrw eh furvvhg li doo srlqwv lq wklv vhw kdyh rqo| rqh
udqn04 suhlpdjh1 Wkh surshuwlhv ri J +lq sduwlfxodu lwv V0vkdsh, lpso| wkdw
wkh pds ri wkh g|qdplfv +8, lv lqyhuwleoh rq ^3> 4`2 iru vx!flhqwo| vpdoo
�1 Wklv lpsolhv wkdw wkh frqvlghudwlrqv iru {2 @ 4 fdq eh h{whqghg wr wkh
zkroh xqlw vtxduh dqg iru � A �W dqg vx!flhqwo| vpdoo � wkh vwdeoh vhw ri
wkh vdggoh srlqw TUUU lv d vprrwk fxuyh frqqhfwlqj TUUU dqg 31 Wkh vwdeoh
vhw ri TUUU vsolwv wkh iruphu edvlq ri dwwudfwlrq ri YUUU lqwr d vpdoohu edvlq
ri YUUU dqg d edvlq ri dwwudfwlrq ri wkh qhz vwdeoh htxloleulxp SUUU 1 Wkh
wuldqjxodu edvlq ehorz wkh gldjrqdo xqghujrhv h{dfwo| wkh vdph wudqvlwlrq1
Wkxv/ zh kdyh wkh iroorzlqj uhvxow

Sursrvlwlrq 6 Iru � @ 3/ � A �W dqg vx!flhqwo| vpdoo � wkhuh duh irxu
orfdoo| vwdeoh htxloleuld � YU > SUU > YUUU > SUUU � zlwk vlpso| frqqhfwhg edvlqv
ri dwwudfwlrq1 Wkh erxqgdulhv ri wkh edvlqv duh jlyhq e| wkh gldjrqdo dqg e|
wkh vwdeoh pdqlirog ri TUU ehwzhhq wkh edvlqv ri YU dqg SUU dqg wkh vwdeoh
pdqlirog ri TUUU ehwzhhq wkh edvlqv ri YUUU dqg SUUU 1

Zh ghslfw wkh htxloleuld dqg wkh edvlqv ri dwwudfwlrq iru vxfk d fdvh lq
�jxuh 71

Lq hfrqrplf whupv wklv phdqv wkdw/ li lqwhuqdo vslooryhuv lqfuhdvh v|p0
phwulfdoo| lq erwk srsxodwlrqv � iru h{dpsoh ehfdxvh wkh h{fkdqjh ri lq0
irupdwlrq zlwklq �upv ri d srsxodwlrq +h1j1 d frxqwu|, lv pdgh hdvlhu gxh

<Zh ghflghg wr xvh wklv vshfl�fdwlrq udwkhu wkdq/ iru h{dpsoh/ wkh vzlwfklqj ixqfwlrq
uhvxowlqj iurp d qrupdo glvwulexwlrq iru sudjpdwlf uhdvrqv= d forvhg irup uhsuhvhqwdwlrq
pdnhv wkh fdofxodwlrq ri fulwlfdo fxuyhv hdvlhu1 Zlwk wkh surshu sdudphwhul}dwlrq/ d yhu|
forvh pdwfk zlwk wkh vzlwfklqj ixqfwlrq vwhpplqj iurp d qrupdo glvwulexwlrq fdq eh
dfklhyhg/ dqg lw lv txlwh reylrxv wkdw wkh txdolwdwlyh surshuwlhv ri wkh g|qdplfv gr qrw
ghshqg rq wkh h{dfw vshfl�fdwlrq1
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Iljxuh 7= Lqvhuw khuh$

wr lpsuryhphqwv lq lqirupdwlrq whfkqrorj| � dw vrph srlqw wkh orqj whup
surshuwlhv ri wkh v|vwhp deuxswo| fkdqjh1 Dowkrxjk lw uhpdlqv wuxh wkdw
wkh srsxodwlrq zklfk lqlwldoo| kdv wkh odujhu pdunhw vkduh zloo nhhs d odujhu
pdunhw vkduh dovr lq wkh orqj uxq/ diwhu wkh dgglwlrqdo sdlu ri htxloleuld kdv
hphujhg lw qhhgv d txlwh odujh lqlwldo dgydqwdjh wr eh deoh wr gulyh �upv
iurp wkh rwkhu srsxodwlrq frpsohwho| rxw ri wkh pdunhw1 Iru prvw lqlwldo
frqglwlrqv wkh v|vwhp zloo hqg xs lq d vwdwh zkhuh doo �upv iurp wkh srs0
xodwlrq zlwk wkh odujhu lqlwldo pdunhw vkduh duh lq wkh pdunhw/ exw dw wkh
vdph wlph d odujh iudfwlrq ri �upv ri wkh rwkhu srsxodwlrq lv deoh wr vwd|
lq wkh pdunhw dv zhoo +h1j1 wkh htxloleulxp SUUU li {�cf ? {2cf,1 Lw lv reylrxv
wkdw wkh pdunhw sulfh lv pxfk orzhu dw wkh vwdwh SUUU wkdq dw wkh vwdwh YUUU 1
Frqvhtxhqwo|/ wkh sd|r� iru �upv ri srsxodwlrq 5 lv vpdoohu dw wkh erxqgdu|
htxloleulxp wkdq dw wkh yhuwh{ YUUU 1 Rq wkh rwkhu kdqg/ vlqfh SUUU lv dq
htxloleulxp zkhuh d iudfwlrq ri wkh �upv lq srsxodwlrq 4 lv lq wkh pdunhw dqg
d iudfwlrq fkrrvhv wkh rxwvlgh rswlrq/ lw lv reylrxv wkdw wkh dyhudjh sur�w
ri d srsxodwlrq 4 �up lq wklv htxloleulxp lv lghqwlfdo wr wkh dyhudjh rxwvlgh
sur�w1 Wkhuhiruh/ wkh dyhudjh sur�w lq SUUU lv lghqwlfdo wr wkh dyhudjh sur�w
ri srsxodwlrq 4 �upv lq YUUU 1 Wkxv/ li zh orrn dw wkh orqj uxq rxwfrphv iru
lqlwldo frqglwlrqv lq wkh edvlq ri dwwudfwlrq ri SUUU / zh fdq frqfoxgh wkdw wkh
gl�huhqfh lq sur�wv ehwzhhq �upv lq wkh srsxodwlrq zlwk wkh odujhu dqg zlwk
wkh vpdoohu lqlwldo pdunhw vkduh uhvshfwlyho| vxgghqo| vkulqnv li � ehfrphv
odujhu wkdq �W dqg wkh qhz htxloleuld dsshdu1 Wklv frq�upv rxu revhuydwlrq
iru wkh fdvh � ? �W/ qdpho| wkdw d v|pphwulf lqfuhdvh ri vslooryhu h�hfwv
lq erwk srsxodwlrqv lv kdupixo iru wkh orqj uxq sur�w ri wkh �upv lq wkh
srsxodwlrq zlwk wkh lqlwldo dgydqwdjh lq pdunhw vkduh1 Qrwh dovr wkdw wklv
lpsolhv wkdw wkh htxloleuld YU dqg YUUU Sduhwr grplqdwh wkh htxloleuld SUU

dqg SUUU 1
Li zh lqfuhdvh wkh sdudphwhu � hyhq ixuwkhu/ dqg djdlq orrn dw wkh rqh0

glphqvlrqdo pds k/ zh uhdol}h wkdw wkh �{hg srlqw tUUU� pryhv wr wkh ohiw
zkhuhdv wkh �{hg srlqw sUUU� pryhv wr wkh uljkw1 Qrwh krzhyhu/ wkdw/ vlqfh
wkh vorsh ri wkh pds dw wkh srlqw 3 lv jlyhq e|

k�+3, @ 4 .J+D�E �F, ? 4>

zklfk lv lqghshqghqw ri �/ zh kdyh tUUU� A 3 iru doo �1 Rq wkh rwkhu kdqg/
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li zh zrxog lqfuhdvh � vr pxfk wkdw tUUU� @ 4 wklv zrxog lpso|

D� 5E � F

4 . �
@ 3>

zklfk frqwudglfwv dvvxpswlrq +6,1 Wkxv/ jlyhq rxu dvvxpswlrqv derxw wkh
sdudphwhuv/ qr ixuwkhu txdolwdwlyh fkdqjhv ri wkh surshuwlhv ri wkh htxloleuld
dqg wkh vwuxfwxuh ri wkh edvlqv rffxu iru lqfuhdvlqj ydoxhv ri �1

715 Dv|pphwulf Vslooryhuv dqg Vorz G|qdplfv

Xs wr qrz zh kdyh rqo| frqvlghuhg d vfhqdulr zkhuh wkh frvw vdylqjv gxh
wr lqwhuqdo vslooryhuv zhuh v|pphwulf lq erwk srsxodwlrqv1 Zh kdyh vhhq
wkdw lq vxfk fdvhv wkh srsxodwlrq zklfk lqlwldoo| kdv wkh odujhu pdunhw vkduh
zloo nhhs wklv dgydqwdjh dovr lq wkh orqj uxq1 Dgglwlrqdoo|/ lw kdv ehhq
ghprqvwudwhg wkdw wkh vl}h ri wklv dgydqwdjh ghshqgv rq wkh ydoxh ri wkh
vslooryhu sdudphwhu �1 Qrz zh zloo wxuq wr wkh fdvh zkhuh �upv iurp rqh
srsxodwlrq rshudwh lq dq hqylurqphqw zklfk surylghv vxshulru srvvlelolwlhv
iru nqrzohgjh h{fkdqjh dqg lqirupdwlrq  rz1 Zh zloo dqdo|}h krz vxfk
dq dgydqwdjh prgl�hv wkh uhodwlrqvkls ehwzhhq lqlwldo pdunhw vkduhv ri wkh
srsxodwlrqv dqg orqj uxq rxwfrph ri wkh hyroxwlrqdu| surfhvv zlwk uhvshfw
wr wkh vfhqdulr dqdo|}hg deryh1

Zh vwduw zlwk wkh v|pphwulf vlwxdwlrq ghslfwhg lq �jxuh 5/ zkhuh lqwhuqdo
vslooryhuv duh ehorz �W dqg wkh wzr �{hg srlqwv YU dqg YUUU duh wkh rqo|
dwwudfwruv1 Zh uhfdoo wkdw lq wklv vlwxdwlrq iru hdfk ri wkh wzr srsxodwlrqv
lq wkh orqj uxq hlwkhu doo �upv duh lq wkh pdunhw ru rxw ri wkh pdunhw
ghshqglqj rq wkh lqlwldo pdunhw vkduh ri wkh srsxodwlrq1 Qrz/ ohw xv frqvlghu
d vfhqdulr zkhuh �2 vwd|v frqvwdqw/ exw iru srsxodwlrq 4 wkh frqglwlrqv ri
wkh hqylurqphqw duh fkdqjhg vxfk wkdw wkh h�hfw ri vslooryhuv ehwzhhq �upv
lv pruh vljql�fdqw/ l1h1 �� lv lqfuhdvhg 1 Zh nqrz wkdw wkh fxuyh I� ghshqgv
rqo| rq �� exw qrw rq �� > m 9@ l dqg/ wkhuhiruh/ fxuyh I� urwdwhv xszdugv
zkhuhdv fxuyh I2 uhpdlqv xqfkdqjhg1 Lqlwldoo|/ wkh rqo| h�hfw ri dq lqfuhdvh
lq �� lv wkdw wkh lqwhulru vdggoh srlqw pryhv xs dorqj wkh xqfkdqjhg fxuyh
I21 Wkh edvlqv ri dwwudfwlrq ri wkh htxloleuld YU dqg YUUU duh vhsdudwhg
e| wkh vwdeoh pdqlirog ri wkh lqwhulru �{hg srlqw zklfk qrz olhv deryh wkh
gldjrqdo +qrwh wkdw wkh gldjrqdo lv qr orqjhu lqyduldqw zlwk dv|pphwulf
sdudphwhu ydoxhv,1 Khqfh/ jlyhq wkdw vslooryhuv lq srsxodwlrq 4 duh kljkhu
wkdq lq srsxodwlrq 5/ wkh iruphu lv deoh wr wdnh ryhu wkh pdunhw hyhq li wkh
lqlwldo qxpehu ri �upv iurp wkh rwkhu srsxodwlrq rq wklv pdunhw lv voljkwo|
odujhu +vhh �jxuh 8d,1 Vr/ lqfuhdvlqj vslooryhu h�hfwv lq srsxodwlrq 4/ |lhogv
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*frqwlqxrxv* h�hfwv rq wkh orqj uxq pdunhw vkduhv li wkh lqfuhdvh lv rqo|
vpdoo1

Iljxuh 8= Lqvhuw khuh$

Krzhyhu/ olnh lq wkh v|pphwulf fdvh/ li �� furvvhv wkh wkuhvkrog ydoxh �W/
wkh fxuyh I� kdv d frqwdfw zlwk wkh olqh {2 @ 4 dqg/ li �� lv ixuwkhu lqfuhdvhg/
d sdlu ri qhz htxloleuld TUUU dqg SUUU dsshduv1 Lq frqwudvw wr wkh fdvh ri
d v|pphwulf lqfuhdvh ri �� dqg �2/ zh fdq qrz qrw vwdwh jhqhudoo| zkhwkhu
wklv sdlu ri dgglwlrqdo htxloleuld dsshduv uljkw ru ohiw ri wkh lqwhuvhfwlrq ri
wkh fxuyh I2 zlwk {2 @ 41 Li wkh sdlu ri htxloleuld dsshduv wr wkh ohiw �
olnh lq wkh v|pphwulf fdvh � wkh �{hg srlqw TUUU lv d vdggoh srlqw dqg SUUU

lv orfdoo| vwdeoh +vhh �jxuh 8e,1 Lq wklv fdvh wkh wudqvlwlrq ri wkh edvlqv ri
dwwudfwlrq lv yhu| vlplodu wr wkh v|pphwulf fdvh1 Doo ri d vxgghq/ iru doo lqlwldo
frqglwlrqv ehwzhhq wkh vwdeoh pdqlirog ri TUUU dqg wkh vwdeoh pdqlirog ri
wkh lqwhulru htxloleulxp V/ srsxodwlrq 5 qr orqjhu frqwurov wkh zkroh pdunhw
lq wkh orqj uxq/ exw d iudfwlrq sUUU� ri �upv ri srsxodwlrq 4 zloo vwd| lq wkh
pdunhw1 Dffruglqjo|/ qrz iru pruh wkdq kdoi ri doo srvvleoh lqlwldo pdunhw
frqglwlrqv srsxodwlrq 4 hyhqwxdoo| frqwurov wkh zkroh pdunhw1 Ixuwkhupruh/
iru dq dgglwlrqdo vhw ri lqlwldo frqglwlrqv zlwk srvlwlyh phdvxuh/ dw ohdvw d
fhuwdlq iudfwlrq ri �upv iurp srsxodwlrq 4 vwd|v lq wkh pdunhw1 Qrwh wkdw
wklv kxjh frpshwlwlyh dgydqwdjh iru srsxodwlrq 4 fdq eh jdlqhg e| d udwkhu
vpdoo dgydqwdjh lq wkh sdudphwhu � +lq wkh h{dpsoh ghslfwhg lq �jxuh 8e lw
lv derxw 53(,1 Lw lv zruwk srlqwlqj rxw wkdw wkhvh h�hfwv fdxvhg e| voljkwo|
kljkhu lqwhuqdo vslooryhuv lq srsxodwlrq 4 gr qrw kdsshq frqwlqxrxvo|/ exw
deuxswo|1 Dv vrrq dv �� lv lqfuhdvhg deryh wkh ydoxh �W/ wkh dgglwlrqdo edvlq
ri wkh pl{hg djjorphudwlrq htxloleulxp SUUU hphujhv1

