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The Model

The Supervised Workgroup

@ a supervisor
supervisor @ two subordinates

subordinates
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The Model

The production function

The production function is
(tr + t2)* (h + k)’

where

@ «: output elasticity with respect to the joint effort with the
supervisor

@ [3: output elasticity with respect to the joint effort with the partner
e0<a<tandf=1-a«

We assume that the production is sold at unitary price
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The supervisor’s problem

Agents’ compensation is:
w; = S+ bju; + by (U1 + Ug)a (/1 + /g)ﬁ

where:

@ sis a base salary sufficient to meet the participation constraint of
the agent

@ b; is the incentive given to subordinate i for its individual effort with
supervisor

@ b; is the incentive given both for team output.
We assume that:
@ the supervisor declares the bonuses

@ the subordinates decide their efforts in order to maximize their
wage. &
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The Model

The Model

The Supervisor’s Problem

The supervisor can only observe u; :

She must design a linear compensation scheme (b, by, by) to
maximize net production (bilevel programming problem)

max (1 —2b;) (uy + Uz)a (h + /g)ﬁ — biuy — bous

by, by,bo
s.t. given by, by, bo the subordinates solve:

max w + by (uy —l—Ug)a (K —|—/2)ﬂ+b1 uq

ut,h

max w+ bs(uy + Ug)a (h + /z)ﬂ + bolso

Up, b
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The Agent’s Problem

Assume agents maximize the gross production

max (U1 + u2)a (l1 + IQ)B sub uj =+ l,’ S Ci7 I: 1’2

Uy, Up, sl
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The Model

The Agent’s Problem

Assume agents maximize the gross production

max (uy+ ) (h+h)" sub ui+h<c, =12

Uy, Up, sl

There is a continuum of solutions

u+ = 55(c+e)
/1—|—/2 = %(014‘02)
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The Model

The Agent’s Problem

Assume agents maximize the gross production

max (uy+ u)*(h+hk)? sub u+lh<c, i=1,2

Uy, Up, sl

There is a continuum of solutions

ur + Up ais (C1+c2)
/1 + /2 = af (C1 + 02)

Oé—'—ﬂ I,Oé‘i‘ﬁl’

which is focal in the sense of Schelling (1960) :
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The Supervisor’s Problem

With fully rational agents the solution is obvious

bi=e>0
bi =0
b =0
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The Effort Dynamics

Formalization

The simpler dynamics: the rational case = focal equilibrium

[x — B¢
1 a+f
[x — Be
2 a+f3
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This equilibrium cannot hold in the long run when the subordinates
have different capacities:
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The Effort Dynamics

Formalization

The simpler dynamics: the rational case = focal equilibrium

[x — B¢
1 a+0
[x — Be
2 a+f

This equilibrium cannot hold in the long run when the subordinates
have different capacities: individuals with different capacity but same
reward may experience inequity (Adams, 1965):

“ Inequity exists for Person whenever he perceives that the ratio of his

outcomes to the inputs and the ratio of Other’s outcomes to Other’s
input are unequal. ”

OP Oa
/P la
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The Effort Dynamics

Formalization

Two-dimensional map T : R? — R? given by

/1/ =N (/2)
T(h.k):
Ié =1 (/1)

Reaction functions: ry : Lo — Lyand o : L1 — Lo

Strategy sets: Ly =[0,¢i] CRand L, =[0,c] CR

Trajectory: given an initial condition (12, 19) € Ly x L,

vi>0,  {K.B}=T(R.8)
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The Effort

The Effort Dynamics
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Formalization

*

Dal Forno & Merlone (University of Torino) | Effor amics in Supervised Workgroups MDEF2008 14/37



The Effort Dynamics

Formalization
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The Effort Dynamics

Formalization
Family of feasible functions:

t
/t k1_.| _IA
Br=x(g) e

s
t _ 1
I1

t+1 ko1
l2+ :)\2 (9—> e %

2
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The Effort Dynamics

Formalization

Family of feasible functions: Conditions on parameters:

k=1 _f Ki—1
t1 _ BT F _ Ba (e \"
=) e = (e
ko —1 it - B¢;
B = () e b = @t
2
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The Effort Dynamics

