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DevwudfwLq wklv sdshu zh vwxg| d prgho ri d txdqwlw|0vhwwlqj gxrsro| pdunhw zkhuh �upv odfn shuihfwnqrzohgjh ri wkh pdunhw ghpdqg ixqfwlrq1 Ilupv xvh d plvvshfl�hg ghpdqg ixqfwlrq lqvwhdgdqg ghwhuplqh wkhlu sur�w0pd{lpl}lqj fkrlfhv ri wkhlu fruuhvsrqglqj vxemhfwlyh pdunhw jdph1 Zhfrqvlghu vshfl�fdwlrqv ri wkh +wuxh, ghpdqg dqg frvw ixqfwlrqv vxfk wkdw wkh uhdfwlrq ixqfwlrqv riwkh sod|huv duh txdgudwlf1 Zh wkhq lqyhvwljdwh wkh joredo g|qdplfv ri wklv jdph dqg fkdudfwhul}hwkh qxpehu ri vwhdg| vwdwhv dqg wkhlu zhoiduh surshuwlhv1 Zh vwxg| wkh edvlqv ri dwwudfwlrq ri wkhvhvxemhfwlyh htxloleuld dqg suhvhqw vlwxdwlrqv lq zklfk joredo elixufdwlrqv ri wkhlu edvlqv rffxu zkhqprgho sdudphwhuv duh ydulhg1 Wkh hfrqrplf vljql�fdqfh ri rxu uhvxowv lv wr vkrz wkdw lpshuihfwnqrzohgjh ri wkh ghpdqg ixqfwlrqv fdq fdxvh wkh hphujhqfh ri dgglwlrqdo vxemhfwlyh htxloleuld/ghvslwh wkh idfw wkdw wkh Qdvk0htxloleulxp ri wkh jdph xqghu shuihfw nqrzohgjh lv xqltxh1 Dv dfrqvhtxhqfh wkh orqj uxq rxwfrph dqg ryhudoo zhoiduh lv kljko| ghshqghqw xsrq lqlwldo frqglwlrqv1
� W?|hL_�U|�L?
D frpprq dvvxpswlrq lq jdph0wkhruhwlf prghov lv wkdw djhqwv kdyh shuihfw nqrzohgjh ri wkh hq0ylurqphqw1 Wkh| duh lqiruphg derxw wkh frqvhtxhqfhv ri wkhlu dfwlrqv dqg ri wkh dfwlrqv ri wkhludgyhuvdulhv1 Krzhyhu/ �upv* slfwxuh ri wkh zruog pd| eh huurqhrxv rq vhyhudo dffrxqwv1 Iru lqvwdqfh/wkh| pd| rqo| kdyh dq hvwlpdwh ri wkh ghpdqg ixqfwlrq lq wkhlu pdunhw/ ru wkh| pd| kdyh lpshuihfw ruodjjhg lqirupdwlrq derxw surgxfwlrq ri ulydo �upv1 Vxfk frqvlghudwlrqv ohdg wr wkh txhvwlrq ri zkdwlv wkh rxwfrph zkhq djhqwv gr qrw kdyh ixoo lqirupdwlrq derxw wkh hfrqrplf hqylurqphqw lq zklfkwkh hfrqrplf jdph lv wdnlqj sodfh1 Wklv txhvwlrq lv wkh fhqwudo irfxv ri wklv sdshu1 Xvlqj d vlpsohprgho wkdw lv d ghyhorsphqw ri O�hrqdug dqg Qlvklpxud +4<<<, zh dgguhvv wkh iroorzlqj txhvwlrqv +vhhdovr Nlupdq dqg Vdoprq 4<<8,1 Li zh xqghuvwdqg dq htxloleulxp lq d jdph dv d vwhdg| vwdwh ri vrphqrq0htxloleulxp surfhvv ri dgmxvwphqw dqg _ohduqlqj%/ zkdw kdsshqv li djhqwv xvh dq lqfruuhfw prghori wkhlu hqylurqphqw +h1j1 wkh pdunhw ghpdqg,B Grhv d uhdvrqdeoh dgdswlyh surfhvv +h1j1 edvhg rq
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wkh ehvw uhvsrqvh, frqyhujh wr dq|wklqjB Li vr/ wr zkdw grhv lw frqyhujhB Lv wkh olplw wkdw fdq ehrevhuyhg zkhq djhqwv sod| wkhlu vxemhfwlyh jdphv +forvh wr, dq htxloleulxp ri wkh xqghuo|lqj wuxhprghoB Lv wkh revhuyhg vlwxdwlrq frqvlvwhqw zlwk wkh +olplw, eholhiv ri wkh djhqwvB Lq wkh olwhudwxuh rqohduqlqj lq jdphv/ dwwhpswv kdyh ehhq pdgh wr fdswxuh wkh lqfrpsohwh nqrzohgjh ri hfrqrplf djhqwvdqg wr ghprqvwudwh wkh skhqrphqd wkdw pd| rffxu dv d uhvxow ri wklv odfn ri lqirupdwlrq1 Vxuyh|vrq wklv wrslf duh surylghg e| Ixghqehuj dqg Ohylqh +4<<;, dqg Pdulprq +4<<:,> vhh dovr F|huw dqgGhJurrw +4<;:, dqg wkh froohfwlrq ri sdshuv lq Nlupdq dqg Vdoprq +4<<8,1 Lq wkh olwhudwxuh vhyhudohtxloleulxp frqfhswv kdyh ehhq lqwurgxfhg wr ghvfuleh wkh fkdudfwhu ri vxfk orqj uxq rxwfrphv/ vxfkdv vhoi0frq�uplqj htxloleulxp ru vxemhfwlyh htxloleulxp> vhh Ixghqehuj dqg Ohylqh +4<<6,/ Ndodl dqgOhkuhu +4<<6/ 4<<8,1 Iru d uhfhqw dssolfdwlrq wr vwudwhj| lvvxhv lq pdqdjhphqw vflhqfh/ vhh U|doo+5334,1 Orrvho| vshdnlqj/ lq d vxemhfwlyh htxloleulxp sod|huv xvh vxemhfwlyho| udwlrqdo vwudwhjlhv/ l1h1udwlrqdo vwudwhjlhv jlyhq wkhlu vxemhfwlyh eholhiv/ dqg wkhvh vwudwhjlhv lqwhudfw wr jhqhudwh hyhqwv zklfkwkhq wxuq rxw wr eh frqvlvwhqw zlwk wkh djhqwv* vxemhfwlyh eholhiv1Lq dq hduo| vwxg| Nlupdq +4<:8, frqvlghuv d vlpsoh gxrsro| prgho/ zkhuh kh dvvxphv wkdw wkhgxrsrolvwv/ wkurxjk ljqrudqfh ru lqhuwld/ duh qrw dzduh wkdw wkhlu ghpdqg ghshqgv rq hdfk rwkhu*vdfwlrq1 Ixuwkhupruh/ kh dvvxphv wkdw wkh sod|huv fkrrvh wkhlu dfwlrq vxfk wkdw wkh h{shfwhg sur�wri wkh qh{w shulrg lv pd{lpl}hg dqg wkh gxrsrolvwv xsgdwh wkhlu hvwlpdwhv ri wkh sdudphwhuv ri wkh+plvvshfl�hg, shufhlyhg prgho1 Zlwklq wklv vlpsoh iudphzrun/ kh vkrzv wkdw lqvwhdg ri frqyhujlqjwr wkh _wuxh% vlwxdwlrq/ wkh eholhiv ri wkh djhqwv pd| gulyh wkh prgho wrzdugv vrph rwkhu rxwfrph+vhh dovr Nlupdq +4<;6/ 4<<8, dqg Eurxvvhdx dqg Nlupdq +4<<5/ 4<<6,> iru dq h{whqvlrq wr dq Q0sod|hu pdunhw jdph dqg frqyhujhqfh uhvxowv/ vhh Jdwhv hw do1 +4<:;/ 4<;5,,1 Frqvlghulqj wkhvh uhvxowvNlupdq +4<;6/ s1 47:, frqfoxghv= _Wkxv/ lq d fhuwdlq vhqvh/ udwkhu wkdq wkh djhqwv ohduqlqj derxwwkh prgho/ wkh prgho ohduqv iurp wkh djhqwv/ dqg wkh rxwfrph lv frqglwlrqhg e| wkhlu ylhz ri wkhzruog/ plvwdnhq ru rwkhuzlvh1 Wkxv/ zh kdyh d vlwxdwlrq fruuhvsrqglqj wr wkh lghd ri cvhoi0ixo�oolqjh{shfwdwlrqv* hyhq wkrxjk lqglylgxdov duh plvlqiruphg1 Lw pd| zhoo eh dujxhg wkdw ehfdxvh djhqwvduh iuhtxhqwo| ohvv wkdq shuihfwo| lqiruphg/ vxfk vlwxdwlrqv pd| eh frpprqsodfh1% Lq dgglwlrq wrwkh uhvxow wkdw djhqwv duh qrw deoh wr ohduq wkh wuxh htxloleulxp/ lw lv dovr vkrzq lq Nlupdq +4<:8/4<;6, wkdw li frqyhujhqfh wr wkh ixoo lqirupdwlrq htxloleulxp idlov/ wkh surfhvv pd| ehfrph sdwk0ghshqghqw/ l1h1 wkh sduwlfxodu vxemhfwlyh htxloleulxp wkdw fdq eh revhuyhg ghshqgv rq wkh vwduwlqjfrqglwlrqv1 Ixuwkhupruh/ Eurxvvhdx dqg Nlupdq +4<<6, �qg uhjlrqv ri vwdelolw| dv zhoo dv frpsolfdwhgg|qdplfv lq wkhlu vlpxodwlrqv/ zklovw Nlupdq +4<<8, pdnhv vrph uhpdunv rq edvlqv ri dwwudfwlrq1Wkhvh revhuydwlrqv duh lpsruwdqw/ vlqfh wkh| kljkoljkw wkh qhhg wr vwxg| wkh joredo g|qdplfv ri wkhhfrqrplf jdph/ lq sduwlfxodu wkh fkdudfwhulvwlfv ri lwv srvvleoh orqj uxq rxwfrphv dqg wkhlu uhvshfwlyhedvlqv ri dwwudfwlrq1 Wklv lv dq lvvxh wkdw zloo dovr eh dgguhvvhg lq wkh fxuuhqw sdshu1O�hrqdug dqg Qlvklpxud +4<<<, surylgh ixuwkhu hylghqfh iru wkh frqyhujhqfh ri wkh hfrqrplf jdphwr d vlwxdwlrq wkdw lv xquhodwhg wr dq| _uhdo% htxloleulxp ri wkh xqghuo|lqj pdunhw jdph1 Wkh|frqvlghu d vlpsoh Frxuqrw0gxrsro| prgho zlwk ghfuhdvlqj uhdfwlrq ixqfwlrqv1 Djhqwv duh dzduh riwkhlu ulydo dqg irup h{shfwdwlrqv derxw wkh txdqwlw| fkrlfh ri wkh rwkhu sod|hu1 Wkh| vkrz wkdw lisod|huv +voljkwo|, ryhu0 ru xqghuhvwlpdwh wkh wuxh ghpdqg/ wkhq dq dgdswlyh surfhvv edvhg rq wkhehvw uhsolhv frqyhujhv wrzdugv d xqltxh vwhdg| vwdwh wkdw gl�huv iurp wkh ixoo0lqirupdwlrq +Qdvk0,htxloleulxp1 Wkh| dovr ghprqvwudwh wkdw wklv vwhdg| vwdwh pd| orvh vwdelolw| dv wkh plvvshfl�fdwlrqhuuru +ri rqh �up, ehfrphv odujhu/ dqg wkh| surylgh dq looxvwudwlyh h{dpsoh zkhuh wkh v|vwhp pd|frqyhujh wr d shulrg05 f|foh/ zlwk shulrglf srlqwv forvh wr wkh xqvwdeoh vwhdg| vwdwh1 D vlplodu uhvxow lvrewdlqhg e| Fklduhood dqg V}lgduryv}n| +5334, lq dq q0sod|hu frqwlqxrxv0wlph dqdorj ri wkh O�hrqdug0
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Qlvklpxud iudphzrun1 Wkh| vkrz wkdw +xqghu frqfdylw| dvvxpswlrqv, wkh uhvxowlqj g|qdplfdo v|vwhpfrqyhujhv wrzdugv d vwhdg| vwdwh/ zklfk lq jhqhudo gl�huv iurp wkh ixoo lqirupdwlrq htxloleulxp1 Wkh|wkhq lqwurgxfh +frqwlqxrxvo| glvwulexwhg, wlph odjv lq �upv* uhdfwlrqv dqg ghprqvwudwh wkdw lq wkhprgl�hg prgho/ olplw f|fohv pljkw eh revhuyhg1 Lq wklv sdshu zh h{whqg wkh glvfuhwh wlph iudphzrunri O�hrqdug dqg Qlvklpxud +4<<<,1 Lq Vhfwlrq 5/ zh vhw xs d txlwh jhqhudo irupxodwlrq ri d gxrsro|prgho zkhuh +l, wkh sod|huv odfn nqrzohgjh ri wkh pdunhw ghpdqg dqg +ll, frvw h{whuqdolwlhv ehwzhhqwkh �upv duh doorzhg1 Iru wklv jhqhudo prgho zh ghulyh wkh ehvw uhso| g|qdplfv1 Frqvlghulqj +l,/rxu iudphzrun lv pruh jhqhudo vlqfh zh gr qrw uhvwulfw rxuvhoyhv wr d vshfl�f irup ri plvvshfl�hgghpdqg1 Frqvlghulqj wkh vhfrqg srlqw +ll,/ zh wdnh lqwr dffrxqw uhfhqw fulwlflvp e| vhyhudo dxwkruv/zkr kdyh vwuhvvhg wkdw wkh dvvxpswlrq ri ghfuhdvlqj uhdfwlrq ixqfwlrqv lv txlwh uhvwulfwlyh +vhh h1j1Zlwwhorrvwxlmq dqg ydq Olhu +4<<3,/ Exorz hw do1 +4<;8,/ Gdqd dqg Prqwuxffklr/ +4<;9,,1 Lw kdv ehhqvkrzq hovhzkhuh wkdw wkh h{lvwhqfh ri frvw h{whuqdolwlhv ehwzhhq sod|huv +l1h1 wkh frvwv ri rqh sod|huduh lq�xhqfhg e| wkh dfwlrqv ri wkh rwkhu sod|hu, pd| jlyh ulvh wr xqlprgdo uhdfwlrq ixqfwlrqv> vhhNrsho +4<<9,1 Zh ghprqvwudwh wkdw wkh prgho ri O�hrqdug dqg Qlvklpxud lv mxvw d vshfldo fdvh rirxu pruh jhqhudo iudphzrun1 Zh wkhq wxuq wr wkh vwxg| ri dq looxvwudwlyh h{dpsoh1 Lq Vhfwlrq 6 zhdvvxph wkdw ghpdqg lv olqhdu dqg zh vshfli| frvw ixqfwlrqv vxfk wkdw wkh uhvxowlqj uhdfwlrqv ixqfwlrqvduh txdgudwlf1 Zh wkhq jr rq wr vkrz wkdw iru ghpdqg plvvshfl�fdwlrq �d od O�hrqdug dqg Qlvklpxudlw lv srvvleoh wkdw qhz vwhdg| vwdwhv duh fuhdwhg/ zkhq +rqh ru erwk, sod|huv ryhu0 ru xqghuhvwlpdwhwkh ghpdqg1 Vxfk qhz vwdwhv pd| hyhq eh _idu dzd|% iurp wkh ixoo lqirupdwlrq Qdvk htxloleulxp lqwkh vwudwhj| vsdfh dqg zhoiduh lq wkhvh vxemhfwlyh htxloleuld lv orzhu wkdq lq wkh Qdvk htxloleulxp riwkh wuxh jdph1 Iru wkh fdvh ri lghqwlfdo sod|huv zh surylgh d uljrurxv dqdo|vlv ri wkh h{lvwhqfh dqgvwdelolw| ri wkh hphujlqj vwhdg| vwdwhv1 Iru wkh fdvh ri khwhurjhqhrxv sod|huv zh jlyh d qxphulfdofkdudfwhul}dwlrq ri wkh ydulrxv orqj uxq rxwfrphv/ ri wkhlu edvlqv ri dwwudfwlrq dqg ri wkh _joredoelixufdwlrqv% wkdw fkdqjh wkhlu wrsrorjlfdo vwuxfwxuh dv wkh sdudphwhuv ri wkh prgho duh ydulhg1 LqVhfwlrq 7/ zh doorz djhqwv wr uhdfw zlwk vrph lqhuwld dqg glvfxvv krz wkh uhvxowv ri Vhfwlrq 6 duhwkhuhe| prgl�hg1 Vhfwlrq 8 frqfoxghv1
2 � _�LTL*) 4L_i* ��|� 4�ttTiU��i_ _i4@?_
Zh frqvlghu d glvfuhwh0wlph Frxuqrw gxrsro| jdph/ zkhuh �upv l @ 4> 5 r�hu krprjhqhrxv surgxfwvrq d frpprq pdunhw1 Wkh ghpdqg ixqfwlrq dqg wkh lqyhuvh ghpdqg duh jlyhq e|

t @ G+s,> dqg s @ G3�+t, � i+t, +4,zkhuh t @ t� . t2 ghqrwhv wkh lqgxvwu| rxwsxw1 Ilupv gr qrw nqrz wkhvh uhodwlrqvklsv1 Lqvwhdg wkh|vxemhfwlyho| eholhyh wkdw wkh ghpdqg ixqfwlrq lv hG�+s,> l @ 4> 5/ l1h1 �up l eholhyhv wkdw wkh ghpdqguhodwlrqvkls lv jlyhq e|
t @ hG�+s,> +l @ 4> 5,= +5,Dffruglqjo|/ �up l eholhyhv wkdw wkh lqyhuvh ghpdqg ixqfwlrq lv jlyhq e|

s @ hG�3�+t, � hi�+t,> +l @ 4> 5,=
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Frqvlghulqj wkh frvw vlgh/ zh doorz iru h{whuqdolwlhv1 Wkh frvwv f� ri �up l pd| qrw rqo| ghshqgrq wkh �up*v rzq txdqwlw| t� exw dovr rq wkh txdqwlw| ri wkh rwkhu sod|hu +iru d prwlydwlrq dv wrzk| srvlwlyh h{whuqdolwlhv ri wklv nlqg pljkw rffxu zh uhihu wr Nrsho +4<<9, dqg Vkd�hu +4<;7,,1 Zhdvvxph wkdw sod|huv wdnh wklv h�hfw rq wkhlu rzq frvwv lqwr dffrxqw1 Pruh suhflvho|/ dw wkh ehjlqqlqjri shulrg w �up 4 fkrrvhv t�+w, vxfk wkdw wkh h{shfwhg sur�w
��+t�+w,> tecRo�Jo2 +w,, @ t�+w, hi�+t�+w, . tecRo�Jo2 +w,,� f�+t�+w,> tecRo�Jo2 +w,,> +6,