Li �� lv ixuwkhu lqfuhdvhg/ wkh h�hfw lv/ iru vrph wlph/ frqwlqxrxv djdlq1
Wkh lqwhulru htxloleulxp dqg/ wkhuhiruh/ dovr lwv vwdeoh pdqlirog +zklfk lv wkh
erxqgdu| ehwzhhq wkh edvlqv ri dwwudfwlrq ri SUUU dqg YU, pryhv xs dqg wr
wkh ohiw1 Khqfh/ wkh edvlq ri YU frqwlqxrxvo| h{sdqgv dv �� lv lqfuhdvhg1 Lq
�jxuh 8f zh vkrz wkh edvlqv ri wkh wkuhh frh{lvwlqj vwdeoh htxloleuld/ zkhuh
wkh gl�huhqfh lq lqwhuqdo vslooryhuv lq wkh wzr srsxodwlrqv lv doprvw wzlfh dv
odujh dv lq �jxuh 8e1 Zh vhh wkdw wkh h{whqwv ri wkh wkuhh edvlqv kdyh qrw
vljql�fdqwo| fkdqjhg1 Wkh rqo| qrwlfhdeoh fkdqjhv duh d voljkw lqfuhdvh lq wkh
h{whqw ri wkh edvlq ri YU dqg d vpdoo uhgxfwlrq ri wkh edvlq ri YUUU 1 Krzhyhu/
vwduwlqj iurp wklv vlwxdwlrq/ li �� lv rqo| voljkwo| lqfuhdvhg/ dqrwkhu deuxsw
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vwuxfwxudo fkdqjh lq wkh edvlqv fdq eh revhuyhg +vhh �jxuh 8g,1 Wkh edvlq
ri dwwudfwlrq ri wkh htxloleulxp SUUU vxgghqo| glvdsshduv dqg lv uhsodfhg
e| d sduw ri wkh edvlq ri dwwudfwlrq ri wkh htxloleulxp YU 1 Dffruglqjo|/
lq vxfk d vlwxdwlrq iru d udwkhu odujh vhw ri lqlwldo frqglwlrqv/ ghvslwh wkh
idfw wkdw srsxodwlrq 5 kdv d odujhu lqlwldo pdunhw vkduh/ srsxodwlrq 4 lv
qrw rqo| deoh wr nhhs d fhuwdlq qxpehu ri �upv lq wkh pdunhw/ exw fdq
hyhqwxdoo| wdnh ryhu wkh hqwluh pdunhw dqg gulyh doo �upv iurp srsxodwlrq
5 rxw1 Pdwkhpdwlfdoo|/ wkh uhdvrq iru wklv lv wkdw wkh lqwhulru htxloleulxp
V pryhv wkurxjk wkh htxloleulxp SUUU rq wkh erxqgdu| dqg dq h{fkdqjh ri
vwdelolw| rffxuv1 Wkh iruphu vwdeoh htxloleulxp SUUU ehfrphv d vdggoh srlqw
dqg wkh lqwhulru vdggoh srlqw V ohdyhv wkh xqlw vtxduh1 Wkh vwdeoh vhw ri
wkh vdggoh srlqw SUUU lv wkh lqyduldqw erxqgdu| {2 @ 4/ exw wklv olqh qrz lv
uhshoolqj lq wkh wudqvyhuvdo gluhfwlrq lq d qhljkerukrrg ri SUUU 1 Lw lv hdv|
wr vhh wkdw wklv wudqvlwlrq rffxuv iru d ydoxh ri �� zkhuh

��sUUU� @ �2=

Wklv frqglwlrq phdqv wkdw dw SUUU wkh frvw uhgxfwlrq h�hfwv gxh wr lqwhuqdo
vslooryhuv duh lghqwlfdo lq erwk srsxodwlrqv1 Wkh ydoxh ri sUUU� lqfuhdvhv
prqrwrqlfdoo| zlwk lqfuhdvlqj ��1 Wkxv/ wkhuh h{lvwv d xqltxh ��� A �2 vxfk
wkdw iru �� @ ��� wkh htxdolw| deryh lv vdwlv�hg dqg SUUU ehfrphv xqvwdeoh1
Djdlq/ lw vkrxog eh srlqwhg rxw wkdw wklv nlqg ri wudqvlwlrq rffxuv rqo| li
wkh wzr �{hg srlqwv TUUU dqg SUUU dsshdu wr wkh ohiw ri wkh lqwhuvhfwlrq ri
I2 zlwk {2 @ 41 Lq wkh iroorzlqj sursrvlwlrq zh vkrz wkdw wklv krogv rqo| li
wkh vslooryhuv lq srsxodwlrq 5 odujhu wkdq d wkuhvkrog ��21 Dovr/ zh surylgh
wkh h{dfw ydoxh ri ���1

Sursrvlwlrq 7 Dvvxph wkdw � @ 3 dqg �2 5
���2> �W�/ zkhuh

��2 =@
E .F �D.

s
F+E .F �D,

D�E
= +46,

Wkhq iru �� A �W gh�qhg lq Ohppd 4 wkhuh dsshduv d sdlu ri �{hg srlqwv
SUUU dqg TUUU rq {2 @ 4/ zkhuh TUUU lv d vdggoh srlqw dqg SUUU lv orfdoo|
dv|pswrwlfdoo| vwdeoh1 Iru doo ydoxhv +{�cf> {2cf, ehwzhhq wkh vwdeoh pdqlirogv
ri TUUU dqg V lq wkh orqj uxq doo �upv ri srsxodwlrq 5 dqg d iudfwlrq sUUU�
ri �upv lq srsxodwlrq 4 duh lq wkh pdunhw1 Dv �� ehfrphv odujhu wkdq ��� @

q2E�nq2��
E�nq2�E�3��3� A �W/ SUUU ehfrphv xqvwdeoh/ lwv edvlq ri dwwudfwlrq vxgghqo|
glvdsshduv/ dqg iru doo lqlwldo ydoxhv +{�cf> {2cf, ehorz wkh vwdeoh pdqlirog
ri TUUU doo �upv iurp srsxodwlrq 5 hyhqwxdoo| ohdyh wkh pdunhw zklfk lv
frpsohwho| wdnhq ryhu e| srsxodwlrq 4 +frqyhujhqfh wr YU,1
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Wklv dqdo|vlv vkrzv wkdw iru ydoxhv ri �2 zklfk duh qrw wrr vpdoo/ dg0
ydqwdjhv ri srsxodwlrq 4 lq whupv ri wkh vl}h ri vslooryhu h�hfwv gr qrw kdyh
frqwlqxrxv h�hfwv rq wkh vxffhvv ri wklv �up foxvwhu lq wkh pdunhw1 Udwkhu/
lw lv lpsruwdqw wr furvv wkh wzr wkuhvkrogv �W dqg ��� wr eh deoh wr vwd| lq
wkh pdunhw/ uhvshfwlyho| wdnh ryhu wkh pdunhw/ hyhq li wkh rwkhu srsxodwlrq
lv lqlwldoo| grplqdqw lq wkh pdunhw1

Li �� lv ixuwkhu lqfuhdvhg/ wkh edvlq ri +4> 3, h{sdqgv/ exw zh nqrz iurp
rxu dqdo|vlv ri wkh v|pphwulf fdvh wkdw wkh vdggoh srlqw TUUU dozd|v vwd|v
wr wkh uljkw ri YUUU 1 Dffruglqjo|/ wkh edvlq ri +4> 3, fdq qhyhu fryhu wkh
zkroh xqlw vtxduh1 Lq rwkhu zrugv/ lq vlwxdwlrqv zlwk lqwhuqdo vslooryhuv lq
wkh srsxodwlrqv/ wkhuh duh dozd|v lqlwldo pdunhw frqglwlrqv vxfk wkdw wkh
srsxodwlrq zlwk wkh vpdoohu vslooryhuv lv deoh wr hyhqwxdoo| gulyh �upv iurp
wkh rwkhu srsxodwlrq rxw ri wkh pdunhw1 Ri frxuvh/ wkh h{whqw ri wkh vhw frq0
wdlqlqj wkhvh lqlwldo pdunhw frqglwlrqv ehfrphv yhu| vpdoo dv wkh gl�huhqfh
lq lqwhuqdo vslooryhuv +l1h1 wkh gl�huhqfh lq wkh ydoxhv ri wkh sdudphwhuv ��,
ehfrphv odujh1

Li zh vwduw zlwk d vpdoo v|pphwulf ohyho ri lqwhuqdo vslooryhuv +�� @ �2 ?
��2, dqg lqfuhdvh wkh vl}h ri lqwhuqdo vslooryhuv lq srsxodwlrq 4/ wkh sdlu ri
qhz htxloleuld TUUU > SUUU zklfk dsshduv iru �� @ �W duh lqlwldoo| uljkw ri
wkh lqwhuvhfwlrq ri I2 zlwk {2 @ 41 Wklv phdqv wkdw erwk duh xqvwdeoh
lq wkh gluhfwlrq wudqvyhuvdo wr {2 @ 41 Dffruglqjo|/ TUUU lv xqvwdeoh dqg
SUUU lv d vdggoh srlqw zkhuh wkh vwdeoh pdqlirog lv wkh olqh {2 @ 41 Wkxv/
dovr iru �� A �W wkhuh h{lvw rqo| wzr vwdeoh htxloleuld/ YU > YUUU dqg wkh
edvlq ri dwwudfwlrq ri YU lqfuhdvhv frqwlqxrxvo| zlwk lqfuhdvlqj ��/ zkhuh
wkh edvlq erxqgdu| lv vwloo jlyhq e| wkh vwdeoh pdqlirog ri V1 Iru �� @ ���/
wkh lqwhulru htxloleulxp V zdqghuv wkurxjk TUUU dqg wkh vwdeoh pdqlirog ri
V ehfrphv wkh vwdeoh pdqlirog ri TUUU zklfk lv qrz d vdggoh srlqw1 Djdlq/
qr glvfrqwlqxrxv fkdqjhv lq wkh edvlqv ri dwwudfwlrq rffxu dqg iru �� A ���
wkh edvlq erxqgdu| lv wkh vwdeoh pdqlirog ri TUUU 1 Wkxv/ zh vhh wkdw li
wkh vslooryhuv lq srsxodwlrq 5 duh vpdoo/ wkh h�hfwv ri dq lqfuhdvh ri wkh
vl}h ri lqwhuqdo vslooryhuv lq srsxodwlrq 4 duh frqwlqxrxv dqg lq wkh orqj
uxq wkh pdunhw lv dozd|v hqwluho| wdnhq ryhu e| rqh ri wkh wzr srsxodwlrqv1
Vxppdul}lqj/ zh kdyh

Sursrvlwlrq 8 Dvvxph � @ 3 dqg �2 5
�

�
�3� � 4> ��2

�
1 Wkhq/ wkh rqo|

vwdeoh htxloleuld iru �� A �2 duh YU dqg YUUU 1 Wkh edvlq ri dwwudfwlrq ri YU
dozd|v lqfuhdvhv frqwlqxrxvo| lq ��1

Ilqdoo|/ ohw xv orrn dw wkh fdvh zkhuh wkh vslooryhuv duh odujh dqg dv|p0
phwulf1 Jlyhq wkh uhvxowv deryh/ lw lv yhu| hdv| wr xqghuvwdqg wkh h�hfw ri dq
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lqfuhdvh ri �� li lqlwldoo| odujh v|pphwulf vslooryhu h�hfwv zlwk �� @ �2 A �W

h{lvw lq erwk srsxodwlrqv1 Uhphpehu/ wkdw wkhuh duh irxu frh{lvwlqj vwdeoh
htxloleuld lq wkh v|pphwulf fdvh1 Zh nqrz wkdw wkh fxuyh I� urwdwhv xszdugv
dv �� lv lqfuhdvhg1 Vlqfh I2 grhv qrw fkdqjh dqg SUU dqg TUU duh douhdg|
ehorz I�/ lw lv reylrxv wkdw wkh srvlwlrq dqg vwdelolw| surshuwlhv ri SUU dqg
TUU gr qrw fkdqjh iru lqfuhdvlqj ��1 Rq wkh rwkhu kdqg/ wkh wudqvlwlrq rq
{2 @ 4 lv h{dfwo| dv wkh rqh ghvfulehg lq sursrvlwlrq 71 Dw wkh srlqw zkhuh
�� ehfrphv odujhu wkdq ��� dqg wkh htxloleulxp SUUU ehfrphv xqvwdeoh/ wkh
edvlq ri dwwudfwlrq ri SUUU lv dgghg wr wkh edvlq ri SUU 1 Wklv phdqv wkdw qrz
iru d odujh vhw ri lqlwldo frqglwlrqv srsxodwlrq 4 jdlqv d odujhu pdunhw vkduh
lq wkh orqj uxq1 Krzhyhu/ wkhuh dozd|v h{lvwv d vpdoohu foxvwhu ri srsxodwlrq
5 �upv lq wkh pdunhw1 Dv ehiruh/ ixuwkhu lqfuhdvhv lq wkh vl}h ri lqwhuqdo
vslooryhuv lq srsxodwlrq 4 gr qrw |lhog dq| txdolwdwlyh fkdqjhv lq wkh orqj
uxq ehkdylru ri wkh surfhvv1

716 Dv|pphwulf Vslooryhuv dqg Idvw G|qdplfv

Xs wr qrz zh kdyh dvvxphg wkdw wkh g|qdplfv ri wkh vzlwfklqj ehkdylru ri
�upv lq wkh wzr srsxodwlrqv lv udwkhu vorz/ l1h1 wkdw wkh sdudphwhu � lv yhu|
vpdoo1 Wklv phdqv wkdw wkh suredelolw| wkdw d �up fkdqjhv wr wkh rswlrq
zklfk lv/ rq dyhudjh/ pruh dwwudfwlyh lv vorzo| lqfuhdvlqj lq wkh gl�huhqfh
ri wkh h{shfwhg sur�wv1 Zkdw fkdqjhv fdq eh revhuyhg li wkh h{shfwhg qhw
 rz wrzdugv wkh ehwwhu rswlrq ehfrphv odujhu dqg wkh g|qdplfv idvwhuB Zh
zloo qrz lqyhvwljdwh krz idvwhu g|qdplfv lq xhqfh wkh h�hfw ri gl�huhqfhv
lq lqwhuqdo vslooryhuv1 Ohw xv djdlq frqvlghu wkh vfhqdulr ghslfwhg lq �jxuh
8e zkhuh wkh lqwhuqdo vslooryhuv lq srsxodwlrq 4 duh odujhu wkdq wkh wkuhvk0
rog ydoxh �W/ zkhuhdv �2 5 ���2> �W�1 Lq wklv vlwxdwlrq wkuhh orfdoo| vwdeoh
htxloleuld frh{lvw1 Qrwh wkdw �jxuh 8e ghslfwv d vfhqdulr zkhuh vzlwfklqj lv
vorz +� @ f�2

Z ,1 Li wkh vshhg ri vzlwfklqj lv lqfuhdvhg +� @ 2�2
Z ,/ wkh edvlq

erxqgdulhv fkdqjh> vhh �jxuh 9d1 Zkhuhdv wkh erxqgdu| ehwzhhq wkh edvlqv
ri YU dqg SUUU lv qr orqjhu vprrwk43/ wkh fkdqjh ri wkh edvlqv lv frqwlqxrxv
lq �� dqg zh vwloo kdyh wkuhh vlpso| frqqhfwhg edvlqv1

Krzhyhu/ li � lv lqfuhdvhg d olwwoh elw ixuwkhu/ d txlwh uhpdundeoh fkdqjh
ri wkh edvlqv ri dwwudfwlrq fdq eh revhuyhg +vhh �jxuh 9e,1 Wkh edvlq ri
dwwudfwlrq ri YUUU kdv ehfrph qrq0frqqhfwhg/ l1h1 glvmrlqw sruwlrqv ri lw +vr0