Formalization

Family of feasible functions: Conditions on parameters:

t
141 /t k1_1 _IA o 557 k,'—1
= () e A= axg (kT
ko —1 it - B¢;
B = (5)" e % = @)
Reaction functions:
_ (a+B)i}
/t+1 _ By ((a-l—ﬁ)/é)/ﬁ 1e(k171)(1— 35 2)
1 a+3 £ey
_ (a+B)I
[+ _ o ((aw)/f)"z 1e<’<2—1>(1— 502‘)
2 a+ Bco
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The Effort Dynamics

Formalization

Family of feasible functions: Conditions on parameters:
y
ky—1 lé ki—1
1 _ 3 - . Bo (e
Fren ()R s ()
-1 _ 9, = — Be
1 _ ﬁ) ~9; = @) k1)
/2 =X (92 e i
ol ky=1 |
’ I ko =15 i
.". g k2:3 H
0 [ Il Il = %
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The Effort Dynamics

— Tolerant agents

1 Bey 5 T T

1 a4t

1 Be s 7
2 a4t

Unique (stable) fixed point.
The production is maximized.
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The Effort Dynamics

|ki =1, k2 > 1] — Only one tolerant agent

,1t+1 _ %
(a8l
i1 _ 5oy ((a+ﬁ)l1,)k2—1 e(k2—1)(1— 55 1)
2 a+B Bey
Unique (stable) fixed point. LAY |
If ¢; = ¢ then the production :
is maximized. T N N 1

i
0 45 9 14 18 w
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The Effort Dynamics

Efficiency

Proposition
Assume that one subordinate is tolerant and the other is not:

k1 :1,k2>1.

Then:
@ the production is maximized when their capacities are identical.

@ for any fixed capacity gap, the intolerant agent reduces the effort
with the colleague to a greater extent if his capacity is the largest;
yet, in this case, the production variation is not necessarily the

greatest.

*
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The Effort Dynamics

|ki > 1, kx> 1] — No tolerant agents

(a+8)b
v poy (s (k171)<17 EE] 2)
=555 | —aq e

(et )]
e [(armit )2 (=D 1= =35 -
b = o35 ) €

One, two, or three fixed points.

o - L L " &

Dal Forno & Merlone (University of Torino) [ Effort Dynamics in Supervised Workgroups MDEF2008 21/37



The Effort Dynamics

Eigenvalues:

B°1_'1 (ke 1)+B°2 'Z(k 1) Ky —2
__ - 1= _qyBe=h (b \k=2 o Bo-hk
A= \/e ()" 0 =0 2350 (55) ° e = 1) 2%
B% =k (k,_1); Bc‘ '1 (kg —1
_ 1=1) kp—2 Bey—lp ( h_\ki— 501—’1
o= Tt ()"t~ 2552 ()" 00—

*

Dal Forno & Merlone (University of Tori ics i i MDEF2008 22/37



The Effort Dynamics

— bifurcation diagram

L Bifurcation Diagram L2 Bifurcation Disgram
& T T T S T T
45 T RS =
-,
=,
3 ~ T 25 ~ =

k1.2 4 K12

(/?, /g) = (0.7,0.5)
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The Effort Dynamics

(ki #k: . ki, ke > 1| — bifurcation diagram

Bifurcation Disgram Bifurcation Disgram

L1

& T T T g T T
45 [£0F - 45 [ 4
3 B — 3 e =
15 ~ b 15 ~ |
1 L L L
| 1 B K1
1 1.75 25 325 4 1 1.75 25 25 4
(#.8) = (0-1,0.1) (#.8) = (0:5,05)
ko=75 , ¢ =18 , ¢ =6 @
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The Effort Dynamics

(ki #k: . ki, ke > 1| — bifurcation diagram

L2 Bifurcation Disgram L2 Bifurcation Disgram
2 T T T 2 T T
15 15 7
1 1 =
0s 035 55|
a a | | |
k1
1 173 25 325 4
(#.8) = (0:5,05)
i
s ¢ =18 co =6 A
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The Effort Dynamics