lv pd{lpl}hg/ zkhuh wkh whup tecRo�Jo2 +w, ghqrwhv �up 4*v eholhi derxw wkh txdqwlw| fkrvhq e| lwv ulydo1Ilup 4 xvhv lwv vxemhfwlyh ghpdqg uhodwlrqvkls dqg frqvlghuv wkh h�hfw ri wkh frpshwlwru*v h{shfwhgtxdqwlw| tecRo�Jo2 +w, rq lwv sur�w lq rughu wr fkrrvh wkh ehvw uhvsrqvh1 Dw wkh wlph �up 4 irupv wkhh{shfwdwlrq tecRo�Jo2 +w,/ lw nqrzv s+w� 4, dqg t�+w� 4,/ krzhyhu �up 4 grhv qrw nqrz s+w, +khqfh wkhvxshuvfulsw csulru*, dqg wkh sdvw txdqwlwlhv r�huhg e| lwv ulydo1 Wkh �uvw rughu frqglwlrq lv
hi�+t�+w, . tecRo�Jo2 +w,, . t�+w,+ hi�,�+t�+w, . tecRo�Jo2 +w,,� Cf�+t�+w,> tecRo�Jo2 +w,,@Ct� � 3> +7,

zkhuh iru t�+w, A 3 wkh htxdolw| vljq krogv1 Vlploduo| iru �up 5 zh jhw wkh �uvw rughu frqglwlrqhi2+tecRo�Jo� +w, . t2+w,, . t2+w,+ hi2,�+tecRo�Jo� +w, . t2+w,,� Cf2+tecRo�Jo� +w,> t2+w,,@Ct2 � 3> +8,
zkhuh iru t2+w, A 3 wkh htxdolw| vljq krogv1Zh dvvxph wkdw wkh �uvw rughu frqglwlrqv iru wkh wzr �upv gh�qh uhdfwlrq ixqfwlrqv

t�+w, @ hU�+tecRo�Jo2 +w,, dqg t2+w, @ hU2+tecRo�Jo� +w,,= +9,
Ri frxuvh/ wkhvh _ehvw uhvsrqvhv% duh/ lq jhqhudo/ gl�huhqw iurp wkh uhdfwlrq ixqfwlrqv li �upvzrxog nqrz shuihfwo| wkh ghpdqg +khqfhiruwk uhihuuhg wr dv uhdfwlrq ixqfwlrqv lq wkh xvxdo vhqvh,1Diwhu vklsslqj wkhlu vhohfwhg txdqwlwlhv wr wkh pdunhw/ dw wkh hqg ri shulrg w erwk �upv revhuyhwkh pdunhw sulfh s+w,1 Krzhyhu/ wkh| gr qrw revhuyh wkh lqgxvwu| rxwsxw ru wkh txdqwlw| vxssolhg e|lwv ulydo1 Xvlqj wkh rqo| sxeolfo| dydlodeoh vljqdo s+w, wkh| xsgdwh wkhlu eholhi rq wkh ulydo*v fkrlfh1Wklv xsgdwhg eholhi zloo eh ghqrwhg dv tecRJr|� +w,1 Iru �up 4 wklv eholhi tecRJr|2 +w, +zklfk lv qrz edvhgxsrq nqrzohgjh ri s+w� 4,> t�+w� 4,> s+w, dqg t�+w,, lv lpsolflwo| gh�qhg e| wkh uhodwlrqvkls

s+w, @ hi�+t�+w, . tecRJr|2 +w,,> +:,
ru htxlydohqwo| e|

t�+w, . tecRJr|2 +w, @ hG�+s+w,,=Vlqfh qr ixuwkhu lqirupdwlrq ehfrphv dydlodeoh ehwzhhq shulrgv/ iroorzlqj O�hrqdug dqg Qlvklpxud+4<<<,/ zh dvvxph wkdw
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tecRo�Jo2 +w. 4, @ tecRJr|2 +w,> +;,zklfk yld +:, |lhogv
s+w, @ hi�+t�+w, . tecRo�Jo2 +w. 4,,> +<,ru htxlydohqwo| t�+w, . tecRo�J�o2 +w. 4, @ hG�+s+w,,= +43,Vlploduo|/ iru �up 5 zh kdyh s+w, @ hi2+tecRo�Jo� +w. 4, . t2+w,,> +44,ru htxlydohqwo| tecRo�Jo� +w. 4, . t2+w, @ hG2+s+w,,= +45,Wkh g|qdplfv ri wkh gxrsro| zlwk plvvshfl�hg ghpdqg uhodwlrqvklsv fdq eh vxppdul}hg dv iro0orzv1 Vwduwlqj iurp lqlwldo h{shfwdwlrqv derxw wkh ulydo*v rxwsxw dqg jlyhq wkhlu vxemhfwlyh ghpdqguhodwlrqvklsv/ wkh gxrsrolvwv fkrrvh wkhlu ehvw uhsolhv dffruglqj wr +9,1 Vxevhtxhqwo|/ wkh sulfh wkdwfohduv wkh pdunhw lv ghwhuplqhg e| wkh wuxh +exw xqnqrzq, pdunhw ghpdqg ixqfwlrq +4,1 Diwhu re0vhuylqj wkh fxuuhqw sulfh/ wkh �upv xvh wkh uhodwlrqv +43, dqg +45, wr xsgdwh wkhlu eholhiv rq wkh ulydo*vtxdqwlw|1 Wkh h{shfwdwlrq0ihhgedfn f|foh wkhq uhshdwv lwvhoi1 Wkh g|qdplfv ri wkh v|vwhp lv fdswxuhge| t�+w, @ hU�+tecRo�Jo2 +w,,> +46,t2+w, @ hU2+tecRo�Jo� +w,,> +47,s+w, @ G3�+t�+w, . t2+w,, � i+t+w,,> +48,t�+w, . tecRo�Jo2 +w. 4, @ hG�+s+w,,> +49,tecRo�Jo� +w. 4, . t2+w, @ hG2+s+w,,= +4:,

Qrwh wkdw +4604:, fdq eh uhgxfhg wrt�+w. 4, @ hU�^ hG�+i+t�+w, . t2+w,,,� t�+w,`> +4;,t2+w. 4, @ hU2^ hG2+i+t�+w, . t2+w,,,� t2+w,`= +4<,Lw lv hdv| wr vhh lq wkh vshfldo fdvh dqdo|}hg e| O�hrqdug dqg Qlvklpxud +4<<<,/hG�+s, @ %G +s, dqg hG2+s, @ G +s, +53,l1h1 zkhuh +rqo|, rqh �up plvwdnhqo| ryhu0 ru xqghuhvwlpdwhv wkh dfwxdo ghpdqg e| d idfwru ri %/ wkhhtxdwlrqv jlyhq lq +4;04<, fdq eh zulwwhq lq d sduwlfxodu irup1 Iluvw/ vlqfh �up 5 lv dvvxphg wr nqrz
8



wkh wuxh pdunhw ghpdqg ixqfwlrq/ hi2 @ i dqg hU2 @ U2/ zkhuh wkh odwwhu ghqrwhv wkh uhdfwlrq ixqfwlrqlq wkh xvxdo vhqvh1 Khqfh/ htxdwlrq +4<, ehfrphvt2+w. 4, @ hU2^ hG2+i+t�+w, . t2+w,,,� t2+w,`@ U2^G+i+t�+w, . t2+w,,,� t2+w,`@ U2^t�+w,`> +54,
zklfk frlqflghv zlwk htxdwlrq +43, lq O�hrqdug dqg Qlvklpxud +4<<<,1 Vhfrqg/ xvlqj hG�+s, @ %G+s,/htxdwlrq +4;, fdq eh zulwwhq dvt�+w. 4, @ hU�^ hG�+i+t�+w, . t2+w,,,� t�+w,` +55,@ hU�^+%� 4,t�+w, . %t2+w,`=Qrwh wkdw wklv h{suhvvlrq vwloo lqyroyhv wkh uhdfwlrq ixqfwlrq edvhg rq wkh plvvshfl�hg pdunhw ghpdqg1Krzhyhu/ lw lv vwudljkwiruzdug wr vkrz wkdw +55, fdq eh h{suhvvhg lq whupv ri wkh uhdfwlrq ixqfwlrq lqwkh xvxdo vhqvh1 Wr vhh wklv/ qrwh wkdw hi�+t, @ i+%3�t,/ dqg khqfh + hi�,�+t, @ %3�i �+%3�t,1 Dvvxplqjdq lqwhulru vroxwlrq/ +7, |lhogv

i+%3�t�+w, . %3�tecRo�Jo2 +w,, . %3�t�+w,i �+%3�t�+w, . %3�tecRo�Jo2 +w,, @ Cf�@Ct�=Li �up 4 nqhz wkh wuxh ghpdqg ixqfwlrq/ lw zrxog ghwhuplqh t�+w, dffruglqj wr wkh �uvw rughu frqglwlrqi+t�+w, . tecRo�Jo2 +w,, . t�+w,i �+t�+w, . tecRo�Jo2 +w,, @ Cf�@Ct�>zklfk lpsolflwo| gh�qhv wkh uhodwlrq t�+w, @ U�+tecRo�Jo2 +w,,1 Khqfh/ zh fdq frqfoxgh wkdw wkh �uvw rughufrqglwlrq +7, wrjhwkhu zlwk dvvxpswlrq +53, lpsolflwo| gh�qh wkh uhodwlrq %3�t�+w, @ U�+%3�tecRo�Jo2 +w,,/zkhuh U� lv wkh uhdfwlrq ixqfwlrq lq wkh xvxdo vhqvh1 Reylrxvo|/ wkh uhodwlrq ehwzhhq wkh uhdfwlrqixqfwlrq hU� dqg wkh uhdfwlrq ixqfwlrq lq wkh xvxdo vhqvh lv jlyhq e|hU�+tecRo�Jo2 +w,, @ %U�+%3�tecRo�Jo2 +w,,=Dffruglqjo|/ htxdwlrq +55, fdq eh zulwwhq dv
t�+w. 4, @ %U�^%� 4% t�+w, . t2+w,`> +56,

zklfk frlqflghv zlwk htxdwlrq +<, lq O�hrqdug dqg Qlvklpxud +4<<<,1Qrwh wkdw/ li erwk �upv xvh plvvshfl�hg ghpdqg ixqfwlrqv ri wkh w|sh glvfxvvhg deryh/ l1h1 hG�+s, @%�G+s,/ wkhq wkh g|qdplfv ri wkh pdunhw jdph lv jryhuqhg e|t�+w. 4, @ %�U�^0�3�0� t�+w, . t2+w,`>
t2+w. 4, @ %2U2^t�+w, . 023�02 t2+w,`= +57,

Reylrxvo|/ li erwk sod|huv nqrz wkh wuxh ghpdqg +%� @ %2 @ 4,/ wkhq +57, uhgxfhv wr wkh zhoo0nqrzqFrxuqrw wadwrqqhphqw g|qdplfv jlyhq e|+t�+w. 4,> t2+w. 4,, @ +U�+t2+w,> U2+t�+w,, = +58,
9



Krzhyhu/ qrwh wkdw hyhq li sod|huv ryhu0 ru xqghuhvwlpdwh wkh ghpdqg e| d fhuwdlq idfwru +%� 9@ 4,/wkh g|qdplfv ri wkh uhshdwhg gxrsro| jdph zlwk vxemhfwlyh eholhiv lv vwloo jryhuqhg e| htxdwlrqvrqo| lqyroylqj wkh uhdfwlrq ixqfwlrqv lq wkh xvxdo vhqvh1 Wklv surshuw| pdnhv wkh dvvxpswlrq ri wklvsduwlfxodu nlqg ri plvvshfl�fdwlrq txlwh dsshdolqj iru ixuwkhu dqdo|vlv1Wkh g|qdplfdo v|vwhp +58, kdv yhu| sduwlfxodu surshuwlhv/ zklfk pdlqo| dulvh iurp wkh idfw wkdwwkh vhfrqg lwhudwh ri wkh wzr0glphqvlrqdo pds lv jlyhq e| wzr ghfrxsohg rqh0glphqvlrqdo pdsv/ l1h1+t�+w. 5,> t2+w. 5,, @ +U� �U2+t�+w,> U2 �U�+t2+w,,> vhh h1j1 Gdqd dqg Prqwuxffklr +4<;9,/ Elvfkl hwdo1 +5333,/ Fdqrydv +5333,/ Fdqrydv dqg Olqhur +5334,1 Krzhyhu/ wkhvh surshuwlhv qr orqjhu krog lidw ohdvw rqh sod|hu*v ghpdqg ixqfwlrq lv plvvshfl�hg1 Khqfh/ kdylqj %� 9@ 4 fdxvhv d vwurqj vwuxfwxudofkdqjh lq wkh g|qdplfdo v|vwhp1 Lq zkdw iroorzv zh zloo irfxv rq +57,/ dqg lqyhvwljdwh wkh h�hfwvri plvwdnhq eholhiv rq wkh orqj0uxq surshuwlhv ri wkh g|qdplfdo v|vwhp/ h1j1 rq wkh h{lvwhqfh dqgvwdelolw| ri vwhdg| vwdwhv +ru pruh frpsoh{ dwwudfwruv,/ dqg rq wkh h{whqw dqg wrsrorjlfdo vwuxfwxuh riwkh edvlqv ri dwwudfwlrqv ri wkhvh vwhdg| vwdwhv +ru dwwudfwruv,1
� ��*|�t|@M�*�|) @?_ }*LM@* _)?@4�Ut
Xvxdoo|/ lq vwdqgdug wh{werrn wuhdwphqwv ri Frxuqrw gxrsro| jdphv/ rqo| wkh fdvh ri prqrwrqhghfuhdvlqj uhdfwlrq ixqfwlrqv lv frqvlghuhg1 Frqvhtxhqwo|/ wkh Frxuqrw wadwrqqhphqw surfhvv +58, fdqkdyh dw prvw rqh vwhdg| vwdwh/ orfdwhg dw wkh lqwhuvhfwlrq ri wkh uhdfwlrq fxuyhv1 Iru h{dpsoh/ O�hrqdugdqg Qlvklpxud +4<<<, vwxg| +57, zlwk %� @ % A 3 dqg %2 @ 4 dqg wkhlu frqglwlrqv rq wkh ghpdqgdqg frvw ixqfwlrqv uhvxow lq ghfuhdvlqj dqg lghqwlfdo uhdfwlrq ixqfwlrqv/ U� +�, @ U2 +�, @ U +�,1 Wkhuhh{lvwv wkhq d xqltxh srvlwlyh vwhdg| vwdwh ri +57, iru hdfk % A 31 Xvlqj d sduwlfxodu nlqg ri ghfuhdvlqjuhdfwlrq ixqfwlrq/ wkh| vkrz wkdw wklv vwhdg| vwdwh orvhv orfdo vwdelolw| dqg d vwdeoh f|foh ri shulrg 5ehfrphv wkh xqltxh dwwudfwru1Krzhyhu/ dv wkh hduo| sdshu e| Udqg +4<:;, ghprqvwudwhv/ wkh duud| ri g|qdplf skhqrphqdlv pxfk eurdghu li wkh dvvxpswlrq ri prqrwrqlflw| lv uhod{hg dqg xqlprgdo uhdfwlrq ixqfwlrqv duhdgplwwhg +iru wkh hfrqrplf udwlrqdoh vhh h1j1 Srvwrq dqg Vwhzduw +4<:;,/ Exorz hw do1 +4<;8d/e,/ Gdqddqg Prqwuxffklr +4<;9,/ Ydq Zlwwhorrvwxlmq dqg Ydq Olhu +4<<3,/ Sxx +4<<4,/ dqg Nrsho +4<<9,,1 Liwkh uhdfwlrq ixqfwlrqv duh qrw vwulfwo| ghfuhdvlqj/ wkhq/ dowkrxjk wkh Frxuqrw wadwrqqhphqw +58, pljkwkdyh d xqltxh Qdvk htxloleulxp/ lw pd| eh wkh fdvh wkdw dv wkh _huuru% sdudphwhuv %� duh ydulhg/ +57,pljkw kdyh pxowlsoh vwhdg| vwdwhv1 Lq vxfk d fdvh/ wkh fuhdwlrq ri qhz vwhdg| vwdwhv lv hqwluho| fdxvhge| wkh vxemhfwlyh eholhiv ri wkh djhqwv1 Lq vxfk d fdvh wkh uroh ri wkh plvvshfl�fdwlrq sdudphwhuv %� lqwkh vwdelolw| surshuwlhv ri wkh vwhdg| vwdwhv lv zruwk lqyhvwljdwlqj vlqfh %� vhuyhv dv d phdvxuh ri wkhdffxudf| ri wkh vxemhfwlyh eholhiv1 Lq wkh fdvh ri pxowlvwdelolw|/ l1h1 wkh suhvhqfh ri vhyhudo frh{lvwlqjdwwudfwlqj vhwv/ wkh surfhvv ehfrphv sdwk0ghshqghqw/ l1h1 wkh orqj uxq rxwfrph fuxfldoo| ghshqgvrq wkh lqlwldo frqglwlrq1 Khqfh/ lq vxfk d vlwxdwlrq lw lv lpsruwdqw wr jdlq vrph nqrzohgjh derxwwkh erxqgdulhv wkdw vhsdudwh wkh edvlqv ri dwwudfwlrq ri wkh ydulrxv frh{lvwlqj dwwudfwlqj vhwv/ dqg wrdvfhuwdlq wkhlu uroh lq wkh rffxuuhqfh ri joredo elixufdwlrqv wkdw fkdqjh wkh wrsrorjlfdo vwuxfwxuh riwkh edvlqv1 Dv d vlgh uhpdun/ lw fdq dovr eh srlqwhg rxw wkdw/ e| wxqlqj wkh _huuru% sdudphwhuv %�/ gxhwr orfdo elixufdwlrqv qhz nlqgv ri dwwudfwruv pd| dsshdu/ fkdudfwhul}hg e| shulrglf ru fkdrwlf wlphsdwkv lq wkh orqj uxq1Lq rughu wr lqyhvwljdwh wkhvh lvvxhv/ zh frqvlghu wkh iroorzlqj looxvwudwlyh h{dpsoh1 Zh ohw wkhlqyhuvh ghpdqg ixqfwlrq eh olqhdu s @ i+t�> t2, @ d� e+t� . t2,>

:



dqg e| vxlwdeo| fkrrvlqj wkh frvw ixqfwlrqv zlwk frvw h{whuqdolwlhv dv jlyhq lq Nrsho/ 4<<9/ zh jhwsur�w ixqfwlrqv
��+t�> t2, @ et�^5��t2+4� t2,� t�`�2+t�> t2, @ et2^5�2t�+4� t�,� t2` >

zkhuh wkh sdudphwhuv �� phdvxuh wkh lqwhqvlw| ri wkh frvw h{whuqdolw|/ iurp zklfk lw lv hdv| wr vhh wkdwwkh uhdfwlrq ixqfwlrqv lq wkh xvxdo vhqvh duh jlyhq e|
U�+t�, @ ��t� +4� t�, l> m @ 4> 5 l 9@ m> +59,

zkhuh wkh txdqwlwlhv +t�> t2, kdyh wr eh fkrvhq lq wkh vwudwhj| vsdfh ^3> 4`2 dqg �� 5 ^3> 7`1 Li erwksod|huv* plvvshfl�fdwlrq ri ghpdqg lv jlyhq e| hG�+s, @ %�G+s,/ wkhq wkh g|qdplfv ri rxu pdunhw jdphlv jlyhq e| +t�+w. 4,> t2+w. 4,, @ hW +t�+w,> t2+w,,/ zkhuh wkh pds �W lv gh�qhg e|
hW =