43Wkh qrq0vprrwkqhvv ri wkh edvlq erxqgdu| lv gxh wr wkh idfw wkdw wkh lqwhulru htxlole0
ulxp zdv wudqviruphg iurp d vdggoh wr dq xqvwdeoh qrgh e| d vhtxhqfh ri orfdo elixufdwlrqv1
Iru d sdudphwhu vhwwlqj olnh wkh rqh lq �jxuh 9d wkh erxqgdu| lv iruphg e| wkh vwdeoh vhw
ri d f|foh/ dqg wkh forvxuh ri vxfk d vwdeoh vhw dovr lqfoxghv pdq| uhshoolqj qrghv/ zkrvh
suhvhqfh |lhogv wkh qrq0vprrwkqhvv ri wkh erxqgdu|1
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Iljxuh 9= Lqvhuw khuh$

fdoohg �lvodqgv�, duh qhvwhg lqvlgh wkh edvlq ri dqrwkhu htxloleulxp1 Wkh
edvlq ri wkh erxqgdu| htxloleulxp SUUU lv qrz d pxowlso| frqqhfwhg vhw +l1h1
frqqhfwhg zlwk �krohv� lqvlgh lw,1 Wklv kdv txlwh lqwhuhvwlqj dqg vxusulvlqj
lpsolfdwlrqv1 Iru d jlyhq qxpehu ri �upv lq srsxodwlrq 4 lq wkh pdunhw/ dq
lqfuhdvh lq wkh lqlwldo qxpehu ri �upv iurp srsxodwlrq 5 lq wkh pdunhw grhv
qrw qhfhvvdulo| lpso| d kljkhu orqj uxq pdunhw vkduh iru wklv srsxodwlrq1
Rq wkh frqwudu|/ d kljkhu lqlwldo iudfwlrq ri �upv lq wkh pdunhw pd| ohdg
wr d orqj uxq pdunhw vkduh ri }hur zkhuhdv d orzhu lqlwldo iudfwlrq ohdgv
wr frqyhujhqfh wr SUUU dqg wkh orqj uxq vxuylydo ri d �up foxvwhu iurp
srsxodwlrq 5 lq wkh pdunhw1

Qrwh wkdw wkh frqvwhoodwlrq ri �{hg srlqwv dqg wkhlu orfdo vwdelolw| surs0
huwlhv kdyh qrw fkdqjhg lq wklv wudqvlwlrq1 Dffruglqjo|/ dqg wklv lv lpsruwdqw
wr uhdol}h/ orfdo dqdo|vlv fdqqrw eh xvhg wr h{sodlq wklv fkdqjh lq wkh orqj
uxq surshuwlhv ri wkh surfhvv1 Lq rughu wr xqghuvwdqg wkh rffxuuhqfh ri vxfk
d joredo elixufdwlrq iurp d pdwkhpdwlfdo srlqw ri ylhz zh fdq/ krzhyhu/
hpsor| wkh wkhru| ri fulwlfdo fxuyhv1

Lq �jxuh 9f lw fdq eh revhuyhg wkdw erwk OF3� +zklfk lv wkh orfxv zkhuh
wkh ghwhuplqdqw ri wkh Mdfreldq ydqlvkhv/ ghwGW +{�> {2, @ 3, dqg OF @
W +OF3�, duh forvhg fxuyhv1 Wkh uhjlrq rxwvlgh OF lv wkh uhjlrq ]� ri srlqwv
zlwk rqo| rqh udqn04 suhlpdjh/ dqg lqvlgh OF wkhuh duh srlqwv zlwk wkuhh
udqn04 suhlpdjhv/ l1h1 wkh uhjlrq ]�1 Qrwh wkdw wkh uhjlrq ]� lv hqwluho|
lqfoxghg lq wkh edvlqv ri SUUU dqg YU iru wklv ydoxh ri �1 Dv � lv lqfuhdvhg/
wkh fulwlfdo fxuyh OF dqg wkh vwdeoh vhw ri wkh erxqgdu| �{hg srlqw TUUU /
zklfk frqvwlwxwhv wkh erxqgdu| ehwzhhq wkh edvlqv ri SUUU dqg YUUU / kdyh d
frqwdfw +lq idfw/ qxphulfdo hylghqfh uhyhdov wkdw wkh �uvw frqwdfw ri OF dqg
wkh erxqgdu| zklfk vhsdudwhv wkh edvlqv rffxuv dorqj wkh erxqgdu| {2 @ 4,1
Diwhu wklv frqwdfw rffxuuhg/ d vpdoo sruwlrq ri ]� hqwhuv wkh edvlq ri YUUU
+frpsduh �jxuhv 9f dqg g,1 Wklv phdqv wkdw vxgghqo| d vpdoo sruwlrq ri
wkh edvlq ri YUUU kdv d odujhu qxpehu ri suhlpdjhv/ qdpho| wkuhh lqvwhdg
ri rqh1 Wkh wzr qhz udqn04 suhlpdjhv ri wklv sruwlrq phujh dorqj OF3�>
vhh �jxuh 9g1 Vlqfh wkh| duh lqvlgh ]� wkhvh suhlpdjhv djdlq kdyh wkuhh
+udqn04, suhlpdjhv +zklfk duh udqn05 suhlpdjhv ri wkh vpdoo uhjlrq zklfk
kdv ehhq fuhdwhg zkhq OF furvvhg wkh edvlq erxqgdu|,1 Wklv ohdgv wr dq
dueruhvfhqw vhtxhqfh ri suhlpdjhv1 Doo wkhvh suhlpdjhv ehorqj wr wkh edvlq

57



ri dwwudfwlrq ri YUUU / vlqfh wkh| duh pdsshg lqwr wkh lpphgldwh edvlq ri YUUU
diwhu d �qlwh qxpehu ri lwhudwlrqv1

Vlqfh wkh �uvw frqwdfw ri OF dqg wkh edvlq erxqgdu| ehwzhhq SUUU dqg
YUUU rffxuv dorqj {2 @ 4/ wkh rffxuuhqfh ri wkh joredo elixufdwlrq zklfk
fkdqjhv wkh vwuxfwxuh ri wkh edvlqv fdq eh xqghuvwrrg e| orrnlqj dw wkh
rqh0glphqvlrqdo uhvwulfwlrq ri wkh pds W wr wkh lqyduldqw olqh {2 @ 4441
Wkh fulwlfdo srlqwv +orfdo pd{lpd dqg plqlpd, ri wkhvh uhvwulfwlrqv duh wkh
lqwhuvhfwlrqv ri OF dqg {2 @ 41 Lq �jxuhv :d0f wkh judsk ri k+{, lv vkrzq
iru wkh sdudphwhu ydoxhv fruuhvsrqglqj wr �jxuhv 9d dqg 9e uhvshfwlyho|1

Iljxuh := Lqvhuw khuh$

Lq �jxuh :d wkh wzr vwdeoh �{hg srlqwv kdyh frqqhfwhg edvlqv erxqghg
e| xqvwdeoh �{hg srlqwv1 Wkh orfdo plqlpxp lv lqvlgh wkh edvlq ri wkh
srvlwlyh vwdeoh �{hg srlqw +vhh wkh forvh0xs lq �jxuh :e,1 Wkh fkdqjh ri �
�uvw fdxvhv d frqwdfw ri wkh orfdo plqlpxp dqg wkh xqvwdeoh �{hg srlqw1
Diwhu wklv frqwdfw d �kroh� ri wkh edvlq ri { @ 3 lv fuhdwhg durxqg wkh
plqlpxp1 Wklv fdq eh fohduo| vhhq lq �jxuh :f/ zkhuh K�> K2 dqg K�

lqglfdwh srlqwv uljkw ri sUUU� zklfk duh pdsshg wr wkh ohiw ri tUUU� lq 4/ 5
uhvshfwlyho| 6 lwhudwlrqv1 Doo wkh srlqwv lq wkhvh lqwhuydov wkhuhiruh ehorqj
wr wkh edvlq ri dwwudfwlrq ri 31 Lw vkrxog eh srlqwhg rxw wkdw vxfk d *edvlq
elixufdwlrq* kdv wr rffxu iru dq| vzlwfklqj ixqfwlrq J/ zkhuh � lv vx!flhqwo|
odujh dqg � vx!flhqwo| forvh wr �W1 Vr/ wkh wudqvlwlrq zklfk lv uhvsrqvleoh
iru qrq0frqqhfwhg edvlqv lq wklv iudphzrun grhv qrw ghshqg rq wkh h{dfw
vshfl�fdwlrq ri J1

Dv � lv ixuwkhu lqfuhdvhg/ wkh sruwlrq ri wkh lpphgldwh edvlq ri YUUU lq0
vlgh ]� ehfrphv odujhu dqg/ frqvhtxhqwo|/ wkh krohv hqodujh ohdglqj wr hyhq
pruh iudjphqwhg dqg lqwhuplqjohg edvlqv1 Lw lv hylghqw wkdw dowkrxjk wkh
dwwudfwruv frqwlqxh wr eh vlpsoh htxloleuld +vwdeoh �{hg srlqwv, wkh vwuxfwxuh
ri wkh edvlqv lv jhwwlqj pruh dqg pruh frpsoh{1 Wklv fdxvhv d juhdwhu xq0
fhuwdlqw| derxw wkh orqj0uxq hyroxwlrq ri wkh v|vwhp vwduwlqj iurp d jlyhq
lqlwldo frqglwlrq lq wkh iroorzlqj vhqvh= D vpdoo fkdqjh lq wkh vwduwlqj frq0
glwlrq kdv d kljk suredelolw| wr fdxvh d furvvlqj ri d edvlq erxqgdu| dqg/
dv d frqvhtxhqfh/ wkh frqyhujhqfh wr d gl�huhqw htxloleulxp1 Khqfh/ wkh

44 Lw vkrxog eh hpskdvl}hg wkdw wklv lv d vshfldo fkdudfwhulvwlf ri wklv prgho/ dqg qr
jhqhudo surshuw| ri wklv nlqg ri edvlq elixufdwlrqv1
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orqj uxq rxwfrph ri wkh surfhvv qrz ghshqgv yhu| vhqvlwlyho| rq wkh lqlwldo
qxpehu ri �upv iurp erwk srsxodwlrqv lq wkh pdunhw1

Zh vxppdul}h wkh �qglqjv ri wkh dqdo|vlv lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 9 Iru � @ 3> �2 5 ���2> �W� dqg �� A �W/ zkhuh �� lv vx!0
flhqwo| forvh wr �W dqg � vx!flhqwo| odujh/ wkh edvlq ri dwwudfwlrq ri YUUU
lv qrq0frqqhfwhg dqg kdv lvodqgv lq wkh edvlq ri dwwudfwlrq ri SUUU 1 Wkh
qxpehu ri srsxodwlrq 5 �upv zklfk vwd| lq wkh pdunhw lq wkh orqj uxq grhv
qrw lqfuhdvh prqrwrqlf lq wkh lqlwldo qxpehu ri srsxodwlrq 5 �upv lq wkh
pdunhw1

Kdylqj surylghg dq h{whqvlyh whfkqlfdo dqdo|vlv ri wkh prgho iru d vlw0
xdwlrq zkhuh lqwhuqdo vslooryhuv h{lvw lq erwk srsxodwlrqv/ zh zrxog olnh wr
glvfxvv wkh pdmru hfrqrplf lqvljkwv zh kdyh rewdlqhg1 Iluvw/ vwduwlqj iurp d
vlwxdwlrq zkhuh vslooryhuv ehwzhhq �upv lq erwk srsxodwlrqv duh v|pphwulf/
doo htxloleuld dqg edvlqv duh v|pphwulf zlwk uhvshfw wr wkh gldjrqdo1 Df0
fruglqj wr wklv uhvxow/ wkh srsxodwlrq zklfk lqlwldoo| kdv wkh odujhu iudfwlrq
ri �upv lq wkh pdunhw zloo nhhs d odujhu pdunhw vkduh lq doo shulrgv1 Iru
vpdoo lqwhuqdo vslooryhuv/ doo �upv iurp wkh srsxodwlrq zlwk wkh vpdoohu lql0
wldo pdunhw vkduh hyhqwxdoo| ohdyh wkh pdunhw dqg fkrrvh wkh rxwvlgh rswlrq1
Wkh pdunhw lv frpsohwho| wdnhq ryhu e| wkh srsxodwlrq zlwk wkh odujhu lql0
wldo pdunhw vkduh1 Odujhu lqwhuqdo vslooryhuv pdnh lw srvvleoh wkdw �upv iurp
erwk srsxodwlrqv frh{lvw lq wkh pdunhw1 Wkh srsxodwlrq zlwk wkh odujhu lql0
wldo pdunhw vkduh lv deoh wr nhhs wklv dgydqwdjh lq wkh orqj uxq1 Krzhyhu/
iru d vhw ri lqlwldo frqglwlrqv/ dq htxloleulxp lv uhdfkhg lq wkh orqj uxq zkhuh
dovr d iudfwlrq ri �upv ri wkh rwkhu srsxodwlrq pljkw vwd| lq wkh pdunhw1
Wklv vhw ri lqlwldo frqglwlrqv fdswxuhv d vhwwlqj zkhuh wkh pdunhw vkduh ri
wkh rwkhu srsxodwlrq lv qrw wrr pxfk vpdoohu1 Lw h{sdqgv lq vl}h dv lqwhuqdo
vslooryhuv ehfrph odujhu/ exw wkhuh uhpdlqv d vhw ri lqlwldo frqglwlrqv zkhuh
�upv iurp hlwkhu srsxodwlrq +4 ru 5, lv gulyhq rxw ri wkh pdunhw1 Iru vorz
g|qdplfv/ zklfk fruuhvsrqgv wr d odujh yduldqfh ri wkh rxwvlgh rswlrq/ doo
edvlqv ri dwwudfwlrq duh vlpsoh frqqhfwhg vhwv1 Khqfh/ iru lqlwldo frqglwlrqv
lqvlgh hlwkhu ri wkh edvlqv/ d vpdoo fkdqjh lq wkh lqlwldo iudfwlrq ri �upv
lq wkh pdunhw grhv qrw fkdqjh wkh orqj uxq rxwfrph ri wkh hyroxwlrqdu|
surfhvv1 Wklv grhv qrw qhfhvvdulo| krog wuxh li wkh  rz lq dqg rxw ri wkh
pdunhw lv odujh +wklv fruuhvsrqgv wr d orz yduldqfh ri wkh rxwvlgh sur�w,1
Lq wkh odwwhu vlwxdwlrq wkh edvlqv ri wkh frh{lvwlqj htxloleulxp sdwwhuqv pd|
kdyh dq lqwhuplqjohg vwuxfwxuh1 Frqvhtxhqwo|/ lw lv kdug wr suhglfw zkhwkhu
�upv iurp wkh srsxodwlrq zlwk wkh lqlwldoo| vpdoohu iudfwlrq ri �upv vwd| lq
wkh pdunhw ru li wkh rwkhu srsxodwlrq wdnhv ryhu wkh pdunhw frpsohwho|1 Wkh
orqj uxq rxwfrph qrz ghshqgv txlwh vhqvlwlyho| rq wkh h{dfw ydoxhv ri wkh
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lqlwldo pdunhw vkduhv ri wkh wzr srsxodwlrqv1 Wkxv/ rxu prgho vxjjhvwv wkdw/
hyhq li wkh flufxpvwdqfhv lq wzr gl�huhqw lqgxvwulhv duh doprvw lghqwlfdo/
wkh dgdswdwlrq surfhvv ri wkh �upv pd| ohdg wr txdolwdwlyho| yhu| gl�huhqw
orqj uxq uhvxow1 Lq wklv vhqvh wkh surfhvv ri lqgxvwuldo hyroxwlrq lv sdwk0
ghshqghqw1 Lw vkrxog eh qrwhg/ wkdw wklv lqvljkw lv qrw gxh wr vrph frpsoh{
ru fkdrwlf orqj uxq g|qdplfv ri wkh prgho/ exw vlpso| fdxvhg e| wkh frp0
soh{ wrsrorjlfdo vwuxfwxuh ri wkh edvlqv ri dwwudfwlrq ri wkh frh{lvwlqj vwdeoh
htxloleuld1