The Effort Dynamics

(ki 2k, ki, ke > 1| — Cycles and Chaos

Dynamics Crynamics

135 [

o0s [~

045 ~

ki =1.39 Kk =1.7

(/10,13):(1.12,0.17) , k=75 , ¢ =18 , =6
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The Effort Dynamics

The Effort Dynamics

2 2
i T s
s b 4 - b
ky =1.39
ko =75 . b | WL
¢y =18
=6 o - Bl 0
° T °
o s wm s .
(4.56,0.04)
f—. -
w 't i w ! T s
s 1 ws b 4 i
o b i o 4 o
o i oss B os
o ] L M 0
0 s e oam s o s e s

(4.49,1.70) (1.12,0.17)
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The Effort Dynamics

Basins
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The Effort Dynamics

Other results: bifurcation on the capacity c¢;

Bifurcation D
ifurcation Diagram "

Bifurcation Diagram

5 T T T &

45 - 1 45 -

o

15 / \\/: 15 -

]
| | | | 1
0l c1 l C1
0 45 & 13.5 18 Q 45 & 135 18
(0.1,0.5) (0.5,0.5)
ky =139 , k=75 , =6
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The Effort Dynamics

Other results: bifurcation on the capacity c¢;

Bifurcation Diagram Bifurcation Diagram

L2

[ T T T & T T T
45 ~ - 45 [~ I
3 = - 3 F k=
15 = 7 /_RHJ_'— 15 = ! T
e "~
& 1 1 \r‘m—a . | | \\i_‘:
c1 C
0 45 & 13.5 18 Q 45 & 135 18

(0.1,0.5) (0.5,0.5)
k=139 |, k=75 , c=6 @&
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The Effort Dynamics

Other results: bifurcation on the capacity ¢,

Bifurcation Diagram

Bifurcation Diagram

L1 [E]
E T T T [
45 = /\K 45 ~
3 = = 3 B
15 = - 15 =
| |
0 a5 [
0 45 3 135 18 [
(0.1,0.5)
ki =139 , k=75 , ¢ =18
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The Effort Dynamics

Global analysis

Coexistence of finite period attractors

12 Dynamics
1.8 T T T
1.35 7 7
0na 7
045 ~ -
0 T

0 125 25 375 5

(1.81,0.00)
kt =139 |, k=75
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Global analysis

Coexistence of chaotic attractors

12 Dynamics 12 Dynamics
8 T T T 2 T T
4.5 7 1 135 [ 7
3 7 1 1 [ =
15 _ 7 0s = =

| | | | | |

0 T o K

0 125 25 375 5 o 125 25 375 5

(0.1,0.5) 0.7,0.7)
k=17 , k=75 , ¢=18 , =6
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Global analysis

Basin of attraction of the origin

4.3

175

Bazins

35

Dal Forno & Merlone (University of Torino)

525 7
Effort Dynamics in Supervised Workgroups

MDEF2008

*

34/37



Global analysis

Basin of attraction of the origin

4.3

175

Bazins

35

Dal Forno & Merlone (University of Torino)

525 7
Effort Dynamics in Supervised Workgroups

MDEF2008

*

35/37



Global analysis

Basin of attraction of the origin

Bazins Baszins

4.3

1] 1.75 35 525 7 Ju] 175 35 525 7
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Conclusion

@ ki = kp = 1 — rational workgroup, efficiency
@ ki1 =1,k > 1 — efficiency
@ Ky, ko > 1 — coexistence of attractors (with retaliation)
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Conclusion

@ ki = ko = 1 — rational workgroup, efficiency
@ ki1 =1,k > 1 — efficiency
@ Ky, ko > 1 — coexistence of attractors (with retaliation)

@ ki = ko = 1 — rational workgroup, efficiency
@ k4 =1,k > 1 — loss of efficiency, but no retaliation

@ Ky, ko > 1 — coexistence of cycles (with retaliation), chaos,
expansion of the (non connected) basin of the origin
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