;AA?AA=
t� +w. 4, @ �� k%�t2 +w, +4� t2 +w,, . +%� � 4,t� +w,�4� 0�3�0� t� +w,� 5t2 +w,�l >
t2 +w. 4, @ �2 k%2t� +w, +4� t� +w,, . +%2 � 4,t2 +w,�4� 023�02 t2 +w,� 5t� +w,�l = +5:,

Revhuyh wkdw li erwk �upv nqrz wkh wuxh ghpdqg ixqfwlrq vr wkdw/ %� @ %2 @ 4/ wkhq +5:, uhgxfhvwr wkh Frxuqrw ehvw uhso| g|qdplfv jlyhq e|
W = ;?= t�+w. 4, @ ��t2+w, +4� t2+w,, >

t2+w. 4, @ �2t�+w,+4� t�+w,,= +5;,
Wklv xvhixo ehqfkpdun fdvh kdv douhdg| ehhq vwxglhg e| Nrsho +4<<9, dqg Elvfkl hw do1 +5333,1
��� ��*|�T*i t|i@_) t|@|it �?_�Ui_ M) _i4@?_ 4�ttTiU��U@|�L?Wkh �{hg srlqwv ri wkh pds +5:, duh wkh uhdo vroxwlrqv ri wkh dojheudlf v|vwhp hW +t�> t2, @ +t�> t2,/ l1h1

��+%� � 4,2t2� . 5��%� +%� � 4, t�t2 . ��%2�t22 . %� +4� �� +%� � 4,, t� � ��%2�t2 @ 3>
dqg

�2+%2 � 4,2t22 . 5�2%2 +%2 � 4, t�t2 . �2%22t2� . %2 +4� �2 +%2 � 4,, t2 � �2%22t� @ 3= +5<,
Wkhvh htxdwlrqv uhsuhvhqw wzr sduderodv lq wkh +t�> t2,0sodqh / vd| S� dqg S2/ zkrvh v|pphwu|olqhv duh jlyhq e| wkh htxdwlrqv

t2 @ 4� %�%� t� � 45 +%� � 4, +4� ��+%� � 4,,� ��%2��� �+%� � 4,2 . %2�� >
;



dqg
t� @ 4� %2%2 t2 � 45 +%2 � 4, +4� �2+%2 � 4,,� �2%22�2 �+%2 � 4,2 . %22� >

uhvshfwlyho|1 Erwk sduderodv sdvv wkurxjk wkh ruljlq +3> 3,/ wkh sduderod S� dovr lqwhuvhfwv wkh yhuwlfdod{lv lq wkh srlqw +3> 4, dqg wkh sduderod S2 lqwhuvhfwv wkh krul}rqwdo d{lv lq wkh srlqw +4> 3,1 Vr/ehvlghv wkh wulyldo �{hg srlqw Hf @ +3> 3,/ zh pd| kdyh rqh ru wkuhh srvlwlyh vwhdg| vwdwhv/ orfdwhg dwwkh lqwhuvhfwlrqv ri wkh wzr sduderodv dqg rewdlqhg dv wkh uhdo vroxwlrqv ri d fxelf htxdwlrq1Li %� @ 4/ wkhq wkh sduderod S� dvvxphv wkh vlpsohu h{suhvvlrq t� @ ��t2 +4� t2,/ kdv krul}rqwdov|pphwu| d{lv t2 @ 4@5/ dqg frlqflghv zlwk wkh uhdfwlrq fxuyh U�1 Dqdorjrxvo|/ li %2 @ 4/ wkhqwkh sduderod S2 dvvxphv wkh vlpsohu h{suhvvlrq t2 @ �2t� +4� t�,/ kdv wkh yhuwlfdo v|pphwu| d{lvt� @ 4@5/ dqg frlqflghv zlwk wkh uhdfwlrq fxuyh U2 +�j1 4d,1 Wkh lqwhuvhfwlrq srlqw +ghqrwhg dvQH lq �j1 4d, uhsuhvhqwv wkh Qdvk htxloleulxp ri wkh jdph1 Dv wkh sdudphwhuv �� dqg2ru �2 duhlqfuhdvhg lq wkh _wuxh% jdph/ wzr ixuwkhu srvlwlyh +Qdvk0,htxloleuld pd| dsshdu/ zklfk fdq eh hdvlo|rewdlqhg dv wkh vroxwlrqv ri d fxelf htxdwlrq1 Dffruglqjo|/ dq htxloleulxp vhohfwlrq sureohp dulvhvlq wkh ruljlqdo jdph dqg wkh edvlqv ri wkhvh htxloleuld fdq eh xvhg wr vwxg| wkh joredo surshuwlhv+vhh Elvfkl dqg Nrsho/ 5334,1 Rq wkh rwkhu kdqg/ li %� 9@ 4 wkhq wkh sduderodv S� dqg S2 qr orqjhufrlqflgh zlwk wkh uhdfwlrq fxuyhv U� dqg U2 dqg lqwhuvhfwlrq srlqwv gr qr orqjhu fruuhvsrqg wr Qdvkhtxloleuld ri wkh _wuxh% jdph/ exw wr vxemhfwlyh htxloleuld ri wkh _shufhlyhg% jdph1 Vhwwlqj %� 9@ 4 kdvwkh h�hfw ri fkdqjlqj wkh vorsh ri wkh v|pphwu| d{lv ri wkh fruuhvsrqglqj sduderod S�/ zklfk dovrehfrph pruh +ohvv, shdnhg dv %� lqfuhdvhv +ghfuhdvhv,1 Wklv pd| fdxvh d kljkhu ru orzhu qxpehu ri�{hg srlqwv wkdq Qdvk htxloleuld ri wkh wuxh jdph1 Ixuwkhupruh/ vrph ri wkhvh �{hg srlqwv pljkw ehorfdwhg _idu dzd|% iurp wkh Qdvk htxloleulxp lq wkh vwudwhj| vsdfh1 Wkh txdolwdwlyh uhsuhvhqwdwlrqlq �j1 4 fdswxuhv wkh edvlf phfkdqlvp iru wkh hphujhqfh ri vhyhudo vxemhfwlyh htxloleuld zkhq rqhru erwk huuru sdudphwhuv %� duh ydulhg1 Li %� @ %2 @ 4 wkhuh lv d xqltxh Qdvk htxloleulxp jlyhq e|wkh lqwhuvhfwlrq srlqw ri wkh uhdfwlrq fxuyhv1 Ilj1 4e looxvwudwhv wkh srvvleoh fkdqjh lq wkh qxpehudqg orfdwlrq ri htxloleuld lq wkh vxemhfwlyh jdph +%� 9@ 4> %2 9@ 4,1 Lq wkh vlwxdwlrq ghslfwhg khuhwkhuh h{lvw 6 lqwhuvhfwlrqv ri wkh wzr sduderodv S� dqg S2 lq wkh lqwhulru ri wkh xqlw vtxduh dqg/dffruglqjo|/ 6 srwhqwldo orqj uxq rxwfrphv ri wkh jdph +ghshqglqj rq wkh vwdelolw| surshuwlhv,1 Li/ iruh{dpsoh/ lw wxuqv rxw wkdw H7 dqg H� duh orfdoo| dv|pswrwlfdoo| vwdeoh +fi1 �j1 9e,/ wkhq dgmxvwphqwdqg _ohduqlqj% pljkw jxlgh wkh sod|huv wr wkh vxemhfwlyh htxloleulxp H7 dqg/ wkhuhiruh/ forvh wr wkhQdvk htxloleulxp ri wkh wuxh jdph1 Krzhyhu/ sod|huv pljkw lq wkh orqj uxq dovr hqg xs lq d vlwxdwlrquhsuhvhqwhg e| H� dqg/ khqfh/ idu dzd| iurp wkh Qdvk htxloleulxp ri wkh ruljlqdo jdph�1 Lq rughuwr pdnh wklv lqirupdo vwdwhphqw pruh suhflvh/ zh zloo frpsduh wkh zhoiduh surshuwlhv ri wkh +xqltxhdqg orfdoo| vwdeoh, Qdvk htxloleulxp dqg wkh orfdoo| vwdeoh vxemhfwlyh htxloleuld lq zkdw iroorzv1 Wkhh{suhvvlrqv iru wkh sur�wv ��+t�> t2, ri wkh sod|huv duh jlyhq dw wkh ehjlqqlqj ri wklv vhfwlrq1 Wkhfrqvxphu vxusoxv lq wkh fdvh ri d olqhdu lqyhuvh ghpdqg fxuyh fdq eh fdofxodwhg e| wkh h{suhvvlrqFV+t�> t2, @ e+t�. t2,21 Wkh zhoiduh lq d fruuhvsrqglqj sdlu ri txdqwlwlhv lv wkhq jlyhq e| wkh vxp riwkhvh h{suhvvlrqv Z +t�> t2, @ ��+t�> t2, . �2+t�> t2, . FV+t�> t2,1 Qrwh wkdw wkh ghpdqg sdudphwhue dsshduv lq doo wkuhh h{suhvvlrqv dv d vfdolqj idfwru1 Lq wkh vxevhtxhqw frpsdulvrq zh zloo qhjohfw lwdv zh duh rqo| lqwhuhvwhg lq wkh udqnlqj ri htxloleuld1
��*|�L�}� �i L?*) �**�t|h@|i |��t T�i?L4i?L? uLh |�i U@ti Lu ^�@_h@|�U hi@U|�L? u�?U|�L?tc �i 4@) tTiU�*@|i |�@| t�U�t�|�@|�L?t @hi ^��|i UL44L? ��i? _�LTL*) }@4it ��|� �?�4L_@* hi@U|�L? u�?U|�L?t @?_ 4�ttTiU��i_ _i4@?_ u�?U|�L?tLu |�i uLh4 h(�ER� ' 0�(ER� @hi UL?t�_ihi_�
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D uljrurxv dqdo|vlv ri wkh surshuwlhv ri +57, ~ hyhq zlwk txdgudwlf uhdfwlrq ixqfwlrqv ~ lv d fkdo0ohqjlqj wdvn1 Wkhuhiruh/ zh vwduw +lq Vhfwlrq 615, zlwk wkh fdvh ri lghqwlfdo sod|huv/ �� @ �2 dqg%� @ %2/ l1h1 sod|huv duh krprjhqhrxv zlwk uhvshfw wr wkhlu uhdfwlrq ixqfwlrqv dqg wkhlu dffxudf| riwkh vxemhfwlyh eholhiv1 Vxevhtxhqwo|/ rq wkh edvlv ri wkh dqdo|wlf uhvxowv rewdlqhg iru wkh v|pphwulfprgho/ zh pryh wr wkh fdvh ri khwhurjhqhrxv sod|huv +lq Vhfwlrq 616,1 Wkh khwhurjhqhlw| pd| dulvhhlwkhu zlwk uhvshfw wr wkhlu uhdfwlrq ixqfwlrqv/ l1h1 �� 9@ �2/ ru wkhlu ghpdqg plvvshfl�fdwlrq/ l1h1%� 9@ %21 Rq wkh edvlv ri qxphulfdo vlpxodwlrqv zh zloo lqyhvwljdwh orfdo dqg joredo elixufdwlrqv wkdwghwhuplqh wkh qxpehu dqg wkh nlqg ri srvvleoh orqj uxq rxwfrphv dv zhoo dv wkh vwuxfwxuh ri wkhluedvlqv ri dwwudfwlrq1 D zhoiduh frpsdulvrq zloo frpsohphqw wklv dqdo|vlv1
LQVHUW ILJ1 4

��2 A�i U@ti Lu �L4L}i?iL�t T*@)ihtLq wklv vhfwlrq zh frqvlghu wkh fdvh ri krprjhqhrxv sod|huv/ fkdudfwhul}hg e| lghqwlfdo sdudphwhuv�� @ �2 @ �> %� @ %2 @ % 1 +63,Lq vxevhfwlrq 61514 zh dqdo|}h wkh pds wkdw rffxuv lq wklv fdvh dqg wkh vwhdg| vwdwhv wr zklfk lw fdqjlyh ulvh1 Lq vxevhfwlrq 61515 zh fduu| rxw d vwdelolw| dqdo|vlv/ uhihuulqj wr uhvxowv iru wkh vwdqgdugorjlvwlf pds1
61514 Wkh Pds dqg lwv Vwhdg| VwdwhvXqghu wkh dvvxpswlrq +63, wkh pds +5:, dvvxphv wkh v|pphwulf irup

hWr = ;?= t� +w. 4, @ � �%t2 +w, +4� t2 +w,, . +%� 4,t� +w, �4� 03�0 t� +w,� 5t2 +w,�� >
t2 +w. 4, @ � �%t� +w, +4� t� +w,, . +%� 4,t2 +w, �4� 03�0 t2 +w,� 5t� +w,�� > +64,

zkhuh cv|pphwu|* uhihuv wr wkh idfw wkdw wkh pds uhpdlqv wkh vdph li wkh yduldeohv t� dqg t2 duhvzdsshg1 Pruh irupdoo|/ hWr � V @ V � hWr / zkhuh V = +t�> t2, $ +t2> t�, lv wkh uh�hfwlrq wkurxjkwkh gldjrqdo � @ i+t> t, > t 5 Uj1 Wklv v|pphwu| surshuw| lpsolhv wkdw wkh gldjrqdo � lv d wudsslqjvxevsdfh iru wkh pds hWr/ l1h1 hWr+�, � �1 Lq rwkhu zrugv/ lq d ghwhuplqlvwlf iudphzrun/ lghqwlfdosod|huv zkr fkrrvh wkh vdph lqlwldo txdqwlwlhv t�+3, @ t2+3,/ ehkdyh lghqwlfdoo| ryhu wlph/ l1h1 t�+w, @t2+w, iru hdfk w � 31 Wkhvh wudmhfwrulhv dorqj � duh jryhuqhg e| d rqh0glphqvlrqdo pds zklfk lvrewdlqhg e| uhvwulfwlqj hWr wr �/ hWrm{ = � $ �/ zkhuh wkh pds hWrm{ uhvxowv iurp vhwwlqj t� @ t2 @ tlq +64, dqg lv wkxv jlyhq e|
t +w. 4, @ �+5%� 4,t+w,� �% +5%� 4,2t+w,2= +65,

Wklv pds pd| eh lqwhusuhwhg dv d rqh0glphqvlrqdo prgho ri d _uhsuhvhqwdwlyh �up%21 Lw lv frqmxjdwhwr wkh vwdqgdug orjlvwlf pds }+w. 4, @ d}+w,+4� }+w,,/ zlwk
2A��t TL�?| Lu ��i� �t ThLTLti_ �? ��tU�� i| @*� E�bbb� @?_ kLTi* i| @*� E2fff��
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d @ � +5%� 4, > +66,
e| wkh olqhdu wudqvirupdwlrq t @ 0203�}1 Xvlqj zhoo0nqrzq g|qdplf surshuwlhv ri wkh orjlvwlf pds zhzloo vwxg| wkh surshuwlhv ri wkh wzr0glphqvlrqdo pds hWr1Xqghu dvvxpswlrq +63, wkh frpsxwdwlrq ri wkh �{hg srlqwv/ l1h1 uhdo dqg srvlwlyh vroxwlrqv ri +65,/ehfrphv vwudljkwiruzdug1 Lq idfw/ dsduw iurp wkh wulyldo vroxwlrq Hf @ +3> 3,/ wkhuh lv dqrwkhu vroxwlrqjlyhq e|

H7 @ +t7 > t7, 5 �> t7 @ %5%� 4 �4� 4� +5%� 4,� > +67,
zklfk uhsuhvhqwv d srvlwlyh +v|pphwulf, vwhdg| vwdwh surylghg wkdw +5%� 4,� A 41 Wzr ixuwkhuvroxwlrqv h{lvw li � +�> %, @ +5%� 4, +�.4, +� +5%� 4,� +5%. 4,, � 31 Wkh| duh orfdwhg lq v|pphwulfsrvlwlrqv zlwk uhvshfw wr wkh gldjrqdo � dqg duh jlyhq e|

H� @ +t�> t2, dqg H2 @ +t2> t�, > +68,zlwk
t� @ %�. 4 .s�5� +5%� 4, dqg t2 @ %�. 4�s�5� +5%� 4, = +69,

Zh zloo uhvwulfw rxu dqdo|vlv wr vlwxdwlrqv zkhuh % A 3=8 krogv/ vlqfh 3 ? % ? 3=8 zrxog uhsuhvhqw dqxquhdvrqdeo| vwurqj xqghuhvwlpdwlrq ri wkh ghpdqg1 Khqfh/ wkh frqglwlrq iru wkh h{lvwhqfh ri wkhwzr ixuwkhu vwhdg| vwdwhv H� dqg H2 fdq eh zulwwhq dv
� � �� � 5%. 45%� 4 > +6:,

ru htxlydohqwo|
% � %� � �. 45+�� 4, = +6;,

zkhuh �� +ru %� , sod|v wkh uroh ri d fulwlfdo elixufdwlrq ydoxh1 Dffruglqjo|/ zh fdq vwdwh wkdw/ iru djlyhq � A 4/ wzr vwhdg| vwdwhv +forvh wr H7 lq wkh krprjhqhrxv fdvh wkdw zh duh frqvlghulqj khuh,fdq eh fuhdwhg/ dv wkh _plvvshfl�fdwlrq% sdudphwhu % lv lqfuhdvhg dfurvv wkh elixufdwlrq ydoxh %� 1
61515 Vwdelolw| Dqdo|vlvLq wklv vxevhfwlrq zh vwxg| wkh vwdelolw| surshuwlhv +lq wkh �� � sdudphwhu vsdfh, ri wkh �{hg srlqwvH7 / H� dqg H2 ri wkh pds �Wr1 Uhfdoo wkdw wkh pds +65, lv wrsrorjlfdoo| frqmxjdwh wr wkh vwdqgdugorjlvwlf pds }+w.4, @ d}+w,+4� }+w,,/ zkhuh zh nqrz wkdw wkh �{hg srlqw ehfrphv xqvwdeoh dw d @ 6dqg d vwdeoh wzr0f|foh hphujhv1 Iru kljkhu ydoxhv ri d vwdeoh f|fohv ri hyhq kljkhu shulrg fdq eh
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revhuyhg1 Wkhuhiruh/ iurp +65, wrjhwkhu zlwk +66,/ zh fdq ghgxfh wkdw lqfuhdvlqj wkh sdudphwhuv %dqg2ru � pd| ohdg wr wkh fuhdwlrq ri shulrglf f|fohv dorqj wkh gldjrqdo �1 Lq idfw/ wkh shulrg grxeolqjelixufdwlrq ri H7 / dw zklfk d f|foh ri shulrg 5 lv fuhdwhg dorqj �/ rffxuv dw
� @ �8 � 65%� 4 ru htxlydohqwo|/ % @ %8 � �. 65� 1 +6<,