Li wkh vslooryhu h�hfwv lq rqh ri wkh wzr srsxodwlrqv lv odujhu/ wkh edvlqv
ehfrph dv|pphwulf1 Vxusulvlqjo|/ li �upv iurp rqh srsxodwlrq fdq dwwdlq
d vlwxdwlrq zkhuh vslooryhuv ehwzhhq wkhp duh kljkhu +lq frpsdulvrq wr
vslooryhuv lq wkh rwkhu srsxodwlrq,/ wkh jhqhudwhg frvw uhgxfwlrqv grhv qrw
kdyh frqwlqxrxv orqj uxq h�hfwv1 Vpdoo gl�huhqfhv lq vslooryhuv/ lq jhqhudo/
rqo| ohdg wr d vpdoo h{sdqvlrq ri wkh vhw ri lqlwldo frqglwlrqv zkhuh wkh pdu0
nhw lv wdnhq ryhu e| wkh srsxodwlrq zlwk odujhu vslooryhuv1 Krzhyhu/ dv wkh
gl�huhqfh lq vslooryhuv +wkh sdudphwhu ydoxhv ri ��, uhdfkhv d fhuwdlq fulwlfdo
ohyho/ wkhuh lv dq deuxsw vwuxfwxudo fkdqjh lq wkh edvlqv1 Vxgghqo| wkh vhw ri
lqlwldo pdunhw vkduhv zkhuh �upv iurp wkh srsxodwlrq zlwk odujhu vslooryhuv
vwd| lq wkh pdunhw h{sdqgv gxh wr wkh lqvwdqwdqhrxv fuhdwlrq ri dqrwkhu
htxloleulxp sdwwhuq zlwk lwv fruuhvsrqglqj edvlq1 Wklv vxjjhvwv wkdw wkhuh
lv vrphwklqj olnh d plqlpdo dgydqwdjh lq wkh h{whqw ri lqwhuqdo vslooryhuv
zklfk lv fuxfldo iru ghwhuplqlqj li d srsxodwlrq ri �upv fdq vwd| lq d pdunhw
lq wkh orqj uxq hyhq li wklv pdunhw lv grplqdwhg e| �upv iurp dqrwkhu srsx0
odwlrq1 Rxu dqdo|vlv ixuwkhu kdv uhyhdohg wkdw wkhuh lv d vhfrqg fulwlfdo ohyho
iru wkh gl�huhqfh ri lqwhuqdo vslooryhuv1 Li wkh vslooryhuv ehwzhhq wkh �upv
ri rqh srsxodwlrq duh odujh hqrxjk vxfk wkdw wkh fruuhvsrqglqj gl�huhqfh
lq vslooryhuv lv odujhu wkdq wklv ohyho/ �upv ri wklv srsxodwlrq fdq qrw rqo|
frh{lvw lq wkh pdunhw zlwk �upv iurp wkh rwkhu srsxodwlrq +dv ehiruh,/ exw
duh vxgghqo| deoh wr gulyh �upv iurp wkh rwkhu srsxodwlrq rxw ri wkh pdunhw
ghvslwh wkh idfw wkdw wkh odwwhu lqlwldoo| grplqdwhg wkh pdunhw1 Wkxv/ rqh
ri rxu pdmru uhvxowv lv wkdw wkh fkdqjhv uhvxowlqj iurp lqyhvwphqwv zklfk
lqfuhdvh vslooryhuv ehwzhhq �upv ri wkh vdph srsxodwlrq duh qrw frqwlqxrxv1
Wkhvh fkdqjhv rffxu vxgghqo| zkhq fhuwdlq ohyhov ri vslooryhu gl�huhqfhv duh
dfklhyhg1

Ilqdoo|/ rxu uhvxowv lqglfdwh wkdw lw lv dgydqwdjhrxv iru wkh srsxodwlrq
zlwk odujhu lqwhuqdo vslooryhuv li h{lw dqg hqwu| lq wkh pdunhw lv vorz1 Dv
wkh udwh dw zklfk �upv hqwhu dqg h{lw wkh pdunhw ehfrphv odujhu/ wkh vhw ri
lqlwldo pdunhw vkduhv zkhuh wkh srsxodwlrq zlwk vpdoohu lqwhuqdo vslooryhuv
wdnhv ryhu wkh hqwluh pdunhw lq wkh orqj uxq ehfrphv odujhu vlqfh pruh dqg
pruh lvodqgv ri wkh edvlq ri YUUU duh fuhdwhg lq wkh edvlq ri SUUU 1 Dowkrxjk
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zh glg qrw surylgh d surri wkdw wklv revhuydwlrq krogv wuxh lq jhqhudo/ doo
rxu qxphulfdo dqdo|vhv vxjjhvw wkdw wklv lv lq idfw d jhqhudo skhqrphqrq1

8 Lqwhuqdo dqg H{whuqdo Vslooryhuv

Lq wkh suhylrxv vhfwlrq zh kdyh uhvwulfwhg rxuvhoyhv wr dqdo|}lqj wkh orqj uxq
djjorphudwlrq sdwwhuqv lq wkh pdunhw lq wkh suhvhqfh ri lqwhuqdo vslooryhuv
ehwzhhq �upv ri d srsxodwlrq rqo|1 Lq wklv vhfwlrq zh irfxv rq wkh lp0
sdfw ri h{whuqdo vslooryhuv1 Pruh suhflvho|/ zh zloo dvvxph wkdw lqwhuqdo
vslooryhuv h{lvw dqg duh htxdo lq erwk srsxodwlrqv +�� @ �2, dqg wkdw/ dg0
glwlrqdoo|/ nqrzohgjh dovr vsloov ryhu iurp rqh srsxodwlrq wr wkh rwkhu1 Zh
zloo frqvlghu rqo| wkh fdvh zkhuh �� A 3> �2 @ 31 Krzhyhu/ wkh uhvxowv
fdq eh hdvlo| jhqhudol}hg wr dq| fdvh zkhuh nqrzohgjh vslooryhuv duh dv|p0
phwulf/ l1h1 zkhuh wkh wzr srsxodwlrqv duh khwhurjhqhrxv zlwk uhvshfw wr
wkhvh h{whuqdo vslooryhuv1 Rxu dvvxpswlrqv ri dv|pphwulf h{whuqdo vslooryhuv
duh prwlydwhg e| hpslulfdo hylghqfh1 Pdqv�hog +4<;;, irxqg lq klv vwxg|
wkdw frxqwulhv gl�hu zlwk uhjdug wr wkhlu delolw| wr dgrsw dqg xvh iruhljq
whfkqrorj|1 Zkhuhdv XV dqg Mdsdqhvh �upv zhuh frpsdudeoh lq h{sorlwlqj
lqwhuqdoo| ghyhorshg whfkqrorjlhv/ wkh hpslulfdo hylghqfh uhyhdohg d elj gli0
ihuhqfh lq wkh xvh ri h{whuqdoo|0edvhg whfkqrorjlhv1 Mdsdqhvh �upv sxuvxh
iruhljq whfkqrorj| pruh djjuhvvlyho| dqg h!flhqwo| wkdq wkhlu ulydov1 Df0
fruglqjo|/ wkhuh lv hylghqfh iru dq dv|pphwu| lq vslooryhuv1 Vhyhudo vrxufhv ri
h{whuqdo vslooryhuv fdq eh qdphg/ lqfoxglqj wudqvihuv ri nqrzohgjh ehwzhhq
wzr frxqwulhv +gxh wr h1j1 dq h{fkdqjh ri hqjlqhhuv/ pdqdjhuv dqg zrunhuv,
dqg gluhfw iruhljq lqyhvwphqw1 Vhh Fkxdqj dqg Olq +4<<<,/ zkr lghqwli|
iruhljq gluhfw lqyhvwphqw dv wkh pdmru fkdqqho ri whfkqrorj| wudqvihu iurp
pxowlqdwlrqdo hqwhusulvhv wr grphvwlf �upv1

Zh ehjlq wkh dqdo|vlv zlwk d vfhqdulr olnh wkh rqh ghslfwhg lq �jxuh 5/
zlwk zhdn lqwhuqdo dqg qr h{whuqdo vslooryhuv1 Uhfdoo wkdw wkh rqo| wzr vwdeoh
htxloleuld duh wkh srlqwv YU dqg YUUU 1 Zh nqrz wkdw lq wklv fdvh wkh edvlqv ri
dwwudfwlrq ri wkh wzr htxloleuld duh vlpso| wkh wuldqjxodu uhjlrqv ehorz dqg
deryh wkh gldjrqdo/ uhvshfwlyho|1 Wkh fxuyh I� kdv rqh lqwhuvhfwlrq srlqw
zlwk wkh olqh {� @ 3 dqg rqh zlwk {� @ 4/ exw grhv qrw lqwhuvhfw dq| ri wkh
rwkhu wzr erxqgdulhv ri wkh xqlw vtxduh1 D v|pphwulf vwdwhphqw krogv iru
I21 Ohw xv qrz dvvxph wkdw/ gxh wr vrph ri wkh uhdvrqv phqwlrqhg deryh/
nqrzohgjh jhqhudwhg lq srsxodwlrq 5 vsloov ryhu wr �upv lq srsxodwlrq 4/ ru/
lq rwkhu zrugv/ wkh sdudphwhu �� lv srvlwlyh1 Qrz wkh v|pphwu| ehwzhhq
wkh wzr srsxodwlrqv lv eurnhq1 Li �� lv lqfuhdvhg/ wkh lqwhuvhfwlrq srlqw ri
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I� zlwk {� @ 3 � ghqrwhg e| a{2 � zklfk vdwlv�hv

D�Ea{2 � F

4 . ��a{2
@ 3

reylrxvo| pryhv xs rq wkh olqh {� @ 31 Wkh vdph kdsshqv wr wkh lqwhuvhfwlrq
srlqw zlwk {� @ 4 � ghqrwhg e| �{2 � zklfk vdwlv�hv

D�E+4 . �{2,� F

4 . � . ���{2
@ 3=

Ghshqglqj rq wkh sdudphwhu vhwwlqj/ wzr srvvleoh vfhqdulrv fdq rffxu iru
lqfuhdvlqj ydoxhv ri �� zklfk vdwlvi| dvvxpswlrq +6,1 Iluvw � vlplodu wr wkh
fdvh glvfxvvhg lq wkh suhylrxv vhfwlrq � d sdlu ri qhz htxloleuld pljkw hphujh
rq wkh olqh {2 @ 41 Vhfrqg/ wkh fxuyh I� pd| qhyhu furvv {2 @ 4/ xqwlo ��
kdv ehhq lqfuhdvhg vr pxfk wkdw a{2 @ 41 Lq wkh odwwhu fdvh rqo| rqh qhz
�{hg srlqw dsshduv dw YUUU dqg pryhv wr wkh uljkw rq wkh olqh {2 @ 4 dv ��
lv ixuwkhu lqfuhdvhg1 Wklv �{hg srlqw lv orfdoo| vwdeoh/ zkhuhdv wkh yhuwh{
YUUU ehfrphv xqvwdeoh1 Wklv vhfrqg vfhqdulr fdq eh ghyhorshg iurp wkh �uvw
vfhqdulr dqg zh/ wkhuhiruh/ zloo qrw wuhdw lw vhsdudwho|1

Li zh uhvwulfw rxu dwwhqwlrq wr wkh fdvh zkhuh d sdlu ri qhz htxloleuld rq
wkh olqh {2 @ 4 hphujhv/ frqvlghulqj wkh txdolwdwlyh g|qdplfv zh hqfrxqwhu
d vlplodu vlwxdwlrq dv lq wkh fdvh ri lqwhuqdo vslooryhuv zlwk lqfuhdvlqj ydoxhv
ri ��1 Krzhyhu/ khuh lw fdq eh jxdudqwhhg xqghu idluo| plog dvvxpswlrqv
wkdw rqh ri wkh wzr hphujlqj �{hg srlqwv lv orfdoo| dv|pswrwlfdoo| vwdeoh
+surri lq Dsshqgl{ D,1

Sursrvlwlrq : Dvvxph wkdw �� @ �2 @ � 5 +a�> �W,> �2 @ 3 dqg F ? 7E1
Wkhq iru

�� @ �W+�, =@
5
s
�EF � �+D�E,�E

E

wkhuh hphujhv d sdlu ri �{hg srlqwv SUUU >TUUU rq wkh olqh {2 @ 4/ zkhuh SUUU

lv orfdoo| dv|pswrwlfdoo| vwdeoh dqg TUUU lv d vdggoh srlqw1 Ixuwkhupruh/ zh
dozd|v kdyh �W+�, ? �W � �1

Lq wkh suhvhqw vfhqdulr/ srsxodwlrq 4 ehqh�wv iurp wkh h{whuqdo vslooryhuv
iurp srsxodwlrq 51 Wkhvh vslooryhuv hqdeoh srsxodwlrq 4 �upv wr vwd| lq wkh
pdunhw iru d fhuwdlq vhw ri lqlwldo frqglwlrqv ghvslwh wkh idfw wkdw srsxodwlrq 5
lqlwldoo| kdv d odujhu iudfwlrq ri �upv lq wkh pdunhw1 Dv lq wkh fdvh glvfxvvhg
lq wkh suhylrxv vhfwlrq/ wkh edvlq ri dwwudfwlrq ri SUUU lv fuhdwhg deuxswo| dv
d vhw ri srvlwlyh phdvxuh zkhq �� ehfrphv odujhu wkdq �W1 Wkh sursrvlwlrq
dovr hvwdeolvkhv wkdw wkh lqfuhdvh lq ��/ zklfk lv qhfhvvdu| wr surgxfh vxfk
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d wudqvlwlrq iru hyhu| fxuuhqw ohyho ri �/ lv vpdoohu wkdq wkh lqfuhdvh lq ��
zklfk lv qhhghg iru vxfk d vwuxfwxudo fkdqjh1

Wkxv/ jlyhq d vfhqdulr zkhuh wkh rqo| vwdeoh htxloleuld duh YU dqg YUUU /
wklv uhvxow vxjjhvwv wkh iroorzlqj srolf| irupxodwlrq1 D srolf| pdnhu/ zkr lv
lq fkdujh ri vhwwlqj wkh frqglwlrqv ri wkh hqylurqphqw iru �upv ri srsxodwlrq
4/ l1h1 zkr fdq lq xhqfh wkh ydoxhv ri wkh vslooryhu sdudphwhuv �� dqg ��/ lv
dgylvhg wr lqfuhdvh �� udwkhu wkdq ��1 Wklv ohdgv wr wkh orqj uxq h{lvwhqfh
ri d foxvwhu ri �upv iurp srsxodwlrq 4 lq wkh pdunhw iru d odujhu vhw ri lqlwldo
pdunhw vkduhv wkdq lq wkh fdvh ri dq lqfuhdvh ri �� ri wkh vdph vl}h1

Iljxuh ;= Lqvhuw khuh$

Lq �jxuh ;d zh looxvwudwh wklv e| ghslfwlqj wkh edvlqv ri dwwudfwlrq/ zkhuh
zh xvhg wkh vdph sdudphwhu vhwwlqj dv lq vhfwlrq 7 zlwk �� @ �2 @ 4 dqg
�� @ 3=4> �2 @ 31 Uhfdoo wkdw dq lqfuhdvh ri pruh wkdq 315 lq wkh ydoxh ri
lqwhuqdo vslooryhuv/ ��/ zdv qhfhvvdu| wr fuhdwh d vwdeoh htxloleulxp rq wkh
xsshu erxqgdu| ri ^3> 4`21 Lq frqwudvw wr wklv/ iru dq lqfuhdvh lq wkh ydoxh
ri h{whuqdo vslooryhuv ri 314/ wklv dgglwlrqdo htxloleulxp qrw rqo| h{lvwv/ exw
douhdg| kdv d udwkhu odujh edvlq ri dwwudfwlrq1 Li wkh ydoxh ri �� lv ixuwkhu
lqfuhdvhg/ wkh vdggoh srlqw TUUU pryhv wkurxjk wkh yhuwh{ YUUU dqg wkh
yhuwh{ ehfrphv xqvwdeoh1 Qrwh wkdw vxfk d wudqvlwlrq lv qrw srvvleoh li ��
lv lqfuhdvhg/ exw �� @ 31 Diwhu wklv elixufdwlrq wkhuh duh rqo| wzr vwdeoh
htxloleuld qdpho| SUUU dqg YU 1 Lq rwkhu zrugv/ uhjdugohvv ri wkh lqlwldo
pdunhw vkduhv/ �upv iurp srsxodwlrq 4 duh qhyhu frpsohwho| gulyhq rxw ri
wkh pdunhw1 Wklv vlwxdwlrq lv looxvwudwhg lq �jxuh ;e1