Wkh dqdo|vlv ri wkh hljhqydoxhv ri wkh Mdfreldq pdwul{ ri wkh v|pphwulf wzr0glphqvlrqdo pds �Wr/rxwolqhg lq Dsshqgl{ D/ doorzv xv wr jlyh d frpsohwh ghvfulswlrq ri wkh vwdelolw| uhjlrqv ri wkh htxloleuldlq wkh sdudphwhu vsdfh/ l1h1 zh fdq rewdlq wkh dqdo|wlf h{suhvvlrqv ri wkh fxuyhv wkdw frqvwlwxwh wkherxqgdulhv ri vxfk uhjlrqv1 Wkh uhvxowv ri rxu vwdelolw| dqdo|vlv duh vxppdul}hg lq �j1 5/ zkhuh wkhvwdelolw| grpdlq ri H7 lq wkh vsdfh ri wkh sdudphwhuv % dqg � lv uhsuhvhqwhg e| wkh vkdghg uhjlrq lq�j1 5d/ dqg wkh vwdelolw| grpdlq ri wkh vwhdg| vwdwhv H� dqg H2 lv uhsuhvhqwhg e| wkh vkdghg uhjlrq lq�j1 5e1 Qrwlfh �uvw wkdw li sod|huv zrxog nqrz wkh wuxh ghpdqg ixqfwlrq +% @ 4,/ wkhq iru 4 ? � ? 6wkhuh lv d xqltxh/ joredoo| vwdeoh Qdvk htxloleulxp ri wkh jdph/ qdpho| QH @ +4�4@�> 4�4@�, zklfklq wklv fdvh frlqflghv zlwk H7 1 Rq wkh rwkhu kdqg/ li sod|huv ryhuhvwlpdwh wkh ghpdqg +%8 ? % ? %� ,/wkhq f|folf +vhh dovr O�hrqdug dqg Qlvklpxud 4<<<, ru hyhq pruh frpsoh{ ehkdylru dorqj wkh gldjrqdozrxog eh revhuyhg�1 Qrwlfh wkdw li 4 ? � ? 6/ wkhq %8 ? %� / vr wkh wzr vwhdg| vwdwhv H�/ l @ 4> 5/duh xqvwdeoh +vdggoh srlqwv, zkhq wkh| duh fuhdwhg dw % @ %� 1 Wkh wzr fxuyhv % @ %M dqg % @ %8.�/uhsuhvhqwhg lq �j1 5e wrjhwkhu zlwk wkh fxuyh % @ %� / erxqg d uhjlrq lq wkh ��� sdudphwhu vsdfh zkhuhwkh vwhdg| vwdwhv H� dqg H2 duh orfdoo| vwdeoh +wkhvh fxuyhv iroorz iurp wkh vwdelolw| frqglwlrqv jlyhqlq wkh Dsshqgl{ D, dqg frh{lvw zlwk wkh pruh frpsoh{ dwwudfwru dorqj wkh gldjrqdo1 Vr/ vxppdul}lqjwkh uhvxowv ri rxu vwdelolw| dqdo|vlv/ zh fdq vd| wkh iroorzlqj= wkhuh duh vlwxdwlrqv zkhuh d xqltxh dqgjoredoo| vwdeoh Qdvk htxloleulxp h{lvwv lq wkh wuxh jdph1 Krzhyhu/ djhqwv sod|lqj d vxemhfwlyh jdphlq zklfk wkh| ryhuhvwlpdwh wkh wuxh ghpdqg/ hlwkhu dgmxvw wkhlu dfwlrqv wrzdugv H� ru H2 ru nhhs rqfkdqjlqj dfwlrqv dqg eholhiv iurp shulrg wr shulrg1
LQVHUW ILJ1 5

Zklfk ri wkh orqj uxq rxwfrphv zloo eh revhuyhg reylrxvo| ghshqgv rq wkh lqlwldo fkrlfhv1 Lq�j1 6 zh vkrz wkh edvlqv ri dwwudfwlrq ri wkh wzr vwdeoh vxemhfwlyh htxloleuld H� dqg H2/ dqg dfrh{lvwlqj wzr0f|foh/ rewdlqhg iru � @ 5=< dqg % @ 4=3; +wkh wzr vwhdg| vwdwhv duh orfdoo| vwdeoh irudq ryhuhvwlpdwlrq ri ghpdqg ehwzhhq 619( dqg 4;19(,1 Zh vwuhvv wkdw iru � @ 5=< dqg % @ 4/ l1h1lq wkh fdvh ri sod|huv zkr nqrz wkh wuxh ghpdqg ixqfwlrq/ d xqltxh +Qdvk, htxloleulxp h{lvwv +lw lvuhsuhvhqwhg e| d vpdoo furvv lq �j1 6, zklfk lv joredoo| vwdeoh/ l1h1 hyhu| lqlwldo frqglwlrq wdnhq lq wkhlqwhulru ri wkh vwudwhj| vsdfh frqyhujhv wr lw1 Vr/ wkh vwhdg| vwdwhv H� dqg H2 kdyh ehhq fuhdwhg dvd frqvhtxhqfh ri ghpdqg ryhuhvwlpdwlrq1 Pruhryhu/ lw fdq eh qrwlfhg wkdw wkh vwhdg| vwdwh H7 / forvhwr wkh Qdvk htxloleulxp QH/ lv xqvwdeoh1
�Wu 0� ' 02c |�i? |�i t|@M*i U)U*i Mi*L?}t |L |�i �?�@h�@?| _�@}L?@* {� A�i *L?}�h�? _)?@4�Ut @*L?} { �t U�@h@U|ih�3i_M) |�i Tih�L_�_L�M*�?} hL�|i |L U�@Lt @t 0� @?_ 02 @hi �?Uhi@ti_� 6Lh i @4T*ic ��|� >� ' >2 ' 2�b @?_ 0� ' 02 ' ���c|�i t|@M*i U)U*i �2 �t hiT*@Ui_ M) @ t|@M*i U)U*i Lu Tih�L_ ec @?_ @ u�h|�ih �?Uhi@ti *i@_t |L @ U�@L|�U @||h@U|Lh @*L?}{� Wu T*@)iht @hi �i|ihL}i?iL�t ��|� t*�}�|*) _�gihi?| �@*�it Lu 0�c |�i U�@L|�U @||h@U|Lh Tiht�t|t i�i? �u �| �t ?L *L?}ih|h@TTi_ �?t�_i |�i _�@}L?@*( �| MiUL4it @ |�L�_�4i?t�L?@* U�@L|�U @hi@�
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Wkh sur�wv ri wkh wzr �upv lq wkh vwhdg| vwdwh H� @ +3=:;> 3=7:5, duh �� @ 3=84< dqg �2 @ 3=57:1Khqfh/ �up 4 kdv d kljkhu pdunhw vkduh dqg hduqv d kljkhu sur�w1 Wkh frqvxphu vxusoxv lv FV @ 3=:;7dqg zhoiduh lv Z @ 4=87<1 Lq wkh v|pphwulf Qdvk htxloleulxp QH @ +3=988> 3=988, wkh sur�wv duh�� @ �2 @ 3=75</ frqvxphu vxusoxv lv FV @ 3=;8; dqg zhoiduh lv/ wkhuhiruh/ Z @ 4=:4:1 Reylrxvo|/zhoiduh dqg lqgxvwu| rxwsxw lv kljkhu lq wkh ixoo0lqirupdwlrq Qdvk htxloleulxp1 Krzhyhu/ qrwh wkdwwkh sur�w ri �up 4 lv kljkhu wkdq wkh sur�w lw zrxog hduq lq wkh Qdvk htxloleulxp dqg wklv �up/dowkrxjk xqzlwwlqjo|/ kdv dq dgydqwdjh iurp qrw kdylqj shuihfw lqirupdwlrq derxw wkh wuxh ghpdqg1Wkh vlwxdwlrq lq H2 lv wkh vdph/ dowkrxjk zlwk wkh urohv ri �upv 4 dqg 5 lqwhufkdqjhg1
LQVHUW ILJ1 6

��� Oi|ihL}i?iL�t T*@)ihtG ?�4ih�U@* �?�it|�}@|�L? Lu }*LM@* _)?@4�Ut @?_ M�u�h�U@|�L?tLq wklv vhfwlrq wkh dvvxpswlrq ri krprjhqhrxv sod|huv zloo eh uhod{hg1 Zh frqvlghu vlwxdwlrqv zkhuhwkh sod|huv gl�hu zlwk uhvshfw wr wkhlu uhdfwlrq ixqfwlrqv +�� 9@ �2, dqg2ru wkh vfdoh ri ghpdqgplvvshfl�fdwlrq +%� 9@ %2,1 Lq wkh suhvhqfh ri vxfk khwhurjhqhlwlhv wkh v|pphwu| surshuwlhv ri wkhpds +5:,/ zklfk doorzhg xv wr rewdlq lq 615 vrph dqdo|wlfdo uhvxowv rq wkh h{lvwhqfh/ vwdelolw| dqgorfdo elixufdwlrqv ri vwhdg| vwdwhv/ qr orqjhu krog1 Lq wkh pruh jhqhudo khwhurjhqhrxv fdvh hyhq dqdqdo|wlf frpsxwdwlrq ri wkh �{hg srlqwv lv qrw dq hdv| wdvn1 Krzhyhu/ lw wxuqv rxw wkdw pdq| ri wkhuhvxowv ghvfulehg lq vhfwlrq 615 frqwlqxh wr krog +pxwdwlv pxwdqglv, lq wkh suhvhqfh ri khwhurjhqhlwlhv/lq sduwlfxodu/ wkdw vlwxdwlrqv ri pxowlvwdelolw| dulvh dv d frqvhtxhqfh ri yduldwlrqv ri wkh _dffxudf|sdudphwhuv% %�1 Vr/ lq wklv vxevhfwlrq zh hpsor| d qxphulfdo dssurdfk wkdw lv jxlghg e| wkh suhylrxvuhvxowv dqg vrph joredo jhrphwulf surshuwlhv ri wkh pds +5:,1 Zkhq vhyhudo frh{lvwlqj dwwudfwruv duhsuhvhqw/ wkh erxqgdulhv wkdw vhsdudwh wkhlu edvlqv ri dwwudfwlrq zloo eh vwxglhg qxphulfdoo| wr jdlqvrph lqvljkwv lqwr wkhlu frpsoh{ wrsrorjlfdo vwuxfwxuh1
61614 Khwhurjhqhlw| dqg Gl�huhqfhv lq RxwfrphDv d vwduwlqj srlqw/ ohw xv frqvlghu d vlwxdwlrq zlwk krprjhqrxv sod|huv/ zkr nqrz wkh wuxh ghpdqgixqfwlrq= �� @ �2 @ 5=< dqg %� @ %2 @ 41 Wkh xqltxh Qdvk0htxloleulxp/ QH @ +4� 4@�> 4� 4@�, *+3=988> 3=988,/ lv joredoo| dv|pswrwlfdoo| vwdeoh/ l1h1 dq| lqlwldo frqglwlrq fkrvhq lq wkh vwudwhj| vsdfhV @ i^3> 4`� ^3> 4`j jhqhudwhv d wudmhfwru| wkdw frqyhujhv wr QHe1Zh zloo �uvw frqvlghu wkh g|qdplfv li wkh v|pphwu| lv eurnhq e| d voljkw plvvshfl�fdwlrq ri wkhghpdqg rqo| e| sod|hu 5 dqg frpsduh lw zlwk wkh fdvh ri krprjhqhrxv sod|huv1 Zh zloo frqwlqxh wrghqrwh wkh �{hg srlqwv ri +5:, dv H7 / H� dqg H2/ dowkrxjk wkh uhdghu vkrxog eh dzduh wkdw wkhlu dfwxdofrruglqdwhv qrz gl�hu iurp wkrvh jlyhq lq +67, dqg +69,1 Ri frxuvh/ dv ehiruh wkh �{hg srlqwv gr qrwfrlqflgh zlwk QH1 Iru %2 @ 4=38 zh revhuyh wkdw H7 orvhv lwv vwdelolw| yld d �ls elixufdwlrq +dw zklfklw ehfrphv d vdggoh srlqw,/ dqg d vwdeoh f|foh ri shulrg 5 lv wkh xqltxh dwwudfwru1 Li wkh sdudphwhu%2 lv ixuwkhu lqfuhdvhg/ d slwfkirun elixufdwlrq ri H7 rffxuv dw %2 * 4=385/ dw zklfk wzr vdggoh �{hgsrlqwv duh fuhdwhg1 Dw wklv vwdjh wkh vwdeoh f|foh ri shulrg 5 lv vwloo wkh xqltxh dwwudfwru1 Krzhyhu/

eW?_ii_c �u >� M dfc eoc � ' �c 2c @?_ 0� ' �c � ' �c 2c |�i? |�i hi}�L? 4 �t |h@TT�?}c ��i� @?) |h@�iU|Lh) t|@h|�?} �?t�_i 4�t i?|�hi*) �?U*�_i_ �?t�_i 4c @t hA E^�c ^2� ' E>�^2 E�3 ^2� c >2^� E�3 ^��� M d>�*ec >2*eo \ 4 uLh i@U� E^�c ^2� M 4�
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li %2 lv lqfuhdvhg ixuwkhu/ wkh vwhdg| vwdwh H2 +zklfk lv fkdudfwhul}hg e| d kljkhu txdqwlw| iru sod|hu5, ehfrphv vwdeoh yld d vxefulwlfdo �ls elixufdwlrq1 Iru lqvwdqfh/ li %2 @ 4=3; +sod|hu 5 ryhuhvwlpdwhvghpdqg e| ;(,/ dqg %� @ 4 +sod|hu 4 nqrzv wkh wuxh ghpdqg ixqfwlrq,/ wkhq iru d vhw ri lqlwldotxdqwlwlhv sod|hu 5/ dowkrxjk xqzlwwlqjo|/ dfklhyhv pdunhw grplqdqfh1 Wklv vlwxdwlrq lv ghslfwhg lq�j1 6d/ zkhuh wkh oljkw juh| uhjlrqv uhsuhvhqw wkh edvlq ri dwwudfwlrq ri wkh vwhdg| vwdwh H2/ ghqrwhgE +H2,1 Wkh zklwh uhjlrq uhsuhvhqwv wkh edvlq ri dwwudfwlrq ri wkh vwdeoh f|foh ri shulrg 5/ ghqrwhgE +F2,/ zkhuh wkh 50f|foh F2 * ++3=835> 3=875,> +3=:53> 3=:::,, lv uhsuhvhqwhg e| wzr eodfn grwv lq wkh�jxuh1 Wkh vwudwhj| vsdfh V lv qr orqjhu wudsslqj1 Wkhuh h{lvwv d vpdoo uhjlrq lqvlgh V/ wkh eodfnuhjlrq lq �j1 6/ zkrvh srlqwv jhqhudwh glyhujlqj dqg qhjdwlyh wudmhfwrulhv1 Dv wkhvh wudmhfwrulhv ohdyhwkh vwudwhj| vsdfh/ zh zloo vd| wkdw wkhvh srlqwv ehorqj wr wkh edvlq ri lq�qlw|/ E +4,1 Lq wkh �jxuhvQH ghqrwhv wkh Qdvk htxloleulxp ri wkh _wuxh% jdph1 D frpsdulvrq zlwk wkh fdvh ri krprjhqhrxvsod|huv +zkhuh erwk sod|huv ryhuhvwlpdwh wkh wuxh ghpdqg e| wkh vdph idfwru, vxusulvlqjo| vkrzv wkdwwkh dv|pphwu| lq wkh dffxudflhv ri wkh nqrzohgjh ri sod|huv dfwxdoo| kxuwv wkh sod|hu zkr nqrzv wkhwuxh ghpdqg ixqfwlrq1 Wkh sur�wv ri wkh �upv lq H2 duh �� @ 3=5:; dqg �2 @ 3=854 uhvshfwlyho|1Uhfdoolqj wkdw lq wkh Qdvk htxloleulxp QH wkh sur�wv duh �� @ �2 @ 3=75</ reylrxvo| �up 4 qrw rqo|jhwv d kljkhu pdunhw vkduh exw dovr hduqv d kljkhu sur�w wkdq sod|hu 41 Rq wkh rwkhu kdqg/ dv lq wkhkrprjhqhrxv fdvh ryhudoo zhoiduh lq H2 lv Z @ 4=95< dqg khqfh orzhu wkdq lq wkh ixoo lqirupdwlrqQdvk htxloleulxp1
LQVHUW ILJ1 6

61615 Wrsrorjlfdo Vwuxfwxuh ri Edvlqv ri DwwudfwlrqWkh wrsrorjlfdo vwuxfwxuh ri wkh edvlqv lv dovr vhqvlwlyh wr wkh sdudphwhuv %� dqg �� dqg qhhgv wr ehvwxglhg li wkh g|qdplfv ri wkh pds duh wr eh ixoo| xqghuvwrrg1 Lq sduwlfxodu frqvlghu wkh vwuxfwxuhri E +H2, lq �jxuh 7d/ rewdlqhg zlwk sdudphwhuv �� @ �2 @ 5=</ %� @ 4 dqg %2 @ 4=3;/ zklfk frqvlvwvri vhyhudo qrq frqqhfwhg sruwlrqv qhvwhg lqvlgh E +F,/ wkh edvlq ri wkh wzr0f|foh F @ +f�> f2,1 Wklvnlqg ri edvlq vwuxfwxuh lv vshfl�f wr qrqlqyhuwleoh pdsv/ zklfk duh wudqvirupdwlrqv pdsslqj glvwlqfwsrlqwv lqwr wkh vdph srlqw +vhh wkh Dsshqgl{ E iru pruh ghwdlov/ vhh dovr Plud hw do1/ 4<<9d/ Deudkdphw do1/ 4<<:,D1Li %2 lv ixuwkhu lqfuhdvhg/ wkh edvlq vwuxfwxuh ehfrphv hyhq pruh frpsoh{1 Wkh vwhdg| vwdwh H�ehfrphv dovr vwdeoh +yld wkh vxefulwlfdo �ls elixufdwlrq,/ dqg wkh vlwxdwlrq looxvwudwhg lq �j1 7e iru%2 @ 4=4 lv rewdlqhg1 Wkh gdun0juh| uhjlrq uhsuhvhqwv wkh edvlq E +H�, ri wkh vxemhfwlyh htxloleulxpH�/ zkhuh �up 4 kdv d kljkhu pdunhw vkduh1 Qrz/ vlplodu wr wkh krprjhqhrxv fdvh zh revhuyh wkuhh
DA�i M@t�U 4iU�@?�t4 *i@_�?} |L |�i Uhi@|�L? Lu ?L?�UL??iU|i_ M@t�?tc *�!i � E.2� �? �}� �@c �t @ UL?ti^�i?Ui Lu|�i u@U| |�@| |�i �|ih@|i_ 4@T hA �t @ ?L?�?�h|�M*i 4@T Etii |�i �TTi?_� � uLh _i�?�|�L?t @?_ ThLTih|�it UL?Uih?�?}?L?�?�ih|�M*i 4@Tt�� wi| � Mi @? @||h@U|Lh uLh |�i �|ih@|i_ 4@T hA � A��t 4i@?t |�@| @ ?i�}�MLh�LL_ LE�� i �t|t ��LtiTL�?|t UL?�ih}i |L �� �u UL�hti LE�� \ � E��c M�| @*tL |�i TL�?|t Lu |�i T�@ti tT@Ui ���U� @hi 4@TTi_ �?t�_i L @u|ih@ �?�|i ?�4Mih Lu �|ih@|�L?t Mi*L?} |L � E��c tL |�@| |�i |L|@* M@t�? Lu � �t }��i? M) � E�� ' V"?'f hA3?ELE���c ��ihihA3?E%� hiThiti?| |�i ti| Lu |�i h@?!�? Thi�4@}it Lu % E��i� |�i TL�?|t 4@TTi_ �?|L % @u|ih ? hiTi@|i_ @TT*�U@|�L?t LuhA �� Wu hA �t @ ?L?�?�ih|�M*i 4@Tc |�i? |�i |L|@* M@t�? 4@) Mi ?L? UL??iU|i_ MiU@�ti �u LE�� ELh �|t Thi�4@}it� Mi*L?}t|L hi}�L?t ��Lti TL�?|t �@�i ti�ih@* _�t|�?U| Thi�4@}itc |�i @U|�L? Lu |�i _�t|�?U| �?�ihtitc 4@) }��i Thi�4@}it Lu LE�����U� @hi _�t�L�?| uhL4 LE��� #�i |L |�i �?uL*_�?} ThLUitt Lu |�i +�i4@?? uL*�@|�L? Etii |�i �TTi?_� �� �?_ih |�i@U|�L? Lu |�i ti�ih@* _�t|�?U| �?�ihtitc |�Lti Thi�4@}it 4�}�| Mi u@h @�@) uhL4 LE���
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frh{lvwlqj dwwudfwruv= wkh wzr orfdoo| vwdeoh vxemhfwlyh htxloleuld H� dqg H2/ hdfk zlwk lwv rzq qrqfrqqhfwhg edvlq/ dqg d vwdeoh f|foh ri shulrg wzr1 Vxfk d vlwxdwlrq ri d txlwh frpsoh{ wrsrorjlfdovwuxfwxuh ri wkh edvlqv lv w|slfdo li pxowlvwdelolw| +l1h1 frh{lvwhqfh ri vhyhudo dwwudfwruv, rffxuv1 Qrwlfhwkh gl�huhqfh lq wkh wkuhh orqj uxq sdwwhuqv fdxvhg e| wkh ghpdqg plvvshfl�fdwlrq ri rqo| rqh sod|hu1Lq H2 sod|hu 5 kdv d kljkhu pdunhw vkduh dqg wkh sur�wv duh �� @ 3=7;: dqg �2 @ 3=:;:1 Wkhzhoiduh lq H2 lv Z @ 4=89; dqg djdlq vpdoohu wkdq lq wkh Qdvk htxloleulxp1 Lq H� sod|hu 4*v pdunhwvkduh lv odujhu/ dqg �� @ 3=:35 dqg �2 @ 3=8;<1 Dowkrxjk zhoiduh lv djdlq vpdoohu wkdq lq wkh Qdvkhtxloleulxp/ Z @ 4=9<7/ wkh vxp ri wkh sur�wv ri wkh wzr sod|huv lv odujhu wkdq lq QH1 Iru d odujh vhwri lqlwldo txdqwlwlhv +wkh zklwh uhjlrq lq �jxuh 7e, wkh orqj uxq sdwwhuq lv shulrglf dqg wkh wzr sod|huvehkdyh lq d txdvl0v|qfkurql}hg zd|/ dv wkh shulrglf srlqwv duh forvh wr �1 Lw lv dovr zruwk srlqwlqj rxwwkdw wkh vxemhfwlyh htxloleulxp H� lq �j1 7e/ zklfk mxvw dwwdlqv vwdelolw|/ lv qrw urexvw lq wkh iroorzlqjvhqvh= lw lv yhu| forvh wr wkh erxqgdu| ri lwv edvlq dqg qrw urexvw wr h{rjhqrxv shuwxuedwlrqv1 Hyhqli wkh wrwdo edvlq E +H�, kdv d frqvlghudeoh h{whqvlrq lqvlgh V/ wkh wudmhfwrulhv vwduwlqj +ru sdvvlqj,dw srlqwv orfdwhg lq d vpdoo qhljkerukrrg ri H� pd| hvfdsh wkh edvlq h1j1 dv d frqvhtxhqfh ri d yhu|vpdoo h{rjhqrxv qrlvh +wkxv fdxvlqj dq luuhyhuvleoh ghsduwxuh iurp H�,1
LQVHUW ILJ1 7

Lw lv ri lqwhuhvw wr frqvlghu krz wkh orqj uxq ehkdylru lv d�hfwhg li rqh sod|hu ryhuhvwlpdwhv wkhghpdqg/ zkhuhdv wkh rwkhu sod|hu xqghuhvwlpdwhv lw1 Dv dq h{dpsoh frqvlghu �j1 8/ zkhuh dv ehiruh�� @ �2 @ 5=</ exw %� @ 3=< dqg %2 @ 4=41 Lq wklv vlwxdwlrq rqo| rqh vwhdg| vwdwh/ qdpho| H7/h{lvwv dqg doo ihdvleoh +l1h1 qrq glyhujlqj, wudmhfwrulhv frqyhujh wr lw1 Wkhvh revhuydwlrqv vhhp wrvxjjhvw wkdw vrph vwdelol}lqj h�hfw rffxuv li wkh sod|huv* plvvshfl�fdwlrq ri ghpdqg lv lq rssrvlwhgluhfwlrqv +wklv lqvljkw lv dovr frq�uphg e| rwkhu qxphulfdo vlpxodwlrqv,1 Ixuwkhupruh/ H7 lv forvh wrwkh Qdvk htxloleulxp/ wkh lqgxvwu| rxwsxw lv edvlfdoo| wkh vdph +t @ 4=64, dqg zhoiduh lv doprvw dvkljk +Z @ 4=9<4,1
LQVHUW ILJ1 8

��e �L?��_i?|�U@* hi@U|�L? u�?U|�L?tXs wr qrz/ zh kdyh uhvwulfwhg rxu dqdo|vlv wr sod|huv zlwk lghqwlfdo uhdfwlrq ixqfwlrqv +�� @ �2,1 Zhqrz eulh�| ghvfuleh vrph qxphulfdo uhvxowv rewdlqhg zkhq wkh lqwhu�up h{whuqdolw| lv dv|pphwulf/zklfk pljkw eh lqwhusuhwhg dv d gl�huhqfh lq �upv* delolwlhv wr jdlq dq dgydqwdjh iurp dfwlrqv iurpwkh rwkhu �up1 Ilupv* uhdfwlrq ixqfwlrqv kdyh qrz voljkwo| gl�huhqw khljkw dv ydoxhv ri wkh sdudphwhuv�� gl�hu voljkwo|1 Dv lq wkh suhylrxv vhtxhqfh ri qxphulfdo vlpxodwlrqv/ zh vwduw iurp wkh ehqfkpdunfdvh +58,/ l1h1 %� @ %2 @ 4/ zlwk d vhw ri sdudphwhuv dw zklfk QH lv wkh xqltxh/ joredoo| vwdeoh +Qdvk,htxloleulxp1 Wklv lv rewdlqhg/ iru h{dpsoh/ zlwk �� @ 5=;/ �2 @ 5=<1 Li zh qrz lqfuhdvh %�/ �uvw dvwdeoh f|foh ri shulrg 5 dsshduv gxh wr d vdggoh0qrgh elixufdwlrq/ dqg g|qdplf vlwxdwlrqv vlplodu wrwkh rqh vkrzq lq �j1 9d/ rewdlqhg zlwk %� @ 4=45 dqg %2 @ 4/ duh revhuyhg1 Lq wklv fdvh wkh vwudwhj|vsdfh lv frqvwlwxwhg e| wkh edvlqv ri wkh wzr frh{lvwlqj dwwudfwruv= wkh vxemhfwlyh htxloleulxp H7 dqgd wzr0f|foh F @ +f�> f2, +dv zhoo dv d vpdoo sruwlrq ri E +4,,1 Dovr lq wklv fdvh/ dv %� lv ixuwkhu
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lqfuhdvhg/ wzr qhz vwhdg| vwdwhv duh fuhdwhg/ vd| djdlq H� dqg H21 Wkh gl�huhqfh zlwk uhvshfw wrwkh vlwxdwlrqv frqvlghuhg ehiruh lv wkdw wkhvh qhz vxemhfwlyh htxloleuld duh fuhdwhg yld d vdggoh0qrghelixufdwlrq +wkurxjk d phfkdqlvp vlplodu wr wkh rqh vkrzq lq �j1 4,1 Dv d uhvxow wkhvh qhz vwhdg|vwdwhv dsshdu idu dzd| iurp H7 / dqg rqh lv vwdeoh +d vwdeoh qrgh, dqg rqh lv xqvwdeoh1 Vlqfh wkhvhqhz vwhdg| vwdwhv duh orfdwhg txlwh idu dzd| iurp wkh Qdvk htxloleulxp/ d zhoiduh frpsdulvrq lv hyhqpruh lpsruwdqw1 Iru h{dpsoh/ wkh vlwxdwlrq iru %� @ 4=4; lv uhsuhvhqwhg lq �j1 9e1 Wzr vwdeoh vwhdg|vwdwhv frh{lvw/ H7 dqg H�/ zkhuh wkh odwwhu lv d vwdeoh qrgh1 Ixuwkhupruh/ d vwdeoh f|foh F2 frh{lvwvS1Krzhyhu/ ghvslwh wklv gl�huhqfh lq wkh nlqg ri elixufdwlrq zklfk fuhdwhv wkh �{hg srlqwv/ wkh joredog|qdplf vfhqdulr rewdlqhg lv txlwh vlplodu wr wkh rqh vkrzq lq wkh fdvh ri htxdo uhdfwlrq ixqfwlrqv/ vhhh1j1 �j1 7e1 Wkh Qdvk htxloleulxp QH lv orfdwhg lq wkh edvlq dqg qhdu wr H7 / lqgxvwu| rxwsxw dqgzhoiduh lq wkh vxemhfwlyh htxloleulxp H7 lv djdlq vpdoohu.1 Li sod| frqyhujhv wr H�/ wkhq �up 4 kdv dkljkhu pdunhw vkduh dqg sur�w +�� @ 3=798, wkdq �up 5 +�2 @ 3=5,1 Zhoiduh/ krzhyhu/ lv frqvlghudeo|vpdoohu lq H�/ qdpho| Z @ 4=788/ zklfk lv pdlqo| fdxvhg e| wkh yhu| orz sur�w ri �up 5 lq wklvvlwxdwlrq1 Djdlq qrwh wkdw lw lv sod|hu 4 zkr ryhuhvwlpdwhv ghpdqg dqg/ ghvslwh wkh idfw wkdw sod|hu5 nqrzv wkh wuxh ghpdqg/ dfklhyhv +dowkrxjk xqzlwwlqjo|, qrw rqo| pdunhw grplqdqfh/ exw jdlqv dkljkhu sur�w wkdq lq wkh ixoo lqirupdwlrq fdvh/ zkhuhdv �up 5*v sur�w lv uhgxfhg e| pruh wkdq 83(1
LQVHUW ILJ1 9

e � _�LTL*) 4L_i* ��|� 4�ttTiU��i_ _i4@?_ @?_ �?ih|�@
Lq wkh suhylrxv vhfwlrq zh dvvxphg wkdw sod|huv/ dowkrxjk wkh| xvh plvvshfl�hg ghpdqg ixqfwlrqv/dozd|v surgxfh wkh txdqwlwlhv zklfk pd{lpl}h wkhlu h{shfwhg sur�wv1 Rqh pljkw dujxh/ krzhyhu/ wkdwlq vxfk d vlwxdwlrq ri xqfhuwdlqw| sod|huv pljkw h{klelw vrph odfn ri frq�ghqfh lq wkhlu frpsxwhg_ehvw uhsolhv% dqg vkrz vrph eldv wrzdugv wkh vwdwxv txr1 Lq rwkhu zrugv/ wkhlu xqfhuwdlqw| derxwwkh dfwxdo fxvwrphu ehkdylru ohdgv wkh sod|huv wr dgmxvw wkhlu txdqwlwlhv rqo| sduwldoo| wr wkh ehvwuhvsrqvh1 Uhfhqw h{shulphqwdo hylghqfh e| Udvvhqwl hw do1 +5333, dqg Kxfn hw do1 +4<<<, vxjjhvwvwkdw vxfk sduwldo dgmxvwphqw wr wkh ehvw uhvsrqvh ghvfulehv wkh ehkdylru ri uhdo ghflvlrq pdnhuv txlwhzhoo1 D gl�huhqw lqwhusuhwdwlrq ri lqhuwld ri wkh djhqwv lq rxu prgho lv wkdw wkh sod|huv duh h{klelwlqjd orzhu ghjuhh ri udwlrqdolw| wkdq wkh djhqwv xvlqj ehvw uhso| g|qdplfv1Uhfdoolqj wkdw wkh ehvw uhso| ehkdylru lv uhsuhvhqwhg e| +9,/ li zh qrz dvvxph wkdw sod|huv rqo|sduwldoo| dgmxvw wkhlu txdqwlwlhv wrzdugv wkh +shufhlyhg, ehvw uhsolhv/ zh kdyh wr uhsodfh wkhvh htxdwlrqvzlwk +vhh dovr Nrsho/ 4<<9/ Sxx/ 4<<4/ Kxdqj/ 5334,

t�+w, @ t�+w� 4, . �� �hU�+tecRo�Jo2 +w,,� t�+w� 4,� >t2+w, @ t2+w� 4, . �2 �hU2+tecRo�Jo� +w,,� t2+w� 4,� > +73,
SA�i L|�ih � i_ TL�?| .2 �t @? �?t|@M*i ?L_i *LU@|i_ L? |�i ML�?_@h) @4L?} |�i |�hii M@t�?t � E.��c � E.7� @?_� E�2��.A�i ThL�|t Lu |�i �h4 �? |�i �@t� i^��*�Mh��4 @hi �� ' f���H @?_ �2 ' f�ebH hitTiU|��i*)� A�i �i*u@hi �t` ' ��SSD��hL�|t @?_ �i*u@hi �? .7 @hi t�4�*@hc �� ' f���2c �2 ' f�D2e @?_ ` ' ��S�2�
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ru htxlydohqwo| zlwk
t�+w, @ +4� ��, t�+w� 4, . �� hU�+tecRo�Jo2 +w,,>
t2+w, @ +4� �2, t2+w� 4, . �2 hU2+tecRo�Jo� +w,,=Wkh sdudphwhuv �� 5 ^3> 4`/ l @ 4> 5/ uhsuhvhqw wkh vshhgv ri dgmxvwphqw dqg fdq eh vhhq dv dphdvxuh ri wkh lqhuwld= sod|huv h{klelw qr lqhuwld iru �� @ 4 dqg lqfuhdvlqj lqhuwld iru ghfuhdvlqjydoxhv ri ��1 Wkh rwkhu htxdwlrqv +48,0+4:,/ ri frxuvh/ uhpdlq wkh vdph/ vlqfh wkh| ghvfuleh wkh sulfhirupdwlrq surfhvv dqg wkh h{shfwdwlrq xsgdwlqj/ uhvshfwlyho|1 Dqdorjrxvo| wr +4;, dqg +4<,/ wkhuhvxowlqj g|qdplfdo v|vwhp fdq eh uhgxfhg wr

t�+w. 4, @ +4� ��, t�+w, . �� hU�+ hG�+i+t�+w, . t2+w,,,� t�+w,,> +74,
t2+w. 4, @ +4� �2, t2+w, . �2 hU2+ hG2+i+t�+w, . t2+w,,� t2+w,,= +75,

Lw lv lpsruwdqw wr qrwlfh wkdw wkh lqwurgxfwlrq ri lqhuwld grhv qrw fkdqjh wkh �{hg srlqwv= vhwwlqjt�+w. 4, @ t�+w, lq +74, dqg +75, jlyhv wkh vdph frqglwlrqv dv lq wkh suhylrxv vhfwlrq1 Frqvhtxhqwo|/wkh sur�wv dqg zhoiduh surshuwlhv ri wkh orqj uxq rxwfrphv duh xqfkdqjhg e| wkh lqhuwld ri sod|huv1Li zh djdlq frqvlghu wkh vshfldo fdvh +53,/ l1h1 sod|hu 5 nqrzv wkh wuxh ghpdqg ixqfwlrq dqg sod|hu4*v plvvshfl�hg ghpdqg ixqfwlrq lv hG�+s, @ %G+s,/ zh kdyh
t2+w. 4, @ +4� �2, t2+w, . �2U2+t�+w,,=Ixuwkhupruh/ xvlqj wkh vdph dujxphqwv dv ehiruh/ zh jhw

t�+w. 4, @ +4� ��, t�+w, . ��%U�^%� 4% t�+w, . t2+w,`=
Ri frxuvh/ li erwk sod|huv kdyh plvvshfl�hg ghpdqg ixqfwlrqv/ wkhq d vlplodu htxdwlrq lv ghulyhg irusod|hu 51
e�� B*LM@* _)?@4�Ut @?_ |�i �?��i?Ui Lu �?ih|�@Li zh djdlq/ dv lq vhfwlrq 6/ xvh d olqhdu lqyhuvh ghpdqg fxuyh dqg frvw ixqfwlrqv zlwk lqwhu�uph{whuqdolwlhv/ wkh ehvw uhsolhv duh txdgudwlf1 Khqfh/ wkh g|qdplfv lq wklv fdvh lv jryhuqhg e| wkh pds
iWb =

;AA?AA=
t�+w. 4, @ +4� ��, t�+w, . ���� k%�t2+w, +4� t2+w,, . +%� � 4,t�+w,�4� 0�3�0� t�+w,� 5t2+w,�l >
t2+w. 4, @ +4� �2, t2+w, . �2�2 k%2t�+w, +4� t�+w,, . +%2 � 4,t2+w,�4� 023�02 t2+w,� 5t�+w,�l =+76,

Ri frxuvh/ iru �� @ 4/ l @ 4> 5 wklv pds uhgxfhv wr hW jlyhq lq +5:,1 Lq wkh iroorzlqj dqdo|vlv zhlqyhvwljdwh krz wkh g|qdplfv ri +76, ghshqg rq wkh sdudphwhuv ��1
4:



Djdlq/ lq wkh v|pphwulf fdvh/ l1h1 �� @ �2 @ �/ %� @ %2 @ % dqg �� @ �2 @ �/ zh rewdlq dpds zklfk lv v|pphwulf zlwk uhvshfw wr wkh gldjrqdo �1 Wkh g|qdplfv hpehgghg lqwr wkh lqyduldqwvxepdqlirog � lv jryhuqhg e| wkh rqh0glphqvlrqdo pds
t +w. 4, @ ^4� �. ��+5%� 4,` t � ��% +5%� 4,2t2= +77,

zklfk lv frqmxjdwh wr wkh vwdqgdug orjlvwlf pds } @ d}+4� },/ zlwk
d @ 4� �. �� +5%� 4, +78,

e| wkh olqhdu wudqvirupdwlrq
t @ % +4� �. �� +5%� 4,,�� +5%� 4,2 }=

Wkh �{hg srlqwv ri wkh pds +76, gr qrw ghshqg rq wkh sdudphwhuv �� dqg/ khqfh/ duh wkh vdph dvwkrvh ri wkh pds hW jlyhq e| wkh vroxwlrqv ri wkh dojheudlf v|vwhp +5<,1 D vwxg| ri wkh Mdfreldq pdwul{ri hWb +vhh wkh dsshqgl{, uhyhdov wkdw wkh dqdo|vlv ri wkh orfdo vwdelolw| dqg wkh orfdo elixufdwlrqv riwkh vwhdg| vwdwhv lq wkh fdvh ri krprjhqhrxv sod|huv lv vlplodu wr wkh rqh ghvfulehg lq vhfwlrq 6151 Lqsduwlfxodu/ wkh frqglwlrq iru wkh slwfkirun elixufdwlrq ri H7 lq wkh gluhfwlrq shushqglfxodu wr �/ dwzklfk wkh wzr htxloleuld H� dqg H2 duh fuhdwhg/ lv h{dfwo| wkh vdph/ l1h1 % @ %� 1 Rq wkh rwkhu kdqg/wkh frqglwlrq iru wkh �ls elixufdwlrq ri H7 dorqj �/ dw zklfk d vwdeoh f|foh ri shulrg 5 lv fuhdwhg/ lvlq�xhqfhg e| wkh sdudphwhu �/ dqg rffxuv dw
% @ %8cb � 5 . � +�. 4,5�� = +79,