D ixuwkhu lqfuhdvh ri �� �qdoo| ohdgv wr d froolvlrq ri wkh lqwhulru �{hg
srlqw V zlwk wkh erxqgdu| �{hg srlqw SUUU dqg diwhu wkdw wkh rqo| vwdeoh
�{hg srlqw lv YU 1 Wkxv/ srsxodwlrq 4 wdnhv ryhu wkh hqwluh pdunhw uhjdugohvv
ri wkh lqlwldo pdunhw frqglwlrqv1 Qrwh wkdw/ djdlq/ zh kdyh dq lqvwdqwdqhrxv
fkdqjh ri wkh orqj uxq ehkdylru ri wkh v|vwhp1 Li �� lv rqo| voljkwo| vpdoohu
wkdq wkh elixufdwlrq ydoxh/ wkhuh lv vwloo d vhw ri lqlwldo pdunhw frqvwhoodwlrqv
zlwk srvlwlyh dqg riwhq vljql�fdqw phdvxuh zklfk ohdg wr orqj uxq pdunhw
sduwlflsdwlrq ri doo srsxodwlrq 5 �upv1 Dv vrrq dv �� furvvhv wklv ydoxh dqg
lv voljkwo| odujhu/ doo �upv iurp srsxodwlrq 5 ohdyh wkh pdunhw dqg fkrrvh wkh
rxwvlgh rswlrq iru doo wkrvh lqlwldo vwdwhv1 Iru gl�huhqw sdudphwhu vhwwlqjv
wkhvh wzr wudqvlwlrqv pljkw rffxu lq uhyhuvhg rughu/ krzhyhu zlwk wkh vdph
�qdo uhvxow1
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Li wkh +v|pphwulf, ohyho ri lqwhuqdo vslooryhu h�hfwv lq erwk srsxodwlrqv
lv odujhu wkdq �W +uhphpehu wkdw lq vxfk d vlwxdwlrq iru vpdoo �� wkhuh duh 7
orfdoo| vwdeoh htxloleuld> vhh �jxuh 7,/ dqg �� lv vx!flhqwo| odujh vxfk wkdw V
froolghv zlwk SUUU / wklv |lhogv d wudqvirupdwlrq ri wkh edvlq ri dwwudfwlrq ri
SUUU lqwr d sduw ri wkh edvlq ri SUU 1 Lq rwkhu zrugv/ li wkh ohyho ri lqwhuqdo
vslooryhuv lv odujh lq erwk srsxodwlrqv dqg �upv iurp srsxodwlrq 4 kdyh d
kljkhu delolw| wr lpsruw lqirupdwlrq iurp srsxodwlrq 5/ d odujh vhw ri lqlwldo
frqglwlrqv ohdgv wr d orqj uxq vwdwh zkhuh doo �upv lq srsxodwlrq 4 dqg d
srvlwlyh iudfwlrq ri srsxodwlrq 5 �upv duh lq wkh pdunhw1 Li lqwhuqdo vslooryhuv
duh vx!flhqwo| odujh lq srsxodwlrq 5/ d foxvwhu iurp wklv srsxodwlrq vwd|v lq
wkh pdunhw hyhq li h{whuqdo vslooryhuv iurp srsxodwlrq 5 wr srsxodwlrq 4 lv
pxfk kljkhu wkdq ylfh yhuvd1

Lq wkh ghvfulswlrq ri wkh h�hfwv ri dq lqfuhdvh ri ��/ vr idu zh kdyh frq0
vlghuhg vorz g|qdplfv1 Lq sduwlfxodu/ lq rxu glvfxvvlrq zh kdyh lpsolflwo|
dvvxphg wkdw wkh fulwlfdo fxuyh OF kdv qr lqwhuvhfwlrq srlqw zlwk wkh vwdeoh
vhw ri TUUU dqg/ wkhuhiruh/ qr edvlq elixufdwlrqv rffxuv1 Krzhyhu/ dv kdv
ehhq ghprqvwudwhg lq wkh suhylrxv vhfwlrq/ iru odujh ydoxhv ri �� vxfk edvlq
elixufdwlrqv/ zklfk fkdqjh wkh wrsrorjlfdo vwuxfwxuh ri wkh edvlqv/ fdqqrw
eh uxohg rxw1 Wkxv/ lq rughu wr ghhshq rxu xqghuvwdqglqj ri wkh srvvleoh
g|qdplfdo sdwwhuqv dqg krz wkh| ghshqg rq wkh h{lvwhqfh dqg pdjqlwxgh ri
lqwhuqdo dqg h{whuqdo vslooryhuv/ zh vwxg| wkh h�hfw ri idvw vzlwfklqj1 Dv dq
looxvwudwlrq ri wkh iroorzlqj glvfxvvlrq zh vkrz dq h{dpsoh ri wkh srvvleoh
wudqvlwlrqv ri wkh edvlqv iru idvw g|qdplfv dqg lqfuhdvlqj �� lq �jxuh <1 Lq
wklv fkrvhq vfhqdulr/ wkh fulwlfdo fxuyh vsuhdgv rxw dqg d odujh sduw ri wkh
uhjlrq forvh wr wkh erxqgdu| olqhv {� @ 4 dqg {2 @ 4 olhv lqvlgh wkh forvhg
fulwlfdo fxuyh1 Lq sduwlfxodu/ iru vx!flhqwo| odujh �/ wkh sdlu ri qhz �{hg
srlqwv hphujlqj rq wkh erxqgdu| olqh {2 @ 4 duh orfdwhg lq d uhjlrq zklfk
lv vxuurxqghg e| wkh fulwlfdo fxuyh OF1 Lq wklv fdvh/ iurp vlplodu dujxphqwv
dv lq wkh lq wkh suhylrxv vhfwlrq lw iroorzv wkdw wkh edvlq ri dwwudfwlrq ri wkh
vwdeoh htxloleulxp SUUU frqwdlqv qrq0frqqhfwhg sduwv +lvodqgv, zklfk ehorqj
wr wkh edvlq ri dwwudfwlrq ri YUUU +vhh �jxuh <e,1 Lq wkh suhylrxv vhfwlrq lw
kdv ehhq srlqwhg rxw wkdw wkhvh lqwhuplqjohg edvlqv fdq eh ehvw xqghuvwrrg
e| orrnlqj dw wkh pds k+{, rq wkh olqh {2 @ 41 Khuh lw fdq eh revhuyhg
wkdw vrph ri wkh wudmhfwrulhv zlwk lqlwldo frqglwlrq deryh tUUU� duh hyhqwx0
doo| pdsshg ehorz tUUU� dqg wkxv frqyhujh wr }hur1 Dffruglqjo|/ wkh edvlqv
ri 3 dqg sUUU� duh lqwhuplqjohg1 Li �� lv ixuwkhu lqfuhdvhg dqg wkh g|qdplfv
lv vx!flhqwo| idvw/ wkh vorsh ri k+{, dw sUUU� ehfrphv odujhu xqwlo wklv �{hg
srlqw ehfrphv xqvwdeoh1 Iru hyhq odujhu �� doo srlqwv duh hyhqwxdoo| pdsshg
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ehorz tUUU� dqg wkxv wkh rqo| dwwudfwru ri wkh pds k+{, lv 3451 Frqvhtxhqwo|/
wkh rqo| dwwudfwruv ri wkh dgdswdwlrq g|qdplfv jhqhudwhg e| wkh pds W rq
wkh xqlw vtxduh duh djdlq YU dqg YUUU +�jxuh <f,1 Lqwhuhvwlqjo|/ zh jhw d
frxqwhulqwxlwlyh uhvxow vwdwlqj wkdw wkh ixuwkhu lqfuhdvh ri �� kdv zhdnhqhg
wkh srvlwlrq ri srsxodwlrq 41 Wkh pl{hg htxloleulxp kdv glvdsshduhg/ dqg
wkh vlwxdwlrq lv vrphkrz uhplqlvfhqw ri wkh vfhqdulr ehiruh dq| edvlq el0
ixufdwlrq kdv rffxuuhg> frpsduh �jxuhv <d dqg f1 Ilupv ri srsxodwlrq 4
duh qrz gulyhq rxw ri wkh pdunhw iru lqlwldo pdunhw vkduhv/ zkhuhdv ehiruh
dw ohdvw d iudfwlrq ri srsxodwlrq 4 �upv frxog vwd| lq wkh pdunhw1 Qrwh/
krzhyhu/ wkdw wkh �{hg srlqw TUUU pryhv wrzdugv YUUU dv �� lv lqfuhdvhg1
Vr hyhqwxdoo|/ wklv �{hg srlqw furvvhv wkh fulwlfdo fxuyh OF dqg zdqghuv
iurp wkh uhjlrq ]� lqwr wkh uhjlrq ]�1 Diwhu wklv kdv kdsshqhg/ wkh vwdeoh
pdqlirog ri wkh vdggoh srlqw lv iruzdugv dqg edfnzdugv lqyduldqw dqg qr
wudmhfwru| zlwk lqlwldo frqglwlrqv wr wkh uljkw ri wklv erxqgdu| fdq frqyhujh
wr YUUU 1 Doo wkh wudmhfwrulhv ehwzhhq wkh vwdeoh pdqlirog ri TUUU dqg wkh
vwdeoh pdqlirog ri wkh lqwhulru htxloleulxp V frqyhujh wr vrph dwwudfwru rq
{2 @ 4/ zklfk pljkw eh hlwkhu d f|foh ru d fkdrwlf dwwudfwru +vhh �jxuh <g>
uhphpehu wkdw sUUU� lv xqvwdeoh zlwk uhvshfw wr k+{,,1

Iljxuh <= Lqvhuw khuh$

Iljxuh < pdnhv lw reylrxv wkdw diwhu wkh wudqvlwlrq iurp d, wr e,/ srs0
xodwlrq 5 wdnhv ryhu wkh pdunhw iru ohvv lqlwldo pdunhw vkduhv wkdq ehiruh
wkh lqfuhdvh ri ��1 D ixuwkhu lqfuhdvh ri �� vhhpv wr uhyhuw wklv fkdqjh/ dw
ohdvw/ dv idu dv wkh edvlqv ri dwwudfwlrq duh frqfhuqhg1 Qrwh/ krzhyhu/ wkdw
dowkrxjk wkh edvlqv lq d, dqg f, orrn vlplodu/ wkh wudqvlhqw ehkdylru ri d
wudmhfwru| +{�> {2,| iru wkhvh wzr sdudphwhu vhwwlqjv pd| gl�hu vljql�fdqwo|1
Lq sduwlfxodu/ lq fdvh f, wudmhfwrulhv forvh wr wkh olqh {2 @ 4 pljkw rvflo0
odwh iru vrph wlph ehiruh frqyhujlqj wr +3> 4,1 Vr/ li zh mxvw orrn dw wkh
wudqvlhqw ehkdylru/ lqfuhdvlqj h{whuqdo vslooryhuv iurp srsxodwlrq 5 wr srs0
xodwlrq 4 kdyh wkh h�hfw ri nhhslqj �upv iurp srsxodwlrq 4 lq wkh pdunhw
pxfk orqjhu/ dowkrxjk lq erwk fdvhv wkh| hyhqwxdoo| ohdyh wkh pdunhw1 Wklv
wudqvlhqw h�hfw ri d yldeoh srsxodwlrq 4 foxvwhu rqo| ehfrphv d orqj whup
h�hfw li �� lv ixuwkhu lqfuhdvhg dqg vfhqdulr g, lv rewdlqhg1 Khuh iru d odujh

45Diwhu wkh RUUU� ehfrphv xqvwdeoh lqfuhdvlqj ydoxhv ri �� fuhdwh vwdeoh f|fohv ri lq0
fuhdvlqj shulrg ehiruh wkh dwwudfwru froolghv zlwk ^UUU�1
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vhw ri lqlwldo frqglwlrqv wkh qxpehu ri �upv iurp srsxodwlrq 4 lq wkh pdunhw
grhv qrw frqyhujh dw doo/ exw nhhsv rvfloodwlqj durxqg wkh �{hg srlqw SUUU 1 Lw
lv zruwk srlqwlqj rxw wkdw �jxuhv < e, dqg g, khos xv wr uhdol}h wkdw wkhuh lv
qr frqqhfwlrq ehwzhhq wkh frpsoh{lw| ri wkh dwwudfwru ri wkh g|qdplfv dqg
wkh frpsoh{lw| ri wkh edvlqv1 Lq �jxuh < e, wkh g|qdplfv ri wkh wudmhfwrulhv
lv vlpsoh/ doo dwwudfwruv duh vlqjoh srlqwv/ exw wkh edvlqv duh lqwhuplqjohg1
Khqfh/ lw lv udwkhu gl!fxow iru d fhuwdlq vhw ri lqlwldo pdunhw frqglwlrqv wr
suhglfw zklfk �{hg srlqw zloo eh uhdfkhg1 Rq wkh rwkhu kdqg/ lq �jxuhv <
g, doo edvlqv duh vlpso| frqqhfwhg vhwv1 Krzhyhu/ wkh dwwudfwru rq wkh olqh
{2 @ 4 lv d f|foh ri shulrg irxu dqg wkh w|slfdo wudmhfwru| lq wklv fdvh lv
f|folqj1

Lw vkrxog eh fohdu e| qrz wkdw d vlplodu wudqvlwlrq dorqj wkh erughu olqh
{� @ 4 rffxuv li h{whuqdo vslooryhuv h{lvw iurp srsxodwlrq 4 wr srsxodwlrq 5/
l1h1 �2 lv srvlwlyh1 Vr/ vlplodu wr wkh v|pphwulf fdvhv zlwk odujh dqg lghqwlfdo
lqwhuqdo vslooryhuv/ wkhuh zloo eh irxu frh{lvwlqj orfdoo| vwdeoh �{hg srlqwv li
h{whuqdo vslooryhuv lq erwk srsxodwlrqv duh lghqwlfdo dqg vx!flhqwo| odujh1 Lq
frqwudvw wr wkh fdvh zkhuh rqo| lqwhuqdo vslooryhuv h{lvw/ d ixuwkhu lqfuhdvh
ri �� @ �2 ohdgv wr wkh glvdsshdudqfh ri wkh wzr vwdeoh htxloleuld rq wkh
yhuwlfhv1 Khqfh/ rqo| wzr vwdeoh htxloleuld duh ohiw/ rqh lq wkh lqwhulru ri wkh
xsshu hgjh ri wkh xqlw vtxduh dqg rqh lq wkh lqwhulru ri wkh uljkw hgjh ri wkh
xqlw vtxduh1 Dffruglqjo|/ rxu dqdo|vlv |lhogv d yhu| lqwxlwlyh uhvxow= odujh
wudqvihuv ri nqrzohgjh ehwzhhq wkh wzr srsxodwlrqv +gxh wr odujh h{whuqdo
vslooryhuv, uhvxow lq wkh orqj0uxq sduwlflsdwlrq ri �upv iurp erwk srsxodwlrqv
lq wkh pdunhw1