Wklv fdq dovr eh hdvlo| ghgxfhg iurp wkh uhvwulfwlrq iWbm{ jlyhq lq +77,/ zkrvh �uvw �ls elixufdwlrqrffxuv iru d @ 6/ zlwk d jlyhq lq +78,1 Wkh gl�huhqfh ehwzhhq wkh wzr ydoxhv ri % lq +79, dqg +6<, lvjlyhq e| %8cb � %8 @ +4� �, @��1 Iurp wklv h{suhvvlrq lw lv hdv| wr vhh wkdw iru d jlyhq ydoxh ri � wkhfuhdwlrq ri vwdeoh f|fohv dorqj � rffxuv iru lqfuhdvlqj ydoxhv ri wkh _plvvshfl�fdwlrq% sdudphwhu % li �lv ghfuhdvlqj lq +3> 4,1 Wklv fdq eh lqwhusuhwhg e| vd|lqj wkdw lq wkh krprjhqrxv fdvh lqfuhdvlqj lqhuwldkdv vrph nlqg ri gdpshqlqj h�hfw vlqfh lw lqklelwv wkh rffxuuhqfh ri hqgrjhqrxv rvfloodwlrqv +shulrglfru fkdrwlf, zklfk zrxog rffxu iru kljkhu ydoxhv ri %1 Wklv ihdwxuh lv dovr revhuyhg lq wkh qxphulfdoh{sorudwlrqv shuiruphg lq wkh fdvh ri khwhurjhqrxv sod|huv1 Krzhyhu/ wkhvh qxphulfdo uhvxowv dovruhyhdo wkdw wkh rwkhu urxwh wr frpsoh{lw|/ zklfk lv uhodwhg wr wkh frpsoh{ vwuxfwxuh ri wkh edvlqv ridwwudfwlrq ri frh{lvwlqj vwdeoh vwhdg| vwdwhv/ pd| eh vwloo revhuyhg1Lq rughu wr vhh wklv/ zh wdnh wkh vhwv ri sdudphwhuv �� dqg %� xvhg lq wkh suhylrxv vhfwlrq dqgirfxv rq wkh uroh ri wkh lqhuwld sdudphwhuv ��1 Wklv hqdeohv xv wr gluhfwo| frpsduh wkh g|qdplfv riwkh wzr fdvhv1 Zh vwduw rxu qxphulfdo h{sorudwlrqv zlwk �� @ �2 @ � @ 5=</ %� @ 4/ %2 @ 4=3; dqg�� @ 3=:/ �2 @ 3=9/ zklfk phdqv wkdw sod|hu 4 kdv d orzhu ghjuhh ri lqhuwld wkdq sod|hu 5 dqg nqrzvwkh ghpdqg fxuyh/ zkhuhdv sod|hu 5 ryhuhvwlpdwhv wkh ghpdqg e| ;(1 Ilj1 :d ghslfwv wklv vlwxdwlrq1Wkhuh duh wkuhh srvlwlyh vwhdg| vwdwhv1 Wkh vwhdg| vwdwh H� zlwk edvlq E +H�, +zklfk lv uhsuhvhqwhge| wkh gdun0juh| uhjlrq,/ wkh vwhdg| vwdwh H2 zlwk edvlq E +H2, +uhsuhvhqwhg e| wkh oljkw0juh| uhjlrq,/
4;



dqg H7 / zklfk lv d vdggoh srlqw1 Wkh vwdeoh vhw ri H7 frqvwlwxwhv wkh erxqgdu| zklfk vhsdudwhv wkhwzr edvlqv1 Wklv frqwudvwv zlwk wkh prgho zlwkrxw lqhuwld +frpsduh zlwk �j1 7d, dv qr vwdeoh f|fohvh{lvw/ exw wkh vxemhfwlyh htxloleulxp H� lv vwdeoh1 Wkh rqo| nlqg ri orqj0uxq g|qdplfv lv jlyhq e|rqh ri wkh vxemhfwlyh htxloleuldH H� dqg H2/ zkhuh H� kdv d yhu| odujh edvlq1 Wkh idfw wkdw sod|huvvkrz lqhuwldo ehkdylru qrz ehqh�wv sod|hu 4/ dqg iru prvw lqlwldo fkrlfhv sod|hu 4/ zkr kdv shuihfwnqrzohgjh ri wkh ghpdqg ixqfwlrq/ ehqh�wv lq wkh orqj uxq1 Lq wkh vxemhfwlyh htxloleulxp H� sod|hu 4kdv d kljkhu pdunhw vkduh dqg hduqv d kljkhu sur�w wkdq sod|hu 5 +�� @ 3=7::>�2 @ 3=6;7,/ zkhuhdvlq wkh fdvh zlwkrxw lqhuwld rqo| wkh vxemhfwlyh htxloleulxp H2 lv vwdeoh/ zkhuh �up 5 grplqdwhv wkhpdunhw1 Li wkh ghjuhh ri lqhuwld ri sod|hu 5 lv ghfuhdvhg/ wkh edvlq E +H2, hqodujhv1 Vr/ reylrxvo|/ wkhgl�huhqfh ehwzhhq wkh ghjuhhv ri lqhuwld ehwzhhq wkh sod|huv pdwwhu iru wkh orqj uxq rxwfrph ri wkhjdph1Dv d �qdo revhuydwlrq zh zdqw wr srlqw rxw wkdw wkh edvlq E +H2, pd| hyhq xqghujr vrph joredo+ru frqwdfw, elixufdwlrqv zklfk fdxvh txdolwdwlyh fkdqjhv lq lwv wrsrorjlfdo vwuxfwxuh1 Iru h{dpsoh/ e|lqfuhdvlqj �2 iurp 3=9 wr 3=98 +vhh �j1 :e, zh revhuyh dq lpsruwdqw fkdqjh lq wkh vwuxfwxuh ri E +H2,=lw lv wudqviruphg iurp d vlpso| frqqhfwhg vhw lqwr d qrq frqqhfwhg vhw/ zkhuh wkh odwwhu lv iruphge| vhyhudo glvmrlqw sruwlrqv qhvwhg lqvlgh E +H�,1 Wklv lv d w|slfdo frqwdfw elixufdwlrq ghvfulehg lqwh{werrnv rq qrqlqyhuwleoh pdsv +vhh h1j1 Plud hw do1/ 4<<9d/ Deudkdp hw do1/ 4<<:,1 Khuh zh mxvwjlyh d jhqhudo txdolwdwlyh ghvfulswlrq ri wkh phfkdqlvp wkdw ohdgv dw wkh irupdwlrq ri qrq frqqhfwhgsruwlrqv ri d edvlq ri dwwudfwlrq/ vhh wkh Dsshqgl{ E iru pruh ghwdlov1 Vxfk elixufdwlrq lv gxh wr dfrqwdfw ehwzhhq wkh erxqgdu| zklfk vhsdudwhv wkh edvlqv/ wkdw lv/ wkh vwdeoh vhw Z r+H7, ri wkh vdggohsrlqw H7 dqg wkh fulwlfdo fxuyh OFEK� zklfk vhsdudwhv wzr uhjlrqv/ ghqrwhg e| ]2 dqg ]e lq �j1 :/zkrvh srlqwv kdyh wzr dqg irxu suhlpdjhv uhvshfwlyho|1Lq idfw/ d pds W lv qrqlqyhuwleoh li wkhuh h{lvw glvwlqfw srlqwv wkdw kdyh wkh vdph lpdjh1 Wklvphdqv wkdw vhyhudo udqn04 suhlpdjhv ri d jlyhq srlqw pd| h{lvw dqg/ dffruglqjo|/ wkh vsdfh fdq ehvxeglylghg lqwr uhjlrqv ]&/ n � 3/ zkrvh srlqwv kdyh n glvwlqfw udqn�4 suhlpdjhv1 Wkhvh uhjlrqv duhvhsdudwhg e| fulwlfdo fxuyhv +vhh wkh Dsshqgl{ E,1 Wklv khosv xv wr xqghuvwdqg wkh edvlf phfkdqlvpiru wkh fuhdwlrq ri qrqfrqqhfwhg edvlqv1 Zh uhfdoo wkdw wkh edvlq ri dq dwwudfwru D lv wkh vhw ri doowkh srlqwv wkdw jhqhudwh wudmhfwrulhv frqyhujlqj wr D1 Vr/ li X lv d qhljkerukrrg ri D zkrvh srlqwvfrqyhujh wr D +zklfk h{lvwv e| gh�qlwlrq ri dwwudfwru, wkhq X � E +D,/ dqg dovr wkh srlqwv zklfk duhpdsshg lqvlgh X diwhu d �qlwh qxpehu ri lwhudwlrqv ehorqj wr E +D,/ wkxv wkh edvlq ri D lv iruphg e|doo wkh suhlpdjhv ri wkh srlqwv ri X / l1h1 E +D, @ V"�'f W3�+X,/ zkhuh W3�+{, uhsuhvhqwv wkh vhw riwkh udqn04 suhlpdjhv ri { +l1h1 wkh srlqwv pdsshg lqwr { e| W ,/ dqg W3�+{, uhsuhvhqwv wkh vhw ri wkhudqn � m suhlpdjhv ri { +l1h1 wkh srlqwv pdsshg lqwr { diwhu m dssolfdwlrqv ri W ,1 Li zh dvvxph wkdwE +D, lv d frqqhfwhg edvlq iru d jlyhq vhw ri sdudphwhuv/ dqg dv d sdudphwhu lv fkdqjhg E +D, kdv dfrqwdfw zlwk d fulwlfdo fxuyh diwhu zklfk d sruwlrq ri E +D, hqwhuv d uhjlrq zlwk pruh suhlpdjhv/ wkhqqhz sruwlrqv ri E +D, zloo eh fuhdwhg diwhu wkh frqwdfw/ wkxv jlylqj d vxgghq hqodujhphqw ri wkh edvlqgxh wr wkh fuhdwlrq ri qhz qrqfrqqhfwhg sruwlrqv +dovr fdoohg lvodqgv lq Plud hw do1/ 4<<9,1
LQVHUW ILJ1 :d/e

Ilqdoo|/ ohw xv frqvlghu zkdw kdsshqv li wkh ghjuhhv ri lqhuwld ri wkh sod|huv duh htxdo/ l1h1 �� @ �21Lq wklv fdvh wkh wzr edvlqv dssur{lpdwho| rffxs| dq htxdo sruwlrq ri wkh vwudwhj| vsdfh +vhh lq �j1
H�L|i @*tL |�@| |�i t|h@|i}) tT@Ui �t |h@TT�?}�

4<



;d/ zkhuh �� @ �2 @ 3=:,1 Pruhryhu/ wkh wzr edvlqv kdyh d txlwh frpsolfdwhg vwuxfwxuh1 Pxfk vlpsohug|qdplfv duh rewdlqhg li wkh ryhuhvwlpdwlrq ri ghpdqg e| sod|hu 5 lv ohvv vwurqj1 Iru h{dpsoh/ lq�j1 ;e/ zkhuh %2 @ 4=38/ rqo| rqh vwhdg| vwdwh h{lvwv +forvh wr wkh Qdvk htxloleulxp QH,/ zklfk lvjoredoo| dv|pswrwlfdoo| vwdeoh lq wkh vwudwhj| vsdfh V1 Uhfdoo wkdw iru wkh vdph vhwv ri sdudphwhuv ��dqg %�/ l @ 4> 5/ lq wkh fdvh zlwkrxw lqhuwld/ l1h1 �� @ 4/ l @ 4> 5/ d vwdeoh f|foh ri shulrg 5 dv xqltxhdwwudfwru rffxuv/ dv ghvfulehg lq vhfwlrq 6161
LQVHUW ILJ1 ;d/e

D �L?U*�t�L?
Lq wklv sdshu zh kdyh dqdo|}hg d txdqwlw|0vhwwlqj gxrsro| jdph zkhuh �upv kdyh lqfrpsohwh nqrzo0hgjh ri wkh ghpdqg ixqfwlrq dqg xvh vrph hvwlpdwh ri lw lqvwhdg1 Wzr yhuvlrqv ri �up ehkdylru lqwklv gxrsro| jdph kdyh ehhq frqvlghuhg khuh1 Lq wkh �uvw yhuvlrq/ sod|huv fkrrvh wkhlu txdqwlwlhvvxfk wkdw wkhlu +shufhlyhg, sur�wv duh pd{lpl}hg1 Lq wkh vhfrqg yhuvlrq lw lv dvvxphg wkdw sod|huvh{klelw vrph nlqg ri eldv wrzdugv wkhlu fxuuhqw surgxfwlrq fkrlfh dqg rqo| sduwldoo| dgmxvw wr wkh+shufhlyhg, ehvw uhso|1 Erwk vfhqdulrv kdyh ehhq frpsduhg wr wkh vlwxdwlrq zkhuh sod|huv nqrz wkhghpdqg ixqfwlrq1 Iru wkh vdnh ri looxvwudwlrq/ zh xvhg d olqhdu lqyhuvh ghpdqg fxuyh dqg qrqolqhdufrvw ixqfwlrqv lqfoxglqj dq lqwhu�up h{whuqdolw|1 Wklv hqdeohg xv wr jlyh d ydulhw| ri uhvxowv edvhg rqd frpelqdwlrq ri dqdo|wlfdo dqg qxphulfdo dujxphqwv1Lw wxuqv rxw wkdw dowkrxjk lq wkh jdph zklfk uhsuhvhqwv wkh wuxh vlwxdwlrq d xqltxh/ joredoo| vwdeohQdvk htxloleulxp h{lvwv/ li sod|huv xvh d plvvshfl�hg ghpdqg ixqfwlrq dqg2ru h{klelw lqhuwld/ wkh orqjuxq rxwfrph ri wkh jdph pd| eh txlwh gl�huhqw1 Pxowlsoh vxemhfwlyh htxloleuld pd| rffxu dqg frh{lvwzlwk rwkhu orqj uxq rxwfrphv +f|fohv dqg hyhq fkdrwlf dwwudfwruv,1 Wkh shuirupdqfh surshuwlhv +sur�wvdqg zhoiduh, lq wkhvh htxloleuld pd| eh txlwh gl�huhqw wkdq lq wkh Qdvk htxloleulxp1 Ixuwkhupruh/ wkhvxemhfwlyh htxloleuld pd| kdyh txlwh frpsoh{ edvlqv ri dwwudfwlrq1 Zh kdyh dovr eulh�| ghvfulehg wkhphfkdqlvp zklfk lv uhvsrqvleoh iru wkh fuhdwlrq ri wkh frpsolfdwhg vwuxfwxuh ri wkh edvlqv ri dwwudfwlrq/e| uhihuulqj wr wkh uroh ri qrqlqyhuwlelolw| ri wkh wzr0glphqvlrqdo pds jhqhudwlqj wkh g|qdplfv ri wkhjdph1 Iru hfrqrplvwv/ wkh vljql�fdqfh ri revhuylqj vxfk d frpsolfdwhg vwuxfwxuh ri wkh edvlqv ri wkhhtxloleuld vwhpv iurp wkh idfw wkdw wkh rxwfrph ri wkh jdph vwurqjo| ghshqgv rq wkh lqlwldo frqglwlrqv1Wkh jdph vwduwlqj iurp qhdue| lqlwldo frqglwlrqv pd| hqg xs dw gl�huhqw vxemhfwlyh htxloleuld zlwktxlwh gl�huhqw zhoiduh surshuwlhv dqg riwhq idu dzd| iurp wkh Qdvk htxloleulxp ri wkh wuxh jdph1Lw lv lpsruwdqw wr vwuhvv wkdw zkhq wkh hfrqrp| hqgv xs lq rqh ri wkh vxemhfwlyh htxloleuld/ wkhdjhqwv kdyh qr uhdvrq wr vhhn wr fkdqjh wkhlu ehkdylru/ ehfdxvh wkh hfrqrplf rxwfrph wkh| revhuyhlv shuihfwo| frqvlvwhqw zlwk wkhlu +plv0vshfl�hg, eholhiv1 Lq idfw/ wkh| kdyh qr zd| ri ehfrplqj dzduhri wkh ryhudoo zhoiduh orvv wkdw lv rffxuulqj/ dqg lqghhg xvxdoo| rqh sod|hu xqghujrhv d zhoiduh jdlqfrpsduhg wr wkh ixoo lqirupdwlrq Qdvk htxloleulxp1 Wkh zhoiduh orvv2jdlq uhvxowv iurp wkh idfw wkdwhdfk sod|hu lv sxwwlqj rqwr wkh pdunhw d txdqwlw| gl�huhqw iurp zkdw wkh| zrxog r�hu lq wkh ixoolqirupdwlrq fdvh1 Wklv lq wxuq ohdgv wr d gl�huhqw sulfh wkdq zrxog suhydlo lq wkh ixoo lqirupdwlrqfdvh1 Wkh zhoiduh orvv2jdlq lv uhodwhg wr wkh ydoxh +dw wkh pdunhw fohdulqj sulfh, ri wkh txdqwlw|gl�huhqfhv mxvw uhihuuhg wr1 Lw vhhpv pruh olnho| wkdw djhqwv pljkw vhhn wr fkdqjh ehkdylru zkhq wkhjdph frqyhujhv wr wkh f|folfdo rxwfrphv wkdw fdq vrphwlphv rffxu +vhh h1j1 �jxuh 7,1Wkhvh rxwfrphvvkrxog shukdsv eh vhhq dv wdnlqj wkh prgho eh|rqg lwv xvdeoh udqjh/ vlqfh khuh djhqwv zrxog vxuho|
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vhhn wr dfwlyho| ohduq derxw wkh ghpdqg ixqfwlrq1 Wklv lv dq reylrxv dqg lpsruwdqw h{whqvlrq ri wklvsdshu/ exw rqh wkdw wdnhv xv eh|rqg wkh dlpv dqg wkh vfrsh ri wklv sdshu/ vr lv ohiw iru ixwxuh uhvhdufk1
Dfnqrzohgjphqwv= Zh wkdqn I1[1 Kri iru khosixo frpphqwv dqg vxjjhvwlrqv1 Wklv zrunkdv ehhq shuiruphg xqghu wkh dxvslfhv ri FQU/ Lwdo|/ dqg zlwklq wkh dfwlylw| ri wkh qdwlrqdo uh0vhdufk surmhfw _G|qdplf Prghov lq Hfrqrplfv dqg Ilqdqfh= Hyroxwlrq/ Xqfhuwdlqw| dqg Iruhfdvwlqj%/PXUVW/ Lwdo|1

� wLU@* t|@M�*�|) @?@*)t�t �? |�i U@ti Lu �L4L}i?iL�t T*@)iht
Lq wklv Dsshqgl{ zh ghvfuleh wkh hljhqydoxhv dqdo|vlv wkdw ohdgv xv wr wkh fkdudfwhul}dwlrq/ vkrzq lq�j15/ ri wkh vwdelolw| grpdlqv/ lq wkh sdudphwhu vsdfh �� �/ ri wkh vwhdg| vwdwhv H7/ H� dqg H2/ jlyhqlq +67, dqg +68,/ ri wkh pds hWr gh�qhg lq +64,1 Wklv dqdo|vlv lv edvhg rq wkh vwxg| ri wkh hljhqydoxhvri wkh Mdfreldq pdwul{ ri wkh wzr0glphqvlrqdo pds hWr/ jlyhq e|

G hWr +t�> t2, @ � � +%� 4, �4� 503�0 t� � 5t2� � +% +4� 5t2,� 5 +%� 4, t�,� +% +4� 5t�,� 5 +%� 4, t2, � +%� 4, �4� 5 03�0 t2 � 5t�� � > +7:,
frpsxwhg dw wkh �{hg srlqwv1Ohw xv qrwh/ �uvw/ wkdw dw dq| srlqw +t> t, 5 �/ wkh Mdfreldq G hWr kdv wkh vwuxfwxuh

GW +t> t, @ � D EE D � +7;,
zlwk D @ � +%� 4, �4� 5203�0 t� dqg E @ � +%� 5 +5%� 4, t,1 Vxfk d pdwul{ kdv uhdo hljhqydoxhv/jlyhq e|

}8+t, @ D.E zlwk hljhqyhfwru u8 @ +4> 4, dorqj �>}z+t, @ D�E zlwk hljhqyhfwru uz @ +4>�4, shushqglfxodu wr �=Lw lv hdv| wr vhh wkdw wkh surgxfw ri vxfk pdwulfhv kdv wkh vdph vwuxfwxuh/ khqfh doo wkh �{hg srlqwvdqg wkh f|fohv hpehgghg lq wkh lqyduldqw gldjrqdo � kdyh uhdo hljhqydoxhv zlwk hljhqyhfwruv dorqj� dqg shushqglfxodu wr �/ uhvshfwlyho|1 Wklv doorzv xv wr fduu| rxw d frpsohwh dqdo|vlv ri wkh orfdovwdelolw| dqg elixufdwlrqv ri wkh wzr v|pphwulf vwhdg| vwdwhv1 Lq idfw/ iurp }8+3, @ � +5%� 4, dqg}z+3, @ �� zh ghgxfh wkdw Hf lv vwdeoh iru � ? 4 dqg % ? +4 . �,@5�1 Vr/ li H7 lv srvlwlyh wkhqHf lv xqvwdeoh1 Lqghhg/ dw % @ %A � +4 . �,@5� zh kdyh Hf � H7 dqg li % lv lqfuhdvhg dfurvv %A dwudqvfulwlfdo elixufdwlrq rffxuv dorqj �1Iru wkh srvlwlyh v|pphwulf �{hg srlqw H7 zh kdyh }8+t7, @ 5 � � +5%� 4, dqg }z+t7, @ � �5@+5%� 4,1 Vr/ iurp wkh vx�flhqw frqglwlrqv iru vwdelolw|/ �4 ? }8+t7, ? 4 dqg �4 ? }z+t7, ? 4/ zhghgxfh wkdw=� 3 ? � � 4= H7 lv vwdeoh iru %A ? % ? %8 / dqg dw %8 d �ls +ru shulrg grxeolqj, elixufdwlrq rffxuvdw zklfk H7 ehfrphv d vdggoh srlqw/ zlwk xqvwdeoh vhw dorqj �/ dqg d vwdeoh f|foh ri shulrg 5lv fuhdwhg dorqj �1b
b�L|i |�@| @u|ih |�i LUU�hhi?Ui Lu |�i ��T M�u�hU@|�L? |h@?t�ihti t|@M�*�|) �? |�i _�hiU|�L? Lh|�L}L?@* |L { �t ?L|U�@?}i_�
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� 4 ? � � 6= H7 lv vwdeoh iru +�. 6, @+5+� . 4,, ? % ? %8 1 Iru %A ? % ? +�. 6, @+5+�. 4,, wkhvwhdg| vwdwh H7 lv d vdggoh srlqw/ zlwk vwdeoh vhw dorqj � dqg xqvwdeoh vhw shushqglfxodu wr �1Li % lv lqfuhdvhg eh|rqg %� / d slwfkirun elixufdwlrq lq wkh gluhfwlrq uz rffxuv dw %� A %8 / dqgH7 ehfrphv d uhshoolqj qrgh +l1h1 lw ehfrphv xqvwdeoh dovr lq wkh gluhfwlrq uz,1 Wzr qhz �{hgsrlqwv H� dqg H2 duh fuhdwhg/ zklfk duh vdggoh srlqwv zlwk vwdeoh vhw dorqj uz dqg xqvwdeoh vhwdorqj �1� Li � @ 6 wkhq %8 @ %� @ 4/ l1h1 li % lv lqfuhdvhg dfurvv wkh ydoxh 4 +wkh fdvh ri fruuhfw ghpdqghvwlpdwh, wkhq wkh wzr elixufdwlrqv rffxu vlpxowdqhrxvo|/ l1h1 H7 ehfrphv d uhshoolqj qrgh/ wzr�{hg srlqwv duh fuhdwhg lq wkh gluhfwlrq ruwkrjrqdo wr � dqg/ vlpxowdqhrxvo|/ d f|foh ri shulrg5 lv fuhdwhg dorqj �1� Li � A 6 zh kdyh %� ? %8 / vr H7 lv vwdeoh iru +�. 6, @+5+� . 4,, ? % ? %� 1 Lq wklv fdvh/ dw% @ %� d slwfkirun elixufdwlrq rffxuv dw zklfk wkh vwdeoh qrgh H7 ehfrphv d vdggoh srlqw zlwkxqvwdeoh vhw lq wkh gluhfwlrq uz dqg wzr vwdeoh �{hg srlqwv/ H� dqg H2 duh fuhdwhg1 Li % lvlqfuhdvhg eh|rqg %� d �ls elixufdwlrq dorqj � rffxuv dw %8 A %� / H7 ehfrphv d uhshoolqj qrgh/dqg d vdggoh0f|foh ri shulrg 5 lv fuhdwhg dorqj �1
Lq rughu wr rewdlq wkh erxqgdulhv ri wkh vwdelolw| grpdlq ri wkh vwhdg| vwdwhv H� dqg H2/ ohw xvfrqvlghu wkh Mdfreldq pdwul{ +7:, frpsxwhg dw H� dqg H2/ jlyhq e|

G hWr +H�, @ � D� E�E2 D2
� dqg G hWr +H2, @ � D2 E2E� D�

�
uhvshfwlyho|/ zkhuh

D� @ +%� 4,�4 .s�+%> �,� 5%�5%� 4 > D2 @ +%� 4,�4�s�+%> �,� 5%�5%� 4 >
E� @ %�4 .s�+%> �,� 5%�5%� 4 > E2 @ %�4�s�+%> �,� 5%�5%� 4 =

Lw lv hdv| wr vhh wkdw H� dqg H2 kdyh wkh vdph fkdudfwhulvwlf htxdwlrq/ ehfdxvh wkh wzr pdwulfhvG hWr +H�,/ l @ 4> 5/ kdyh wkh vdph wudfh Wu @ D�.D2 @ 5+4�%, dqg ghwhuplqdqwGhw @ D�D2�E�E2 @5% ��2 � 5� � � +�. 5,1 Vr/ gxh wr wkh v|pphwu| ri wkh pds hWr/ wkh wzr htxloleuld kdyh wkh vdphvwdelolw| surshuwlhv dqg xqghujr wkh vdph elixufdwlrqv1Vlqfh 4�Wu.Ghw @ 5%+�2� 4,� +�. 4,2�4, A 3 iru % A %� / l1h1 zkhqhyhu H� dqg H2 h{lvw/ wkhfrqglwlrqv iru wkh hljhqydoxhv wr eh lqvlgh wkh xqlw flufoh duh Ghw ? 4 dqg 4 . Wu .Ghw A 3 +vhh h1j1Jxprzvnl dqg Plud/ 4<;3/ s1 48</ ru Phglr dqg Olqhv/ 5334/ s185,1 Wkh frqglwlrq Ghw ? 4 ehfrphv
% ? %M � 4 . � +�. 5,5 +�2 � 5,dqg wkh frqglwlrq 4 . Wu .Ghw A 3 ehfrphv
% ? %8.� � �2 . 5�� 65 +�2 � 6, =

55



Wkhvh wzr frqglwlrqv gh�qh wkh vwdelolw| uhjlrq uhsuhvhqwhg lq �j1 5e1 Qrwlfh wkdw %8.� � %M iru� � �4 .s5;� @6 dqg %8.� � %� iru � � 61 Wkh odvw lqhtxdolw| frq�upv wkdw wkh wzr �{hg srlqwvH�/ l @ 4> 5/ duh vwdeoh mxvw deryh wkh fxuyh % @ %� +l1h1 mxvw diwhu wkhlu fuhdwlrq, li � A 6 +dqgfrqvhtxhqwo| % ? 4,1
� �L?�?�ih|�M*i 4@Ttc Uh�|�U@* U�h�it @?_ ?L?UL??iU|i_ M@t�?t
Lq wklv dsshqgl{ zh jlyh vrph edvlf gh�qlwlrqv/ surshuwlhv dqg d plqlpdo yrfdexodu| ri wkh wkhru|ri qrqlqyhuwleoh pdsv ri wkh sodqh dqg surylgh wkh uhdghu zlwk vrph edvlf idfwv derxw wkh phwkrg rifulwlfdo fxuyhv1 Zh dovr ghvfuleh vrph surshuwlhv ri wkh fulwlfdo fxuyhv ri wkh pds hWb gh�qhg lq +76,/iurp zklfk dovr wkh dqdorjrxv surshuwlhv ri wkh pds hW jlyhq lq +5:, fdq eh ghgxfhg dv hW uhsuhvhqwvd sduwlfxodu fdvh ri hWb rewdlqhg iru � @ 41D wzr0glphqvlrqdo pds W = +{> |, $ +{�> |�, wudqvirupv d srlqw +{> |, 5 U2 lqwr d xqltxh srlqw+{�> |�, 5 U2 dffruglqj wr wkh wudqvirupdwlrq�{�> |�� @ W +{> |, @ +i+{> |,> j+{> |,, +7<,
zkhuh +{> |, 5 U2 dqg i / j duh dvvxphg wr eh uhdo ydoxhg frqwlqxrxv ixqfwlrqv1 Wkh srlqw +{�> |�, 5 U2lv fdoohg d udqn04 lpdjh ri wkh srlqw +{> |, xqghu W / dqg +{> |, lv fdoohg d udqn04 suhlpdjh ri +{�> |�,1Wkh srlqw +{ +w, > |+w,, @ W |+{> |,/ w 5 Q/ lv fdoohg dq lpdjh +ru iruzdug lwhudwh, ri udqn0w ri wkh srlqw+{> |,/ zkhuh W f lv lghqwl�hg zlwk wkh lghqwlw| pds dqg W | +�, @ W +W |3� +�,,1 Li glvwlqfw srlqwv/ vd|+{�> |�, 9@ +{2> |2,/ h{lvw wkdw duh pdsshg e| W lqwr wkh vdph srlqw/ vd| +{�> |�, @ W +{�> |�, @ W +{2> |2,/wkhq wkh pds W lv vdlg wr eh d qrqlqyhuwleoh pds1 Wklv fdq eh htxlydohqwo| vwdwhg e| vd|lqj wkdw wkhsrlqw +{�> |�, kdv vhyhudo udqn04 suhlpdjhv/ ghqrwhg e| W3�� +{�> |�,/ m @ 4> ===> n1 Wklv qrwdwlrq fdq dovreh h{suhvvhg e| vd|lqj wkdw wkh lqyhuvh uhodwlrq W3� lv d pxowlydoxhg ixqfwlrq1 D qrqlqyhuwleoh pdskdv wkh jhrphwulf surshuw| ri _iroglqj% wkh skdvh vsdfh/ vr wkdw glvwlqfw srlqwv duh pdsshg lqwr wkhvdph srlqw1 Htxlydohqwo|/ wkh lqyhuvhv duh vdlg wr _xqirog% wkh skdvh vsdfh1Dv wkh srlqw +{�> |�, ydulhv lq wkh sodqh U2 wkh qxpehu ri lwv udqn0rqh suhlpdjhv fdq fkdqjh1Dffruglqj wr wkh qxpehu ri glvwlqfw udqn04 suhlpdjhv dvvrfldwhg zlwk hdfk srlqw ri U2/ wkh sodqh fdqeh vxeglylghg lqwr uhjlrqv/ ghqrwhg e| ]&/ zkrvh srlqwv kdyh n glvwlqfw suhlpdjhv1 Jhqhudoo|/ sdluvri uhdo suhlpdjhv dsshdu ru glvdsshdu dv wkh srlqw +{�> |�, furvvhv wkh erxqgdu| vhsdudwlqj uhjlrqvfkdudfwhul}hg e| d gl�huhqw qxpehu ri udqn04 suhlpdjhv1 Dffruglqjo|/ vxfk erxqgdulhv duh jhqhudoo|fkdudfwhul}hg e| wkh suhvhqfh ri wzr frlqflghqw +phujlqj, suhlpdjhv1 Wklv ohdgv xv wr wkh gh�qlwlrq rifulwlfdo fxuyhv/ rqh ri wkh glvwlqjxlvklqj ihdwxuhv ri qrqlqyhuwleoh pdsv1 Wkh fulwlfdo fxuyh ri udqn04/ghqrwhg e| OF +iurp wkh Iuhqfk _Oljqh Fulwltxh%, lv gh�qhg dv wkh orfxv ri srlqwv kdylqj wzr/ rupruh/ frlqflghqw udqn04 suhlpdjhv1 Wkhvh suhlpdjhv duh orfdwhg lq d vhw fdoohg wkh fulwlfdo fxuyh riudqn03/ ghqrwhg e| OF3�1 Wkh fxuyh OF lv wkh wzr0glphqvlrqdo jhqhudol}dwlrq ri wkh qrwlrq ri fulwlfdoydoxh +orfdo plqlpxp ru pd{lpxp ydoxh, ri d rqh0glphqvlrqdo pds/ dqg OF3� lv wkh jhqhudol}dwlrqri wkh qrwlrq ri fulwlfdo srlqw +orfdo h{wuhpxp srlqw,1 Dv lq wkh fdvh ri gl�huhqwldeoh rqh0glphqvlrqdopdsv/ zkhuh wkh ghulydwlyh qhfhvvdulo| ydqlvkhv dw wkh orfdo h{wuhpxp srlqwv/ iru d wzr0glphqvlrqdofrqwlqxrxvo| gl�huhqwldeoh pds wkh vhw OF3� ehorqjv wr wkh vhw ri srlqwv lq zklfk wkh Mdfreldqghwhuplqdqw ydqlvkhv=

OF3� � �+{> |, 5 U2m ghwGW @ 3� = +83,
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Lq idfw/ vlqfh OF3� lv gh�qhg dv wkh orfxv ri frlqflghqw udqn04 suhlpdjhv ri wkh srlqwv ri OF/ lq dq|qhljkerukrrg ri d srlqw ri OF3� wkhuh duh dw ohdvw wzr glvwlqfw srlqwv pdsshg e| W lq wkh vdph srlqwqhdu OF1 Wklv phdqv wkdw wkh pds W lv qrw orfdoo| lqyhuwleoh lq wkh srlqwv ri OF3� dqg/ li wkh pds Wlv frqwlqxrxvo| gl�huhqwldeoh/ lw iroorzv wkdw ghwGW qhfhvvdulo| ydqlvkhv dorqj OF3�1 Li wkh vhw OF3�lv ghwhuplqhg e| +83, wkhq OF lv vlpso| rewdlqhg dv wkh lpdjh ri OF3�/ l1h1/ OF @ W +OF3�,1Lq rughu wr jlyh d jhrphwulfdo lqwhusuhwdwlrq ri wkh _xqiroglqj dfwlrq% ri wkh pxowlydoxhg lqyhuvhuhodwlrq W3�/ lw lv xvhixo wr frqvlghu d uhjlrq ]& dv wkh vxshusrvlwlrq ri n vkhhwv/ hdfk dvvrfldwhg zlwkd gl�huhqw lqyhuvh1 Vxfk d uhsuhvhqwdwlrq lv nqrzq dv Ulhpdqq iroldwlrq ri wkh sodqh +vhh h1j1 Pludhw do1 4<<9d/e,1 Gl�huhqw vkhhwv duh frqqhfwhg e| irogv mrlqlqj wzr vkhhwv/ dqg wkh surmhfwlrqv ri vxfkirogv rq wkh skdvh sodqh duh dufv ri OF1Wkh pds hWb gh�qhg lq +76, lv d qrqlqyhuwleoh pds1 Lq idfw/ jlyhq d srlqw +t��> t�2,/ lwv suhlpdjhvduh frpsxwhg e| vroylqj wkh iroorzlqj v|vwhp zlwk uhvshfw wr t� dqg t2=
;AA?AA=

+4� ��, t� . ���� k%�t2 +4� t2, . +%� � 4,t� �4� 0�3�0� t� � 5t2�l @ t��
+4� �2, t2 . �2�2 k%2t� +4� t�, . +%2 � 4,t2 �4� 023�02 t2 � 5t��l @ t�2= +84,