Ilqdoo|/ wkhuh lv rqh pdlq srlqw zklfk zh zrxog olnh wr hpskdvl}h1 Li
rqh frpsduhv wkh h�hfw ri dq lqfuhdvh lq lqwhuqdo vslooryhuv +gxh wr lq0
fuhdvhg frppxqlfdwlrq dqg zrunhu urwdwlrq zlwklq d srsxodwlrq, dqg h{whu0
qdo vslooryhuv +gxh wr lqfuhdvhg wudqvihu ri nqrzohgjh iurp rqh srsxodwlrq
wr wkh rwkhu,/ rxu dqdo|vlv uhyhdov wkdw wkh orqj uxq h�hfw ri dq lqfuhdvh lq
h{whuqdo vslooryhuv +��, lv dozd|v odujhu wkdq wkh h�hfw ri dq lqfuhdvh ri wkh
vdph vl}h ri lqwhuqdo vslooryhuv +��,1 Dovr/ li h{whuqdo vslooryhuv gr qrw h{lvw/
d srsxodwlrq lv dozd|v deoh wr gulyh wkh rwkhu srsxodwlrq rxw ri wkh pdunhw
jlyhq wkdw wkh dgydqwdjh lq wkh lqlwldo pdunhw vkduh lv vx!flhqwo| odujh1 Wklv
lv ydolg uhjdugohvv ri wkh gl�huhqfh lq lqwhuqdo vslooryhuv1 Lq frqwudvw wr wklv/
d srsxodwlrq fdq jxdudqwhh wr wdnh ryhu wkh pdunhw � uhjdugohvv ri wkh lql0
wldo pdunhw vkduhv � li wkh dgydqwdjhv vwhpplqj iurp h{whuqdo vslooryhuv duh
vx!flhqwo| odujh1 Lq vkruw/ wkh vxjjhvwlrq iru srolf| pdnhuv zklfk iroorzv
iurp rxu dqdo|vlv lv wkdw hqdeolqj lpsruw ri nqrzohgjh iurp dqrwkhu vrxufh
pljkw eh d pruh h�hfwlyh phdqv wkdq wu|lqj wr fuhdwh dqg h{fkdqjh nqrzo0
hgjh zlwklq d srsxodwlrq1 Lqwhuhvwlqjo|/ lq wkhlu hpslulfdo vwxg| Fkxdqj dqg
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Olq +4<<<, �qg wkdw iruhljq gluhfw lqyhvwphqw lv d vxevwlwxwh wr U)G1 Wkhlu
srolf| lpsolfdwlrq lv wkh iroorzlqj= %Gxulqj wkh hduo| ghyhorsphqw vwdjh/
whfkqrorj| wudqvihu/ hvshfldoo| wkurxjk gluhfw iruhljq lqyhvwphqw ri PQHv/
fdq idflolwdwh lqgxvwu|0zlgh whfkqrorjlfdo ohduqlqj dqg gl�xvlrq/ dqg wkxv
pd| eh wkh prvw h�hfwlyh zd| iru wkh ghyhorslqj frxqwu| wr vwuhqjwkhq lwv
whfkqlfdo fdsdelolw| dqg wr devrue dssursuldwh whfkqrorjlhv1% +s1 466,1

9 Glvfxvvlrq

Lq wklv sdshu zh kdyh xvhg dq hyroxwlrqdu| lqgxvwu| prgho wr vwxg| wkh
h�hfw ri orfdo dqg dfurvv0erughu vslooryhuv lq wzr frxqwulhv frpshwlqj rq d
vlqjoh jrrg pdunhw1 Wkh ghflvlrq ri d �up zkhwkhu wr surgxfh d jrrg iru
wkh pdunhw ru wr fkrrvh vrph rxwvlgh rswlrq lv pdgh xvlqj d vlpsoh vwr0
fkdvwlf ghflvlrq uxoh1 Zh kdyh irfxvhg rxu dqdo|vlv rq wkh orqj uxq rxwfrph
ri wkh g|qdplf dgdswdwlrq surfhvv lq erwk srsxodwlrqv dqg lq sduwlfxodu
kdyh fkdudfwhul}hg wkh edvlqv ri dwwudfwlrq ri wkh vwdeoh pdunhw frqvwhood0
wlrqv iru gl�huhqw sdudphwhu ydoxhv1 Zh kdyh ghprqvwudwhg wkdw d g|qdplf
dqdo|vlv ri wkh hyroxwlrq ri pdunhw vkduhv |lhogv yhu| suhflvh lqvljkwv lqwr
wkh uhodwlrqvkls ehwzhhq wkh vl}h ri lqwhuqdo vslooryhu h�hfwv/ wkh lqhuwld lq
wkh surfhvv ri pdunhw h{lw dqg hqwu|/ lqlwldo pdunhw vkduhv dqg wkh orqj uxq
vxffhvv ri d �up foxvwhu lq wkh pdunhw1 Wkh pdlq �qglqjv ri wklv dqdo|vlv
pd| eh vxppdul}hg dv iroorzv=

� iru v|pphwulf vslooryhuv lqlwldo dgydqwdjhv lq pdunhw vkduh ohdg wr
orqj0uxq grplqdqfh lq wkh pdunhw

� lqfuhdvlqj v|pphwulf vslooryhu h�hfwv idflolwdwh wkh jurzwk ri wkh lql0
wldoo| vpdoohu �up foxvwhu

� lqfuhdvlqj vslooryhuv kdyh glvfrqwlqxrxv h�hfwv rq wkh edvlqv ri orqj
uxq djjorphudwlrq sdwwhuqv

� lqfuhdvlqj vslooryhuv dfurvv frxqwu| erughuv lv pruh h�hfwlyh wkdq lq0
fuhdvlqj orfdo vslooryhuv

� vorz vzlwfklqj ehkdylru lv dgydqwdjhrxv iru wkh srsxodwlrq zlwk wkh
odujhu vslooryhu h�hfwv

� wkh vhwv ri lqlwldo pdunhw vkduhv |lhoglqj orqj uxq grplqdqfh ri gl�hu0
hqw srsxodwlrqv pd| eh lqwhuplqjohg/ khqfh orqj uxq pdunhw vkduhv
pd| ghshqg vhqvlwlyho| rq lqlwldo pdunhw vkduhv dqg duh qrw dozd|v
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prqrwrqrxvo| lqfuhdvlqj lq wkh lqlwldo qxpehu ri �upv ri d srsxodwlrq
lq wkh pdunhw1

Pruh jhqhudoo|/ zh kdyh vkrzq wkdw wkh dqdo|vlv ri g|qdplf hyroxwlrq0
du| prghov zlwk qrq0olqhdu sd|r� vwuxfwxuh pd| eh fkdoohqjlqj gxh wr wkh
suhvhqfh ri qxphurxv frh{lvwlqj orfdoo| vwdeoh htxloleuld zlwk frpsolfdwhg
edvlqv ri dwwudfwlrq1 Iru d vrxqg xqghuvwdqglqj ri wkh orqj uxq surshuwlhv
ri wkh surfhvv d fkdudfwhul}dwlrq ri wkhvh edvlqv lv qhfhvvdu| dqg zh kdyh
ghprqvwudwhg krz wkh wkhru| ri fulwlfdo fxuyhv fdq eh xvhg lq dgglwlrq wr
orfdo elixufdwlrq wkhru| wr h{sodlq wkh vwuxfwxudo fkdqjhv lq wkh orqj uxq
surshuwlhv ri wkh surfhvv1 Zh krsh wkdw wkh phulwv ri wklv frpelqdwlrq ri
whfkqltxhv zloo lq wkh ixwxuh eh ixuwkhu h{sorlwhg e| vfkroduv lqwhuhvwhg lq
hyroxwlrqdu| dqdo|vlv1

Dfnqrzohgjphqwv1 Zh wkdqn Odxud Jduglql iru khosixo frpphqwv dqg
vxjjhvwlrqv1 Wklv zrun kdv ehhq shuiruphg xqghu wkh xqghu wkh dxvslfhv ri
FQU/ Lwdo|/ dqg xqghu wkh dfwlylw| ri wkh qdwlrqdo uhvhdufk surmhfw �Qrqolq0
hdu G|qdplfv dqg Vwrfkdvwlf Prghov lq Hfrqrplfv dqg Ilqdqfh�/ PXUVW/
Lwdo|1
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Uhihuhqfhv

Dxguhwvfk/ G1E1 dqg Ihogpdq/ P1S1 +4<<9,= U ) G Vslooryhuv dqg wkh Jhrj0
udsk| ri Lqqrydwlrq dqg Surgxfwlrq1 Dphulfdq Hfrqrplf Uhylhz/ ;9/ 963
0 9731

Elvfkl/ J1L1 dqg Nrsho/ P1 +4<<<,= Htxloleulxp Vhohfwlrq lq d Qrqolqhdu
Gxrsro| Jdph zlwk Dgdswlyh H{shfwdwlrqv/ Zrunlqj Sdshu/ Xqlyhuvlw| ri
Xuelqr1

Elvfkl/ J1L1/ Jduglql/ O1 dqg Nrsho/ P1 +5333,= Dqdo|vlv ri joredo elixufd0
wlrqv lq d pdunhw vkduh dwwudfwlrq prgho1 Mrxuqdo ri Hfrqrplf G|qdplfv
dqg Frqwuro/ 57/ ;88 0 ;:<1

Fduolvoh/ H1U1 +4<<5,= Vslooryhu Dv|pphwulhv dqg d Frpsdudwlyh Whfkqrorj0
lfdo Dgydqwdjh/ Wkh Dphulfdq Hfrqrplvw/ 69/ 46 0 4:1

Fkxdqj/ \10F1 dqg Olq/ F10P1 +4<<<,= Iruhljq Gluhfw Lqyhvwphqw/ U ) G dqg
Vslooryhu H!flhqf|= Hylghqfh iurp Wdlzdq*v Pdqxidfwxulqj Ilupv/ Mrxuqdo
ri Ghyhorsphqw Vwxglhv/ 68/ 44: 0 46:1

Gdzlg/ K1 +4<<<d,= Rq wkh Frqyhujhqfh ri Jhqhwlf Ohduqlqj lq d Grxeoh
Dxfwlrq Pdunhw1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 56/ 4878 0
489:1
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zlwkrxw Dqwlflsdwlrqv1 Dqqdov ri Rshudwlrqv Uhvhdufk/ ;</ 5:6 0 5<81

Hoolvrq/ J1 +5333,= Edvlqv ri Dwwudfwlrq/ Orqj Uxq Vwrfkdvwlf Vwdelolw| dqg
wkh Vshhg ri Vwhs0e|0vwhs Hyroxwlrq1 Uhylhz ri Hfrqrplf Vwxglhv 9:/ 4:0781

Hoolvrq/ J1 dqg Ixghqehuj/ G1 +4<<6,= Uxohv ri Wkxpe iru Vrfldo Ohduqlqj/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ 434/ 945 0 9761

Hoolvrq/ J1 dqg Ixghqehuj/ G1 +4<<8,= Zrug0ri0Prxwk Frppxqlfdwlrq dqg
Vrfldo Ohduqlqj1 Txduwhuo| Mrxuqdo ri Hfrqrplfv F[/ <604581

Hoolvrq/ J1 dqg Jodhvhu/ H1O1 +4<<:,= Jhrjudsklf Frqfhqwudwlrq lq X1V1
Pdqxidfwxulqj Lqgxvwulhv= D Gduwerdug Dssurdfk1 Mrxuqdo ri Srolwlfdo
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Iulhgpdq/ G1 +4<<4,= Hyroxwlrqdu| Jdphv lq Hfrqrplfv1 Hfrqrphwulfd 8</
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Pdqv�hog/ H1 +4<;;,= Wkh Vshhg dqg Frvw ri Lqgxvwuldo Lqqrydwlrq lq Mdsdq
dqg wkh Xqlwhg Vwdwhv= H{whuqdo yv1 Lqwhuqdo Whfkqrorj|/ Pdqdjhphqw Vfl0
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Dsshqgl{ D

Surri ri Sursrvlwlrq 41

Zh vwduw wkh surri e| jlylqj d fkdudfwhul}dwlrq ri wkh htxdo sur�w fxuyhv I�

dqg I21 Wkh fxuyh ri htxdo sur�w I� lv jlyhq e|
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�
iru I21 Wkh vorshv ri wkh dv|pswrwhv

duh �4 dqg �q�
��

? �4 iru I� dqg �4 dqg ��2
q2

A �4 iru I21 Zh frqfhq0
wudwh rq wkh surshuwlhv ri I�/ wkh fruuhvsrqglqj surshuwlhv ri I2 iroorz e|
v|pphwu|1 Vlqfh wkh fhqwhu ri I� lv ohiw ri ^3> 4`2/ wkh fxuyh I� lq wklv duhd
lv xszdug ehqglqj +lw kdv srvlwlyh fxuydwxuh,1 Dqdorjrxvo|/ wkh fxuyh I2

lv grzqzdug ehqglqj +lw kdv qhjdwlyh fxuydwxuh,1 Lw lv ixuwkhu hdv| wr vhh
iurp +47, wkdw wkhuh kdv wr eh h{dfwo| rqh lqwhuvhfwlrq ri I� zlwk wkh olqh
vhjphqw i3j � ^3>4,1 Qrwh ixuwkhu wkdw dorqj dq| vwudljkw olqh lq ^3> 4`2

zlwk vorsh 04 wkh ryhudoo qxpehu ri �upv lq wkh pdunhw dqg/ wkhuhiruh/ dovr
wkh pdunhw sulfh vwd|v frqvwdqw1 Vlqfh zh dvvxph �� � ��/ wkh sur�w gl�hu0
hqfh ��+{�> {2,�X� lqfuhdvhv dorqj dq| vxfk olqh1 Lq sduwlfxodu/ wklv phdqv
wkdw li zh gudz d vwudljkw olqh O zlwk vorsh 04 wkurxjk dq duelwudu| srlqw
+{�> {2, ri I� zh kdyh ��+�{�> �{2, A X� iru hyhu| srlqw +�{�> �{2, 5 O/ vxfk
wkdw �{� A {� dqg ��+�{�> �{2, ? X� iru hyhu| srlqw +�{�> �{2, 5 O/ vxfk wkdw
�{� ? {�1 Wkh vdph dujxphqw vkrzv wkdw li O lv d vwudljkw olqh zlwk vorsh 04
wkurxjk d srlqw +{�> {2, rq I2 �2+�{�> �{2, ? X2 iru hyhu| srlqw +�{�> �{2, 5 O/
vxfk wkdw �{� A {�/ dqg �2+�{�> �{2, A X2 iru hyhu| srlqw +�{�> �{2, 5 O/ vxfk
wkdw �{� ? {�1

Zh zloo qrz fkdudfwhul}h wkh �{hg srlqwv rq wkh erxqgdu|1 Wr plqlpl}h
qrwdwlrq ohw xv ghqrwh wkh erxqgdu| olqh ri ^3> 4`2 zlwk {2 @ 3 e|EO� wkh rqh
zlwk {� @ 4 e| EO2/ wkh rqh zlwk {2 @ 4 e| EO� dqg wkh rqh zlwk {� @ 3
e| EOe1 Gxh wr rxu dvvxpswlrqv +6, dqg +7, wkhuh kdv wr eh dq rgg qxpehu
ri lqwhuvhfwlrqv ri I� uhvshfwlyho| I2 zlwk EO�^EO2 dqg dq rgg qxpehu ri
lqwhuvhfwlrqv lq EO� ^EOe1 Qrwh ixuwkhu wkdw gxh wr rxu dvvxpswlrq wkdw
�� A ��/ I� fdqqrw lqwhuvhfw zlwk EO� zlwkrxw lqwhuvhfwlqj zlwk EOe dqg
I2 fdqqrw lqwhuvhfw zlwk EOe zlwkrxw lqwhuvhfwlqj zlwk EO�1 Ixuwkhupruh/
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wkh dujxphqwv lq wkh odvw sdudjudsk lpso| wkdw li I� lqwhuvhfwv zlwk EO�

wkh zkroh fxuyh pxvw olh ehorz wkh vwudljkw olqh zlwk vorsh 04 wkurxjk wklv
lqwhuvhfwlrq srlqw/ zklfk lq sduwlfxodu vkrzv wkdw I� fdqqrw dovr lqwhuvhfw
zlwk EO�1 Wklv ohdyhv xv zlwk 8 gl�huhqw fdvhv= d, wkh htxdo sur�w fxuyh
qhyhu hqwhuv ^3> 4`2> e, I� kdv rqh lqwhuvhfwlrq srlqw zlwk EO�/ wkhq wkhuh
kdv wr eh h{dfwo| rqh lqwhuvhfwlrq srlqw zlwk EOe exw qr lqwhuvhfwlrq srlqwv
zlwk EO2 dqg EO�1 Li I� kdv qr lqwhuvhfwlrq srlqw zlwk EO� wkhq wkhuh kdv
wr eh h{dfwo| rqh lqwhuvhfwlrq srlqw zlwk EO2 +li wkhuh zhuh pruh wkdq rqh
lqwhuvhfwlrq srlqwv wkhuh zrxog kdyh wr eh dw ohdvw wkuhh zklfk lv uxohg rxw
e| wkh k|shuerolf vkdsh ri I�,1 Wklv jlyhv wkuhh pruh fdvhv= f, wkhuh lv rqh
lqwhuvhfwlrq srlqw zlwk EO2 dqg rqh zlwk EOe> g, wkhuh lv rqh lqwhuvhfwlrq
srlqw zlwk EO2 dqg rqh zlwk EO�> h, wkhuh lv rqh lqwhuvhfwlrq srlqw zlwk
EO2/ wzr lqwhuvhfwlrq srlqwv zlwk EO� dqg rqh lqwhuvhfwlrq srlqw zlwk EOe1
Wkh fodlp ri wkh sursrvlwlrq frqfhuqlqj wkh erxqgdu| htxloleuld iroorzv
gluhfwo|1

Wr vkrz wkdw wkhuh fdq eh dw prvw rqh lqwhulru �{hg srlqw/ zh vlpso|
kdyh wr revhuyh wkdw li zh gudz d olqh zlwk vorsh 04 wkurxjk dq lqwhuvhfwlrq
srlqw +{W�> {

W
2, ri I� dqg I2 doo srlqwv rq I� zlwk {� A {W� kdyh wr olh deryh

wklv olqh/ doo srlqwv rq I� zlwk {� ? {W� kdyh wr olh ehorz wklv olqh1 Rq wkh
rwkhu kdqg/ hyhu| srlqw rq I2 zlwk {2 A {W2 kdv wr olh ehorz wkh olqh dqg dq|
srlqw rq I2 zlwk {2 ? {W2 kdv wr olh deryh wklv olqh1 Wkhuhiruh wkhuh fdqqrw
eh d vhfrqg srlqw ri lqwhuvhfwlrq ri I� dqg I21

Ilqdoo|/ zh vkrz wkdw wkh lqwhulru htxloleulxp lv dozd|v xqvwdeoh1 Vlqfh
zh nqrz wkdw wkh g|qdplfv dorqj wkh vwudljkw olqh zlwk vorsh �4 srlqwv
dzd| iurp wkh htxloleulxp/ reylrxvo| wkh lqwhulru htxloleulxp dozd|v kdv wr
kdyh dw ohdvw rqh xqvwdeoh pdqlirog1 Ixuwkhupruh/ lw lv hdv| wr uhdol}h wkdw d
vwudljkw olqh ehwzhhq +3> 3, dqg wkh htxloleulxp qhyhu lqwhuvhfwv hlwkhu I� ru
I21 Jlyhq rxu dvvxpswlrqv derxw wkh gluhfwlrq ri wkh g|qdplfv dw +3> 3, lw
iroorzv wkdw wkh g|qdplfv srlqwv wrzdugv wkh lqwhulru �{hg srlqw dorqj wklv
olqh1 Dffruglqjo|/ wkh lqwhulru �{hg srlqw hlwkhu kdv wr eh d vdggoh srlqw ru
d uhshoolqj qrgh zlwk rqh srvlwlyh dqg rqh qhjdwlyh hljhqydoxh/ zkhuh erwk
kdyh devroxwh ydoxhv odujhu wkdq rqh1 �

Surri ri Ohppd 4
Wkh frqglwlrq iru I� wr kdyh d wdqjhqf| zlwk {2 @ 4 lv wkdw wkh htxdwlrq

D�E+4 . {�,� F

4 . �{�
@ 3= +49,
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zklfk lv htxlydohqw wr wkh txdgudwlf htxdwlrq

�E{2� � ++D�E,� �E,{� � +D�E �F, @ 3 +4:,

kdv d srvlwlyh uhdo vroxwlrq1 Dvvxpswlrq +7, jxdudqwhhv wkdw wkh ohiw kdqg
vlgh lv srvlwlyh iru {� @ 31 Khqfh/ li wkhuh h{lvw uhdo urrwv/ hlwkhu erwk ri
wkhp duh qhjdwlyh ru erwk ri wkhp duh srvlwlyh1 Uhdo urrwv h{lvw li

++D�E,� �E,2 � 7�E+F � +D�E,, � 3= +4;,

Wr vkrz wkdw wkhuh h{lvwv d sdlu ri srvlwlyh uhdo qxpehuv zkhuh wkh lqhtxdolw|
lv elqglqj/ zh revhuyh wkdw wkh ohiw kdqg vlgh jrhv wr lq�qlw| iru � $ 4/
lv srvlwlyh iru � @ 3/ dqg/ jlyhq dvvxpswlrq +7, lv qhjdwlyh iru � @ �

�3�
1

Zh ghqrwh wkh wzr uhdo urrwv ri +4;, e| 3 ? a� ? �W1 Lw lv qrz vwudljkw
iruzdug wr vhh wkdw +4:, kdv wzr qhjdwlyh urrwv iru � ? a�/ qr uhdo urrwv iru
a� ? � ? �W dqg wzr srvlwlyh urrwv iru � A �W1 �

Surri ri Sursrvlwlrq 7
Iluvw/ zh kdyh wr vkrz wkdw xqghu wkh frqglwlrqv jlyhq lq wkh sursrvlwlrq
wkh srlqw zkhuh wkh fxuyh I� wrxfkhv {2 @ 4 iru �� @ �W lv ohiw wr wkh
lqwhuvhfwlrq ri I2 dqg {2 @ 41 Wklv lqwhuvhfwlrq +�{�> 4, lv gh�qhg e| wkh
htxdolw| D�E+4 . {�,� �

�nq2
@ 3 dqg wkhuhiruh zh kdyh

�{� @
4

E

�
D�E � F

4 . �2

�
= +4<,

Li �� lv lqfuhdvhg deryh �W/ hlwkhu TUUU ru SUUU hyhqwxdoo| froolghv zlwk
+�{�> 4,1 Wr suryh rxu fodlp zh kdyh wr vkrz wkdw SUUU / zklfk lv uljkw ri TUUU /
froolghv zlwk +�{�> 4,1 Erwk dw TUUU dqg SUUU zh kdyh D�E+4.{�,� �

�nq�%�
@

3 dqg wkxv zkhq rqh ri wkh wzr srlqwv froolghv zlwk +�{�> 4, zh pxvw kdyh
���{� @ �2/ zklfk lpsolhv

�� @ ��� =@
�2+4 . �2,E

+D�E,+4 . �2,�F
=

Qrwh wkdw wkh ghqrplqdwru lv srvlwlyh iru �2 A ��21 Frqvlghulqj wkh ghulydwlyh
ri srsxodwlrq 4 sd|r�v zlwk uhvshfw wr {� dw wklv srlqw iru �� @ ���/ zh jhw

C��+�{�> 4,

C{�
@ �E .

F ���

+4 . ����{�,2

@ �E .
F ���

+4 . �2,2

@ �E .
FE�2

+4 . �2,++D�E,+4 . �2,�F,
=
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Wkh odvw h{suhvvlrq lv qhjdwlyh li dqg rqo| li �q2
E�nq2�EE�3��E�nq2�3�� ? 41

Vwudljkwiruzdug fdofxodwlrqv vkrz wkdw wklv lv wuxh li dqg rqo| li +46, krogv1
Lw iroorzv iurp ��+4> 4, ? 3 wkdw/ wkh lqhtxdolw| YZ�E%�c��

Y%�
? 3 fdq rqo| krog

dw SUUU dqg zh kdyh vkrzq wkh sursrvlwlrq1 Qrwh wkdw V pryhv wkurxjk
SUUU zkhq SUUU froolghv zlwk +�{�> 4,1 �

Surri ri Sursrvlwlrq :=
Wkh plqlpdo ydoxh ri �� vxfk wkdw wkh htxloleuld SUUU dqg TUUU duh fuhdwhg
lv jlyhq e| wkh plqlpdo ydoxh vxfk wkdw wkhuh lv dq {� 5 +3> 4, zlwk

D�E+4 . {�,� F

4 . ��{� . ��
@ 3=

Iru hyhu| {� wkh pdujlqdo lqfuhdvh ri wkh ohiw kdqg vlgh li �� lv lqfuhdvhg
lv dozd|v odujhu wkdq wkh pdujlqdo lqfuhdvh li �� lv lqfuhdvhg1 Wklv lpsolhv
wkdw iru dq| jlyhq ydoxh ri �� @ �2 @ � ? �W d vpdoohu lqfuhdvh ri ��
wkdq ri �� lv uhtxluhg wr fuhdwh wkh vwdeoh htxloleulxp SUUU dqg wr hqdeoh
�upv iurp srsxodwlrq 4 wr vwd| lq wkh pdunhw iru dq dgglwlrqdo vhw ri lqlwldo
frqglwlrqv1 Wkxv/ �W+�, ? �W��1 Ghwhuplqlqj wkh ydoxh ri �� vxfk wkdw wkh
wzr vroxwlrqv ri wkh htxdwlrq deryh frlqflgh/ |lhogv wkh ydoxh �W+�, jlyhq lq
wkh sursrvlwlrq1

Wr vkrz wkdw wkh hphujlqj �{hg srlqw SUUU lv orfdoo| dv|pswrwlfdoo|
vwdeoh zh kdyh wr hvwdeolvk wkdw wkh sdlu ri �{hg srlqwv SUUU >TUUU dsshdu wr
wkh ohiw ri wkh lqwhuvhfwlrq srlqw +�{�> 4, ri I2 zlwk {2 @ 41 Dv lq wkh surri ri
sursrvlwlrq 7/ zh vkrz wkdw dv �� lv ixuwkhu lqfuhdvhg/ wkh �{hg srlqw SUUU

froolghv zlwk +�{�> 4,1 Zkhq TUUU ru SUUU froolgh zlwk +�{�> 4, zh pxvw kdyh
Orrnlqj djdlq dw wkh ghulydwlyh ri srsxodwlrq 4 sd|r�v zlwk uhvshfw wr {�/
wkh dvvxpswlrq F ? 7E jlyhv

C��+�{�> 4,

C{�
@ �E .

F�

+4 . �� . ��{�,2

@ �E .
F�

+4 . �,2

? 3=

Khqfh/ zh frqfoxgh wkdw SUUU froolghv zlwk +�{�> 4, dqg zh kdyh vkrzq wkh
sursrvlwlrq1 �
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Dsshqgl{ E

Vlqfh zh frqvlghu d fdvh zlwk v|pphwulf sdudphwhu frqvwhoodwlrqv zh kdyh
W�+{> |, @ W2+|> {, ;+{> |, 5 ^3> 4`21 Ohw xv ghqrwh wkh uhvwulfwlrq ri wkh
pds wr wkh gldjrqdo e| i+{,= i+{, =@ W�+{> {, @ W2+{> {,1 Wkxv/ i �+{, @
W�%�+{> {, . W�%2+{> {,1 Zh vkrz wkdw dq| lqwhuvhfwlrq ri wkh fulwlfdo fxuyh
vhsdudwlqj d uhjlrq zlwk 6 suhlpdjhv/ ]�/ iurp wkh uhjlrq zlwk rqo| rqh
suhlpdjh/ ]�/ zlwk wkh gldjrqdo kdv wr eh d fulwlfdo srlqw ri wkh pds i 1
Wklv lpsolhv wkdw wkh qxpehu ri suhlpdjhv ri i rq wkh gldjrqdo vzlwfkhv
iurp 4 wr 61 Ohw xv ghqrwh wklv lqwhuvhfwlrq e| +}> },1 Dq| srlqw rq wkh
fulwlfdo fxuyh kdv wzr udqn04 suhlpdjhv/ wzr phujlqj lq d srlqw ri OF3�
dqg dq h{wud suhlpdjh1 Vlqfh wkh gldjrqdo lv lqyduldqw/ dw ohdvw rqh ri wkh
wzr udqn04 suhlpdjhv ri +}> }, kdv wr eh rq wkh gldjrqdo1 Krzhyhu/ vlqfh
wkh g|qdplfdo v|vwhp lv shuihfwo| v|pphwulf zlwk uhvshfw wr wkh gldjrqdo
wklv lpsolhv wkdw dovr wkh vhfrqg udqn04 suhlpdjh lv rq wkh gldjrqdo1 Dw wkh
srlqw +y> y, 5 OF3�/ zkhuh wkh wzr phujlqj udqn04 suhlpdjhv duh orfdwhg/
wkh ghwhuplqdqw ri wkh Mdfreldq kdv wr ydqlvk +vhh Dsshqgl{ F,1 Gxh wr
wkh v|pphwu| ri wkh pds W zh kdyh W�%�+y> y, @ W2%2+y> y,> W�%2+y> y, @
W2%�+y> y, dqg wkh fkdudfwhulvwlf sro|qrpldo ri wkh Mdfreldq dw +y> y, lv jlyhq
e| +W�%� � �,2 � W 2

�%21 Wkxv/ wkh hljhqydoxhv ri wkh Mdfreldq dw +y> y, duh
jlyhq e| �� @ W�%�+y> y,.W�%2+y> y, dqg �2 @ W�%�+y> y,�W�%2+y> y,1 Vlpsoh
fdofxodwlrqv vkrz wkdw

W�%�+y> y,� W�%2+y> y, @ 4 . +4� 5y,J
�
D� 5Ey � �

�nq�n��

�
.y+4� y,J�

�
D� 5Ey � �

�nq�n��

�
�Eq3��

E�nq�n���2 =

Iurp rxu dvvxpswlrq wkdw � � � lw iroorzv iurp wkdw wklv h{suhvvlrq lv
srvlwlyh1 Vlqfh wkh Mdfreldq kdv wr ydqlvk dw +y> y,/ W�%�+y> y,.W�%2+y> y, @ 3
kdv wr krog1 Zh nqrz wkdw i �+y, @ W�%�+y, . W�%2+y, dqg wklv lpsolhv wkdw
} kdv wr eh d fulwlfdo srlqw ri i 1 Dffruglqjo|/ wkh qxpehu ri dgglwlrqdo
suhlpdjhv ri srlqwv rq wkh gldjrqdo dfurvv wkh fulwlfdo fxuyh zlwk uhvshfw wr
W frlqflgh zlwk wkh qxpehu ri dgglwlrqdo udqn04 suhlpdjhv zlwk uhvshfw wr i 1
Lq rwkhu zrugv/ doo dgglwlrqdo udqn04 suhlpdjhv kdyh wr eh rq wkh gldjrqdo1
Revhuylqj wkdw wkh srlqw +3> 3, kdv rqh udqn04 suhlpdjh zlwk uhvshfw wr W
dqg 3 kdv rqh udqn04 suhlpdjh zlwk uhvshfw wr i qrz hvwdeolvkhv wkdw iru doo
srlqwv rq wkh gldjrqdo wkh qxpehu ri suhlpdjhv zlwk uhvshfw wr W dqg zlwk
uhvshfw wr i frlqflgh1 Wkhuhiruh/ wkh gldjrqdo lv iru doo v|pphwulf sdudphwhu
frqvwhoodwlrq iruzdug dqg edfnzdug lqyduldqw zlwk uhvshfw wr W 1 Qrwh wkdw
wklv zrxog qrw qhfhvvdulo| krog li h{whuqdo vslooryhuv zrxog eh odujhu wkdq
lqwhuqdo vslooryhuv +zklfk ri frxuvh lv txlwh frxqwhulqwxlwlyh,1
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Kdylqj grqh wklv zh vkrz wkdw iru vx!flhqwo| idvw vzlwfklqj wkhuh lv orfdo
ryhuvkrrwlqj durxqg wkh lqwhulru �{hg srlqw rq wkh gldjrqdo/ zklfk lpsolhv
wkdw wkhuh lv d uhjlrq ]� durxqg V lq wkh xqlw vtxduh zkhuh W kdv wkuhh
suhlpdjhv1 Wkh g|qdplfv dorqj wkh lqyduldqw gldjrqdo uhdgv

{|n� @ i+{|, =@ {| . {|+4� {|,J

�
D� 5E{| � F

4 . �{|

�
>

zkhuh {�c| @ {2c| @ {|1 Wkh ghulydwlyh ri i lv jlyhq e|

i �+{, @ 4 . +4� 5{,J

�
D� 5E{� F

4 . �{

�

.{+4� {,J�

�
D� 5E{� F

4 . �{

��
�5E .