Wklv lv d irxuwk ghjuhh dojheudlf v|vwhp/ zklfk pd| kdyh irxu ru wzr uhdo vroxwlrqv ru qr uhdo vroxwlrqdw doo1 Iroorzlqj wkh whuplqrorj| ri Plud hw do1 +4<<9d,/ zh vd| wkdw wkh pds hWb lv d qrqlqyhuwleohpds ri ]e � ]2 � ]f w|sh 1 Pruhryhu/ iru wkh pds hWb wkh vhw OF3� frlqflghv zlwk wkh vhw ri srlqwvdw zklfk ghwG hWb @ 3/ zkhuh
G hW +t�> t2, +85,
@ 57 4� �� . �� +%� � 4,�� �4� 5 0�3�0� t� � 5t2� ���� ^%� +4� 5t2,� 5 +%� � 4, t�`�2�2 ^%2 +4� 5t�,� 5 +%2 � 4, t2` 4� �2 . �2 +%2 � 4,�2 �4� 5023�02 t2 � 5t��
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vr wkdw wkh orfxv ri srlqwv dw zklfk G hW +t�> t2, @ 3 lv d vhfrqg rughu dojheudlf fxuyh/ zklfk uhsuhvhqwvd k|shuerod1 Vr/ OF3� lv iruphg e| wkh xqlrq ri wzr glvmrlqw eudqfkhv/ vd| OF3� @ OFE@�3� ^OFEK�3�/ vhh�j1 :1 Dovr OF @ W +OF3�, lv wkh xqlrq ri wzr eudqfkhv= OFE@� @ W +OFE@�3� , dqg OFEK� @ W +OFEK�3�,1Wkh eudqfk OFE@� vhsdudwhv wkh uhjlrq ]f/ zkrvh srlqwv kdyh qr suhlpdjhv/ iurp wkh uhjlrq ]2/ zkrvhsrlqwv kdyh wzr glvwlqfw udqn04 suhlpdjhv1 Wkh rwkhu eudqfk OFEK� vhsdudwhv wkh uhjlrq ]2 iurp ]e/zkrvh srlqwv kdyh irxu glvwlqfw suhlpdjhv +vhh djdlq �j1 :,1Wklv doorzv xv wr h{sodlq wkh frqwdfw elixufdwlrq wkdw fdxvhv wkh wudqvirupdwlrq ri wkh frqqhfwhgedvlq E +H2, vkrzq lq �j1 :d lqwr wkh qrqfrqqhfwhg edvlq E +H2, vkrzq lq �j1 :e1 Lq idfw/ lq �j1:d/ Z r+V,/ l1h1 wkh erxqgdu| Z r+H7, zklfk vhsdudwhv wkh wzr edvlqv/ lv hqwluho| lqfoxghg lqvlgh wkhuhjlrqv ]2 dqg ]f1 Krzhyhu/ wkh idfw wkdw lq �j1 :d d sruwlrq ri lw lv forvh wr wkh fulwlfdo fxuyhOFEK� vxjjhvwv wkdw li vrph ri wkh sdudphwhuv duh fkdqjhg/ vr wkdw d frqwdfw ehwzhhq Z r+V, dqg OFrffxuv/ wklv frqwdfw zloo pdun d elixufdwlrq zklfk fdxvhv txdolwdwlyh fkdqjhv lq wkh vwuxfwxuh ri wkhedvlqv1 Lq idfw/ li d sruwlrq ri E +H2, hqwhuv ]e diwhu d frqwdfw zlwk OFEK� kdv rffxuuhg/ qhz udqn04suhlpdjhv ri wkdw sruwlrq zloo dsshdu qhdu OFEK�3�/ dqg vxfk suhlpdjhv pxvw ehorqj wr E +H2,1 Wklvlv wkh vlwxdwlrq vkrzq lq �j1 :e zklfk lv rewdlqhg e| voljkwo| fkdqjlqj wkh lqhuwld sdudphwhu �21
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Wkh sruwlrq ri E +H2, lqvlgh ]e/ ghqrwhg e| Kf lq �j1 :e/ kdv wzr udqn04 suhlpdjhv/ ghqrwhg e|KE��3� dqg KE2�3� / zklfk duh orfdwhg dw rssrvlwh vlghv zlwk uhvshfw wr OFEK�3� dqg phujh rq lw +lq idfw/ e|gh�qlwlrq/ wkh udqn04 suhlpdjhv ri wkh duf ri OFEK� zklfk erxqg Kf pxvw phujh dorqj OFEK�3�,1 Wkhvhw K3� @ KE��3� ^KE2�3� frqvwlwxwhv d qrq frqqhfwhg sruwlrq ri E +H2,1 Pruhryhu/ vlqfh K3� ehorqjv wrwkh uhjlrq ]e/ lw kdv irxu udqn04 suhlpdjhv/ ghqrwhg e| KE��32 / m @ 4> ===> 7 lq �j1 :e/ zklfk frqvwlwxwhirxu rwkhu _lvodqgv% ri E +H2,1 Srlqwv ri wkhvh _lvodqgv% duh pdsshg lqwr Kf diwhu wzr lwhudwlrqv riwkh pds iWb1 Khqfh/ dw wkh frqwdfw ehwzhhq Z r +V, dqg OF/ wkh edvlq E +H2, lv wudqviruphg iurp dvlpso| frqqhfwhg lqwr d qrq frqqhfwhg vhw= wkh odujhu frqqhfwhg frpsrqhqw ri E +H2,/ zklfk frqwdlqvH2/ lv fdoohg wkh lpphgldwh edvlq Ef +H2,/ dqg wkh zkroh edvlq lv jlyhq e| wkh xqlrq ri lwv suhlpdjhv=E +H2, @ V&Df W3& +Ef +H2,,1 Qrwlfh wkdw wkh h{dfw ydoxhv ri wkh sdudphwhu dw zklfk vxfk frqwdfwelixufdwlrqv rffxu fdqqrw eh frpsxwhg dqdo|wlfdoo|/ dv zh gr qrw kdyh dq htxdwlrq iru wkh erxqgdu|Z r+H7,1 Krzhyhu/ wkh rffxuuhqfh ri wklv elixufdwlrq fdq eh ghwhfwhg e| frpsxwhu0dvvlvwhg surriv/edvhg rq wkh nqrzohgjh ri wkh surshuwlhv ri wkh fulwlfdo fxuyhv dqg wkhlu judsklfdo uhsuhvhqwdwlrq +vhhh1j1 Plud hw do1/ 4<<9d/ iru pdq| h{dpsohv,1 Wklv _prgxv rshudqgl% lv w|slfdo lq wkh vwxg| ri wkhjoredo elixufdwlrqv ri qrqolqhdu wzr0glphqvlrqdo pdsv1Zh hqg wklv Dsshqgl{ e| vwuhvvlqj wkdw li erwk %� @ 4/ wkhq wkh orfxv ri wkh ydqlvklqj Mdfreldq lvjlyhq e| wkh htxlodwhudo k|shuerod ri htxdwlrq�t� � 45��t2 � 45� @ +4� ��, +4� �2,7���2���2 >
dqg li �� @ 4 ru �� @ 4 wklv ghjhqhudwhv lqwr wkh xqlrq ri wkh wzr olqhv ri htxdwlrq t� @ 4@5 dqgt2 @ 4@51 Wkh fdvh zlwk %� @ %2 @ 4 dqg �� @ �2 @ 4 fruuhvsrqgv wr wkh Frxuqrw wadwrqqhphqwvwxglhg lq Elvfkl hw do1 +5333,/ zkhuh lw lv vkrzq wkdw wkh surshuw| ri kdylqj OF3� iruphg e| yhuwlfdodqg krul}rqwdo olqhv/ wrjhwkhu zlwk wkh surshuwlhv wkdw dq| pds ri wkh irup +58, pdsv yhuwlfdo olqhvlqwr krul}rqwdo olqhv dqg ylfh0yhuvd/ jlyhv ulvh wr sduwlfxodu joredo surshuwlhv ri wkh fkdrwlf duhdv dqgwkh edvlq erxqgdulhv/ qdpho| wkdw wkh fkdrwlf duhdv/ dv zhoo dv wkhlu edvlqv/ duh fkdudfwhul}hg e|uhfwdqjxodu erxqgdulhv1
+iuihi?Uit
^4` Deudkdp/ U1/ Jduglql/ O1 dqg Plud/ F1 +4<<:, Fkdrv lq glvfuhwh g|qdplfdo v|vwhpv +D ylvxdolqwurgxfwlrq lq wzr glphqvlrqv, Vsulqjhu0Yhuodj1^5` Elvfkl/ J1L1/ Pdppdqd/ F1 dqg Jduglql/ O1 +5333, _Pxowlvwdelolw| dqg f|folf dwwudfwruv lq gxrsro|jdphv%/ Fkdrv/ Vrolwrqv dqg Iudfwdov/ 44= 8760897^6` J1L1 Elvfkl dqg P1 Nrsho +5334, _Htxloleulxp Vhohfwlrq lq d Qrqolqhdu Gxrsro| Jdph zlwkDgdswlyh H{shfwdwlrqv% Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq/ yro1 7924/ ss1 :604331^7` Elvfkl/ J10L1/ Jdoohjdwl/ P1 dqg Qdlp}dgd/ D1 +4<<<, _V|pphwu|0Euhdnlqj elixufdwlrqv dqg uhs0uhvhqwdwlyh �up lq g|qdplf gxrsro| jdphv%/ Dqqdov ri Rshudwlrqv Uhvhdufk/ ;</ 58605:51^8` Eurxvvhdx/ Y1 dqg D1 Nlupdq/ 4<<5/ Dssduhqw frqyhujhqfh ri ohduqlqj surfhvvhv lq plv0vshfl�hgjdphv/ lq= Jdph Wkhru| dqg Hfrqrplf Dssolfdwlrqv/ E1 Gxwwd/ G1 Prrnkhumhh/ W1 Sduwdvdudwk|/W1H1V1 Udjkdydq/ G1 Ud|/ dqg V1 Wlmv +Hgv1,/ Vsulqjhu/ 63606641
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^9` Eurxvvhdx/ Y1 dqg D1 Nlupdq/ 4<<6/ Wkh g|qdplfv ri ohduqlqj lq Q0shuvrq jdphv zlwk wkh zurqjQ/ lq= Iurqwlhuv ri Jdph Wkhru|/ N1 Elqpruh/ D1 Nlupdq/ S1 Wdql +Hgv1,/ PLW Suhvv/ :40<61^:` Exorz/ M1L1/ Jhdqdnrsorv/ M1G1/ Nohpshuhu/ S1G1/ 4<;8d1 Pxowlpdunhw roljrsro|= Vwudwhjlf vxevwl0wxwhv dqg frpsohphqwv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ <6/ 7;;08441^;` Exorz/ M1L1/ Jhdqdnrsorv/ M1G1/ Nohpshuhu/ S1G1/ 4<;8e1 Kroglqj wkh fdsdflw| wr ghwhu hqwu|1 WkhHfrqrplf Mrxuqdo/ <8/ 4:;04;51^<` Fdqrydv/ M1V1/ 5333 Fkdrv lq gxrsro| jdphv Qrqolqhdu Vwxglhv/ yro14/ q14 ss <:04371^43` Fdqrydv/ M1V1 dqg Olqhur/ D1/ 5334 Wrsrorjlfdo g|qdplf fodvvl�fdwlrq ri gxrsro| jdphv Fkdrv/Vrolwrqv ) Iudfwdov/ yro14 q145/ 458<045991^44` Fklduhood/ F1/ V}lgduryv}n|/ I1 +5334,/ _Wkh Qrqolqhdu Frxuqrw Prgho xqghu Xqfhuwdlqw| zlwkFrqwlqxrxvo| Glvwulexwhg Wlph Odjv% Fhqwudo Hxurshdq Mrxuqdo ri Rshudwlrqv Uhvhdufk/ </ ss14;604<91^45` Fklduhood/ F1/ V}lgduryv}n|/ I1 dqg ]kx/ S1 +5335, _Wkh Lqwhudfwlrq ri Xqfhuwdlqw| dqg Lqirupd0wlrq Odjv lq wkh Frxuqrw Roljrsro| Prgho%/ lq Roljrsro| G|qdplfv> Prghov dqg Wrrov/ hglwhg e|W1 Sxx dqg L1 Vxvknr/ Vsulqjhu0Yhuodj/ ss1 56605961^46` U1 P1 F|huw dqg P1 K1 GhJurrw/ 4<;:/ Ed|hvldq Dqdo|vlv dqg Xqfhuwdlqw| lq Hfrqrplf Wkhru|/Urzpdq)Olwwoh�hog/ Qhz Mhuvh|1^47` Gdqd/ U1D1 dqg Prqwuxffklr/ O1/ 4<;9/ %G|qdplf frpsoh{lw| lq gxrsro| jdphv%/ Mrxuqdo riHfrqrplf Wkhru|/ 73/ 730891^48` Ixghqehuj/ G1 dqg Ohylqh/ G1N1 +4<<6,= Vhoi Frq�uplqj Htxloleulxp/ Hfrqrphwulfd 94/ 85608791^49` Ixghqehuj/ G1/ G1 Ohylqh +4<<;,/ Wkh Wkhru| ri Ohduqlqj lq Jdphv/ PLW Suhvv1^4:` Jdwhv/ G1M1/ M1D1 Ulfndug/ dqg G1M1 Zlovrq +4<:;,/ Frqyhujhqfh ri d uhodwhg jdph vwudwhj|/Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 8/ <:0443^4;` Jdwhv/ G1M1/ M1D1 Ulfndug/ dqg G1M1 Zlovrq +4<;5,/ H{dfw frrshudwlyh vroxwlrq ri d gxrsro| prghozlwkrxw frrshudwlrq/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv </ 5:0681^4<` Jxprzvnl/ L1 dqg Plud/ F1 +4<;3, G|qdpltxh Fkdrwltxh/ Fhsdgxhv Hglwlrqv/ Wrxorvh1^53` Kxdqj/ Z1 +5334, _Wkhru| ri Dgdswlyh Dgmxvwphqw% Glvfuhwh G|qdplfv lq Qdwxuh dqg Vrflhw|/yro18/ ss1 57:05961^54` Kxfn/ V1/ K10W1 Qrupdqq/ M1 Rhfkvvohu +4<<<, _Ohduqlqj lq Frxuqrw Roljrsro| ~ Dq H{shulphqw%Wkh Hfrqrplf Mrxuqdo 43</ F;30F<81^55` Ndodl/ H1 dqg Ohkuhu/ H1 +4<<6,= Vxemhfwlyh Htxloleulxp lq Uhshdwhg Jdphv/ Hfrqrphwulfd 94/4564045731^56` Ndodl/ H1 dqg Ohkuhu/ H1 +4<<8,= Vxemhfwlyh Jdphv dqg Htxloleuld/ Jdphv dqg Hfrqrplf Ehkdylru;/ 45604961
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^57` Nlupdq/ D1S1/ 4<:8/ Ohduqlqj e| �upv derxw ghpdqg frqglwlrqv/ lq= Dgdswlyh Hfrqrplf Prghov/U1K1 Gd| dqg W1 Juryhv +Hgv1,/ Dfdghplf Suhvv/ 46:04891^58` Nlupdq/ D1S1/ 4<;6/ Rq plvwdnhq eholhiv dqg uhvxowdqw htxloleuld/ lq=Lqglylgxdo Iruhfdvwlqj dqg Djjuhjdwh Rxwfrphv/ U1 Iu|gpdq dqg H1V1 Skhosv +Hgv1,/ FdpeulgjhXqly1 Suhvv/ 47:04991^59` Nlupdq/ D1S1/ 4<<8/ Ohduqlqj lq roljrsro|= wkhru|/ vlpxodwlrq/ dqg h{shulphqwdo hylghqfh/ lq=Ohduqlqj dqg Udwlrqdolw| lq Hfrqrplfv/ D1 Nlupdq dqg P1 Vdoprq +Hgv1,/ Eodfnzhoo/ 45:04:;1^5:` Nlupdq/ D1S1 dqg P1 Vdoprq +Hgv1,/ 4<<8/ Ohduqlqj dqg Udwlrqdolw| lq Hfrqrplfv/ Eodfnzhoo1^5;` Nrsho/ P1/ 4<<9/ _Vlpsoh dqg Frpsoh{ Dgmxvwphqw G|qdplfv lq Frxuqrw Gxrsro| Prghov%/Fkdrv/ Vrolwrqv ) Iudfwdov/ yro1: q145/ 53640537;1^5<` Nrsho/ P1/ Elvfkl/ J10L1 dqg Jduglql/ O1 +5333, _Rq qhz skhqrphqd lq g|qdplfsurprwlrqdo frpshwlwlrq prghov zlwk krprjhqhrxv dqg txdvl0krprjhqhrxv �upv% lqLqwhudfwlrq dqg Pdunhw Vwuxfwxuh1 Hvvd|v rq Khwhurjhqhlw| lq Hfrqrplfv/ G1 Ghool Jdwwl/ P1Jdoohjdwl dqg D1S1 Nlupdq +Hgv1,/ Vsulqjhu0Yhuodj/ ss1 8:0;:1^63` G1 O�hrqdug dqg N1 Qlvklpxud _Qrqolqhdu g|qdplfv lq wkh Frxuqrw prgho zlwkrxw ixoo lqirupd0wlrq% Dqqdov ri Rshudwlrqv Uhvhdufk ;< +4<<<, ss1 49804:61^64` Pdulprq/ U1/ 4<<:/ Ohduqlqj iurp ohduqlqj lq hfrqrplfv/ lq= G1 Nuhsv dqg N1 Zdoolv +hgv1,/Dgydqfhv lq Hfrqrplfv dqg Hfrqrphwulfv/ Fdpeulgjh Xqlyhuvlw| Suhvv1^65` Phglr/ D1 dqg P1 Olqhv Qrqolqhdu G|qdplfv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 53341^66` Plud/ F1/ O1 Jduglql/ D1 Eduxjrod dqg M1F1 Fdwkdod +4<<9d,Fkdrwlf G|qdplfv lq Wzr0Glphqvlrqdo Qrqlqyhuwleoh Pdsv/ Zruog Vflhqwl�f/ Vlqjdsruh 1^67` F1 Plud/ M1S1 Fdufdvvhv/ P1 Jloohv/ O1 Jduglql +4<<9e, _Sodqh iroldwlrq ri wzr glphqvlrqdo qrq0lqyhuwleoh pdsv%/ Lqwhuqdwlrqdo Mrxuqdo ri Elixufdwlrq dqg Fkdrv/ 9+;, ss1 476<047951^68` W1 Srvwrp dqg L1 Vwhzduw/ 4<:;/ Fdwdvwurskh Wkhru| dqg lwv Dssolfdwlrqv/ Slwpdq1^69` Sxkdnnd/ P1/ Zlvvlqn/ M1S1/ 4<<81 Vwudwhjlf frpsohphqwdulw|/ pxowlsoh htxloleuld dqg h{whuqdolwlhvlq Frxuqrw frpshwlwlrq1 Fhqwhu iru Dqdo|wlf Hfrqrplfv ZS q&<804;/ Fruqhoo Xqlyhuvlw|/ Qhz\run1^6:` Sxx/ W1/ 4<<4/ _Fkdrv lq Gxrsro| Sulflqj%/ Fkdrv/ Vrolwrqv ) Iudfwdov/ yro14 q19/ 8:608;41^6;` Udqg/ G1 _H{rwlf skhqrphqd lq jdphv dqg gxrsro| prghov%/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/8/ 4:604;7/ +4<:;,1^6<` Udvvhqwl/ V1/ Uh|qrogv/ V1 V1/ Vplwk/ Y1O1/ V}lgduryv}n|1 I1 _Dgdswdwlrq dqg Frqyhujhqfh lqUhshdwhg H{shulphqwdo Frxuqrw Jdphv%/ Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq 74+5333, ss1 44:04791^73` U|doo/ P1G1 +5334,= Vxemhfwlyh Udwlrqdolw|/ Vhoi0Frq�uplqj Htxloleulxp dqg dq Dssolfdwlrq wrwkh Uhvrxufh0Edvhg Ylhz/ Zrunlqj Sdshu/ Xqlyhuvlw| ri Urfkhvwhu1
5:



^74` Vfkd�hu/ V1 +4<;7,= Fkdrv/ qdlyhwh/ dqg frqvlvwhqw frqmhfwxuhv/ Hfrqrplfv Ohwwhuv 47/ 48804951^75` Ydq Kx|fn/ M1E1/ Frrn/ M1S1/ Edwwdolr/ U1F1/ 4<<71 Vhohfwlrq g|qdplfv/ dv|pswrwlf vwdelolw|/ dqgdgdswlyh ehkdylru1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ 435/ <:8043381^76` Ydq Zlwwhorrvwxlmq/ D1/ Ydq Olhu/ D1/ 4<<31 Fkdrwlf sdwwhuqv lq Frxuqrw frpshwlwlrq1 Phwurhfr0qrplfd/ 74/ 49404;81

5;
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