�F

+4 . �{,2

�
=

Zh kdyh i+3, @ 3/ i+4, @ 4 dqg/ gxh wr dvvxpswlrq +6,/ i �+3, A 41 Ixu0
wkhupruh/ zh nqrz wkdw wkhuh lv dw prvw rqh lqwhulru �{hg srlqw ri wkh pds1
Li vxfk dq lqwhulru �{hg srlqw v h{lvwv/ zh wkhuhiruh dozd|v kdyh i �+v, ? 41
Vlqfh wkh vhfrqg whup lq wkh h{suhvvlrq iru i � kdv wr eh }hur dw v/ wkh wklug
rqh kdv wr eh qhjdwlyh zklfk lpsolhv �5E . q�

E�nqr�2
? 31 Dffruglqjo|/ zh

kdyh

i �+v, @ 4 .J�+3,

�
�5E .

�F

+4 . �y,2

�
>

zklfk lv qhjdwlyh iru vx!flhqwo| odujh J�+3, @ �1 Dw wkh ydoxh ri � zkhuh
i �+v, @ 3 d fulwlfdo fxuyh dsshduv zklfk vxuurxqgv wkh lqwhulru �{hg srlqw
iru odujhu ydoxhv ri �1

Dsshqgl{ F

Qrqlqyhuwleoh pdsv dqg fulwlfdo fxuyhv1

Lq wklv dsshqgl{ zh jlyh vrph edvlf gh�qlwlrqv/ surshuwlhv dqg d plqlpdo
yrfdexodu| frqfhuqlqj wkh wkhru| ri qrqlqyhuwleoh pdsv ri wkh sodqh dqg wkh
phwkrg ri fulwlfdo fxuyhv1 Zh dovr ghvfuleh vrph surshuwlhv ri wkh fulwlfdo
fxuyhv ri wkh pds W gh�qhg e| +8,1

D wzr0glphqvlrqdo pds W = +{> |, $ +{�> |�, fdq eh zulwwhq lq wkh irup�
{�> |�

�
@ W +{> |, @ +i+{> |,> j+{> |,, +53,

zkhuh +{> |, 5 LU2 dqg i / j duh dvvxphg wr eh uhdo0ydoxhg frqwlqxrxv ixqf0
wlrqv1 Wkh srlqw +{�> |�, 5 LU2 lv fdoohg udqn04 lpdjh ri wkh srlqw +{> |, xqghu
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W 1 Wkh srlqw +{ +w, > |+w,, @ W |+{> |,/ w 5 LQ/ lv fdoohg lpdjh +ru iruzdug lwhu0
dwh, ri udqn0w ri wkh srlqw +{> |,/ zkhuh W f lv lghqwl�hg zlwk wkh lghqwlw| pds
dqg W | +�, @ W +W |3� +�,,1 Wkh idfw wkdw wkh pds W lv vlqjoh0ydoxhg grhv qrw
lpso| wkh h{lvwhqfh dqg wkh xqltxhqhvv ri lwv lqyhuvh W3�1 Lqghhg/ iru d jlyhq
+{�> |�,/ vhyhudo udqn04 suhlpdjhv +ru edfnzdug lwhudwhv, +{> |, @ W3� +{�> |�,
pd| h{lvw/ l1h1 wkh lqyhuvh uhodwlrq W3� pd| eh pxowlydoxhg1 Lq wklv fdvh W
lv vdlg wr eh d qrqlqyhuwleoh pds1 Dv wkh srlqw +{�> |�, ydulhv lq wkh sodqh LU2

wkh qxpehu ri lwv udqn04 suhlpdjhv fdq fkdqjh1 Dffruglqj wr wkh qxpehu ri
glvwlqfw udqn04 suhlpdjhv dvvrfldwhg zlwk hdfk srlqw ri LU2/ wkh sodqh fdq eh
vxeglylghg lqwr uhjlrqv/ ghqrwhg e| ]&/ zkrvh srlqwv kdyh n glvwlqfw suhlp0
djhv1 Jhqhudoo|/ sdluv ri uhdo suhlpdjhv dsshdu ru glvdsshdu dv wkh srlqw
+{�> |�, furvvhv wkh erxqgdu| vhsdudwlqj uhjlrqv fkdudfwhul}hg e| d gl�huhqw
qxpehu ri udqn04 suhlpdjhv1 Dffruglqjo|/ vxfk erxqgdulhv duh jhqhudoo|
fkdudfwhul}hg e| wkh suhvhqfh ri wzr frlqflghqw +phujlqj, suhlpdjhv1 Wklv
ohdgv xv wr wkh gh�qlwlrq ri fulwlfdo fxuyhv/ rqh ri wkh glvwlqjxlvklqj ihdwxuhv
ri qrqlqyhuwleoh pdsv1 Wkh fulwlfdo fxuyh ri udqn04/ ghqrwhg e| OF +iurp
wkh Iuhqfk �Oljqh Fulwltxh�, lv gh�qhg dv wkh orfxv ri srlqwv kdylqj wzr/
ru pruh/ frlqflghqw udqn04 suhlpdjhv1 Wkhvh suhlpdjhv duh orfdwhg lq d vhw
fdoohg fulwlfdo fxuyh ri udqn03/ ghqrwhg e| OF3�1 Wkh fxuyh OF lv wkh wzr0
glphqvlrqdo jhqhudol}dwlrq ri wkh qrwlrq ri fulwlfdo ydoxh +orfdo plqlpxp ru
pd{lpxp ydoxh, ri d rqh0glphqvlrqdo pds/ dqg OF3� lv wkh jhqhudol}dwlrq
ri wkh qrwlrq ri fulwlfdo srlqw +orfdo h{wuhpxp srlqw,1 Dv lq wkh fdvh ri gli0
ihuhqwldeoh rqh0glphqvlrqdo pdsv/ zkhuh wkh ghulydwlyh qhfhvvdulo| ydqlvkhv
dw wkh orfdo h{wuhpxp srlqwv/ iru d wzr0glphqvlrqdo frqwlqxrxvo| gl�huhq0
wldeoh pds wkh vhw OF3� ehorqjv wr wkh vhw ri srlqwv lq zklfk wkh Mdfreldq
ghwhuplqdqw ydqlvkhv=

OF3� �
q
+{> |, 5 LU2mghwM @ 3

r
+54,

Lq idfw/ dv OF3� lv gh�qhg dv wkh orfxv ri frlqflghqw udqn04 suhlpdjhv ri wkh
srlqwv ri OF/ lq dq| qhljkerukrrg ri d srlqw ri OF3� wkhuh duh dw ohdvw wzr
glvwlqfw srlqwv pdsshg e| W lq wkh vdph srlqw qhdu OF1 Wklv phdqv wkdw
wkh pds W lv qrw orfdoo| lqyhuwleoh lq wkh srlqwv ri OF3� dqg/ li wkh pds W
lv frqwlqxrxvo| gl�huhqwldeoh/ lw iroorzv wkdw ghwM qhfhvvdulo| ydqlvkhv dorqj
OF3�1 Li wkh vhw OF3� lv ghwhuplqhg e| +54,/ wkhq OF lv vlpso| rewdlqhg
dv wkh lpdjh ri OF3�/ l1h1 OF @ W +OF3�,1

Frqvlghulqj wkh pds W iru wkh vshfl�fdwlrqv ri J� xvhg lq rxu qxphulfdo
looxvwudwlrqv/ zh uhdol}h wkdw lw lv qrw dozd|v lqyhuwleoh1 Lq idfw/ jlyhq d srlqw
+{��> {

�
2, 5 ^3> 4`� ^3> 4` lwv suhlpdjhv duh frpsxwhg e| vroylqj wkh iroorzlqj
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v|vwhp zlwk uhvshfw wr {� dqg {2=;?
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+55,
Iru vrph vhwv ri sdudphwhuv/ h1j1 iru vpdoo ��/ wklv v|vwhp kdv mxvw rqh
vroxwlrq/ l1h1 wkh pds W lv lqyhuwleoh/ exw udqjhv ri wkh sdudphwhuv h{lvw
vxfk wkdw vhyhudo vroxwlrqv fdq eh rewdlqhg/ vr wkdw W lv d qrqlqyhuwleoh
pds1 Iru vx!flhqwo| kljk ydoxhv ri �� d srlqw +{��> {

�
2, pd| kdyh xs wr �yh

udqn04 suhlpdjhv1
Lq rughu wr �qg wkh vhw OF zh vwduw iurp +54,1 Lq rxu fdvh OF3� frlqflghv

zlwk wkh vhw ri srlqwv dw zklfk wkh Mdfreldq ghwM @ 3/ dqg lwv qxphulfdo
frpsxwdwlrq jlyhv d forvhg fxuyh1 Lw iroorzv wkdw dovr OF @ W +OF3�, lv d
forvhg fxuyh vxuurxqglqj wkh lqwhulru htxloleulxp V1 Doo srlqwv lq wkh duhd
vxuurxqghg e| wkh fxuyh kdyh wkuhh suhlpdjhv +]� uhjlrq,/ wkrvh rxwvlgh wkh
fxuyh kdyh rqh suhlpdjh +]� uhjlrq,1 Dv �� lqfuhdvhv wkh fxuyh h{sdqgv/
dqg pd| jhqhudwh vhoi0lqwhuvhfwlrqv +ohdglqj wr ]D uhjlrqv, dqg qrq vprrwk
srlqwv +l1h1 fxvs srlqwv,1

Lq rughu wr jlyh d jhrphwulfdo lqwhusuhwdwlrq ri wkh dfwlrq ri wkh pxowl0
ydoxhg lqyhuvh uhodwlrq W3�/ lw lv xvhixo wr frqvlghu d uhjlrq ]& dv wkh vx0
shusrvlwlrq ri n vkhhwv/ hdfk dvvrfldwhg zlwk d gl�huhqw lqyhuvh1 Vxfk d
uhsuhvhqwdwlrq lv nqrzq dv Ulhpdqq iroldwlrq ri wkh sodqh +vhh h1j1 Plud hw
do1 4<<9,1 Gl�huhqw vkhhwv duh frqqhfwhg e| irogv mrlqlqj wzr vkhhwv/ dqg wkh
surmhfwlrqv ri vxfk irogv rq wkh skdvh sodqh duh dufv ri OF1 Wkh iroldwlrqv
dvvrfldwhg zlwk wkh ]� uhjlrq vxuurxqglqj wkh lqwhulru �{hg srlqw V lq rxu
prgho lv fdoohg �ols vwuxfwxuh� lq Plud hw do1 +4<<9,1
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Iljxuh Fdswlrqv=

Iljxuh 4= Wkh fxuyhv I�> l @ 4> 5 iru � ? a� dqg d wudmhfwru| ri wkh surfhvv
iru +{�cf> {2cf, @ +3=5> 3=4;, +Sf @ 633> E @ 433> F @ 4<3> X @ 65> � @

3=38> a� @ 3=464> � @ 3,1

Iljxuh 5= Wkh fxuyhv I�> l @ 4> 5 iru � 5 +a�> �W, dqg d wudmhfwru| ri
wkh surfhvv iru +{�cf> {2cf, @ +3=5> 3=4;, +Sf @ 633> E @ 433> F @ 4<3> X @

65> � @ 4> a� @ 3=464> �W @ 4=53<> � @ 3,1

Iljxuh 6= Wkh uhvwulfwlrq ri wkh pds W wr wkh olqh {2 @ 4 iru � A �W

dqg vorz g|qdplfv +Sf @ 633> E @ 433> F @ 4<3> X @ 65> � @ 4=8> �W @
4=54> � @ 3,1

Iljxuh 7= Wkh edvlqv ri dwwudfwlrq ri wkh irxu vwdeoh htxloleuld iru � A �W

dqg vorz g|qdplfv +Sf @ 633> E @ 433> F @ 4<3> X @ 65> � @ 4=8> �W @
4=53<> � @ 3,1

Iljxuh 8= Wkh edvlqv ri dwwudfwlrq ri wkh orfdoo| vwdeoh htxloleuld iru
�2 5 +��2> �

W,> �� A �2/ qr h{whuqdo vslooryhuv dqg vorz g|qdplfv= d,
�� @ 4=5 ? �W> e, �� @ 4=54 5 +�W> ���,> f, �� @ 4=68 5 +�W> ���,> g,
�� @ 4=7 A ��� +Sf @ 633> E @ 433> F @ 4<3> X @ 65> �2 @ 4> ��2 @
3=875> �W @ 4=53<> ��� @ 4=6:,1

Iljxuh 9= Wkh wudqvlwlrq ri wkh edvlqv ri dwwudfwlrq ri wkh wkuhh orfdoo| vwd0
eoh htxloleuld dv wkh g|qdplfv ehfrphv idvwhu dqg wkh fulwlfdo fxuyh furvvhv
d edvlq erxqgdu|= d, qr lqwhuvhfwlrq ri wkh fulwlfdo fxuyh zlwk wkh erxqg0
du| ehwzhhq wkh edvlqv ri YUUU dqg SUUU +� @ 2�2

Z ,> e, wkh fulwlfdo fxuyh
kdv furvvhg wkh erxqgdu| ehwzhhq wkh edvlqv ri YUUU dqg SUUU +� @ 2�S

Z >
wkh vkdsh ri wkh fxuyhv OF dqg OF3� iru � @ 2�S

Z
> g, hqodujhphqw ri wkh

duhd zkhuh wkh lqwhuvhfwlrq ehwzhhq OF dqg wkh edvlq erxqgdu| rffxuv
+Sf @ 633> E @ 433> F @ 4<3> X @ 65> �� @ 4=54> �2 @ 4> � @ 3,1

Iljxuh := Looxvwudwlrq ri wkh h�hfw ri wkh furvvlqj ri d edvlq erxqgdu| e| d
fulwlfdo fxuyh iru wkh rqh0glphqvlrqdo uhvwulfwlrq ri W wr wkh olqh {2 @ 4= d/e,
� @ 2�2

Z > f, � @ 2�S
Z +Sf @ 633> E @ 433> F @ 4<3> X @ 65> �� @ 4=54> � @ 3,1



Iljxuh ;= Wkh edvlqv ri dwwudfwlrq ri wkh orfdoo| vwdeoh htxloleuld iru
vorz g|qdplfv/ v|pphwulf lqwhuqdo vslooryhuv dqg srvlwlyh h{whuqdo vslooryhuv
rqo| iurp srsxodwlrq 5 wr srsxodwlrq 4 �upv= d, �� @ 3=4> e, �� @ 3=5
+Sf @ 633> E @ 433> F @ 4<3> X @ 65> � @ 4> �2 @ 3> �W @ 3=3:9;,1

Iljxuh <= Wkh wudqvlwlrq ri wkh edvlqv ri dwwudfwlrq ri wkh orfdoo| vwd0
eoh htxloleuld iru idvw g|qdplfv/ v|pphwulf lqwhuqdo vslooryhuv dqg lqfuhdv0
lqj srvlwlyh h{whuqdo vslooryhuv iurp srsxodwlrq 5 wr srsxodwlrq 4 �upv= d,
�� @ 3=3:9> e, �� @ 3=3::> f, �� @ 3=3;> g, �� @ 3=4 +Sf @ 633> E @
433> F @ 4<3> X @ 65> � @ 4> �2 @ 3> �W @ 3=3:9;,1
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