
Glylghqgv dqg Htxlw| Sulfhv= Wkh YduldqfhWudgh R�
Pdujduhw Eud|Orqgrq Vfkrro ri HfrqrplfvKrxjkwrq Vwuhhw/Orqgrq ZF5D 5DHXNp1p1eud|Covh1df1xn

Jlrydqql PduvhjxhuudXqlyhuvlwã Fdwwrolfd gl Plodqr/Odujr D1 Jhphool 453456 Plodqr/Lwdo|jpduvhjCpl1xqlfdww1lwDsulo 45/ 5335
DevwudfwWklv sdshu vkrzv wkdw vwdqgdug frusrudwh �qdqfh wkhru| lpsolhv wkdwwkhuh lv srwhqwldoo| d wudgh r� ehwzhhq wkh yduldqfhv ri glylghqgv dqghtxlw| sulfhv1 Zh vkrz krz wkh wudgh r� zrunv lq d vwrfkdvwlf gl�huhqfhhtxdwlrq prgho ri glylghqg srolf|/ ghprqvwudwlqj wkdw wkh vroxwlrq pd|eh xqvwdeoh iru sodxvleoh sdudphwhu ydoxhv1 Dw wkh erxqgdu| ri wkh ihdvl0eoh vhw ri sulfh dqg glylghqg yduldqfhv/ sulfhv dqg glylghqgv duh shuihfwo|fruuhodwhg dqg erwk iroorz dq DU+4, surfhvv1 Zh fdofxodwh h{solflw iru0pxodh iru wkh yduldqfhv/ dqg vkrz wkdw �upv frxog lw sulqflsoh pdnh sulfhvfrpsohwho| suhglfwdeoh/ e| lpphgldwho| lqfrusrudwlqj doo qhzv derxw wkhsuhvhqw ydoxh ri hduqlqjv lqwr glylghqgv1 E| fkrrvlqj wr vprrwk glylghqgv�upv lqfuhdvh wkh yduldqfh ri sulfhv/ dqg pd| dovr lqfuhdvh wkh yduldqfh riglylghqgv1 Zh vkrz krz wklv fdq hdvlo| uhvxow lq vdpsoh yduldqfhv zklfkylrodwh yduldqfh erxqgv lqhtxdolwlhv1

Dfnqrzohgjhphqw1Zh duh judwhixo iru frpphqw iurp Fkduohv Jrrg0kduw/ Hu}r Oxwwphu/ SlhuFduor Qlfrod dqg sduwlflsdqwv lq wkh IlqdqfldoPdunhwv Jurxs Zrunvkrs dw OVH1
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4 LqwurgxfwlrqGlylghqgv idprxvo| srvh d sx}}oh +Eodfn/ 4<:9,/ ru pruh dffxudwho| sx}}ohv/zklfk lqyroyh erwk dvvhw sulflqj dqg frusrudwh �qdqfh1 Lqghhg wkh vlpsohvwwkhrulhv lq wkhvh wzr duhdv jhqhudwh dq dssduhqw sdudgr{1 Dvvhw sulflqj wkhru|vd|v wkdw wkh ydoxh ri htxlw| lv wkh h{shfwhg suhvhqw ydoxh ri ixwxuh glylghqgv1Frusrudwh �qdqfh wkhru| +Prgljoldql Ploohu/ 4<8;/ 4<94, vd|v wkdw glylghqgvduh luuhohydqw/ wkh wrwdo ydoxh ri d �up grhv qrw ghshqg rq �qdqfldo srolf|1Lq d �up zklfk lvvxhv ghew dqg htxlw|/ wkh ydoxh ri htxlw| lv htxdo wr wkhydoxh ri ixwxuh hduqlqjv plqxv wkh ydoxh ri ghew/ uhjdugohvv ri glylghqg srolf|1Wkh uhvroxwlrq ri wkh sdudgr{ lv wkdw glylghqg srolf| lv xowlpdwho| frqvwudlqhge| fdslwdo vwuxfwxuh/ lq wkh hqg wkh fdslwdo pdunhwv zloo qrw doorz �upv wr�qdqfh kljk glylghqgv e| vhoolqj vkduhv ru lvvxlqj ghew li hduqlqjv gr qrw zduudqwlw1 Wklv vxjjhvwv prghoolqj wkh glylghqg surfhvv dqg fdslwdo vwuxfwxuh dw wkhvdph wlph1 Wklv sdshu dlpv dw ghyhorslqj vxfk dq dssurdfk +vhh Eud| dqgPduvhjxhuud/ 4<<:/ dqg Pduvhjxhuud/ 4<<;/ iru suholplqdu| uhvxowv lq wklv olqh riuhvhdufk,1 Wklv wdnhv xv rxwvlgh wkh xvxdo iudphzrun iru wkh dqdo|vlv ri glylghqgsrolf|/ zklfk wdnhv wkh fdslwdo vwuxfwxuh dqg qhw glylghqg +glylghqgv soxv vkduhuhsxufkdvhv plqxv vkduh lvvxhv, dv jlyhq/ dqg orrnv dw wkh ghfrpsrvlwlrq ri wkhqhw glylghqg lqwr lwv wkuhh frpsrqhqwv1 Wkh fodvvlf txhvwlrq khuh lv Eodfn*v+4<:9, ruljlqdo glylghqg sx}}oh/ zk| gr frpsdqlhv sd| glylghqgv jlyhq wkh wd{glvdgydqwdjhv ri grlqj vr +vhh Doohq dqg Plfkdho|/ 4<<8/ iru d vxuyh| ri wkh ydvwolwhudwxuh rq glylghqg srolf|/ dqg Doohq Ehuqdugr dqg Zhofk/ 5333/ iru d uhfhqwh{sodqdwlrq ri wkh sx}}oh edvhg rq wd{ folhqwhohv,14Zh lq frqwudvw wdnh prghov ri glylghqg vhwwlqj dv ghwhuplqlqj wkh qhw gly0lghqg/ dqg orrn dw wkhlu lpsolfdwlrqv iru wkh vwrfkdvwlf surfhvvhv ri hduqlqjv/htxlw| ydoxhv/ ghew dqg glylghqgv zlwklq d vlpsoh dqg yhu| ruwkrgr{ iudphzrun/lq zklfk dvvhwv ydoxhv duh h{shfwhg suhvhqw glvfrxqwhg ydoxhv zlwk d frqvwdqwglvfrxqw udwh/ dqg wkh Prgljoldql Ploohu wkhruhp krogv1 Wklv lv frqfhswxdoo| dvlpsoh h{huflvh/ dowkrxjk dojheudlfdoo| exughqvrph lq sodfhv1 Zk| lv lw zruwkgrlqjB Ehfdxvh zh eholhyh wkh uhvxowv duh vxusulvlqj/ dqg jr vrph zd| wrzdugvh{sodlqlqj zk| lw kdv ehhq vr kdug wr uhvroyh vrph dvshfwv ri wkh glylghqgsx}}oh1Zh vwduw zlwk d yhu| vlpsoh dqg ruwkrgr{ prgho ri wkh �up lq vhfwlrq 5/dqg vkrz wkdw zkdwhyhu wkh glylghqg srolf|sw . gw @ +4 . u,sw�4 . hw +414,zkhuh/ u lv wkh h{shfwhg udwh ri uhwxuq/ dqg +wklv lv wkh vxevwdqfh ri wkh sursr0vlwlrq, hw lv wkh lqqrydwlrq dw gdwh w lq wkh h{shfwhg suhvhqw glvfrxqwhg ydoxhri fxuuhqw dqg ixwxuh hduqlqjv iurp gdwh w rqzdugv1 Wklv lv qrw d ghhs ru vxu0sulvlqj uhvxow/ exw lw grhv kljkoljkw dq lpsruwdqw dvshfw ri glylghqg srolf|> krzgr glylghqgv uhvsrqg wr wkh vkrfn hw lq wkh h{shfwhg suhvhqw glvfrxqwhg ydoxhri hduqlqjvB Wkh vw|olvhg idfwv ri glylghqg vprrwklqj +Olqwqhu/ 4<89, vxjjhvwv
4Vhh dovr Edjzhoo dqg Vkryhq/4<;</ dqg Idpd dqg Iuhqfk/ 5334/ iru fkdqjhv lq wkh vl}hdqg frpsrvlwlrq ri qhw glylghqgv1
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wkdw wkh dqvzhu lv qrw pxfk/ lq zklfk fdvh +414, lpsolhv wkdw wkh vkrfn lv odujho|pdqlihvwhg lq wkh htxlw| sulfh/ vr wdnlqj wkh yduldqfh ri hduqlqjv vkrfnv dv jlyhqvprrwk glylghqgv zrxog vhhp wr lpso| exps| sulfhv1 Zh h{soruh wklv ixuwkhulq Vhfwlrq 6/ vkrzlqj wkdw li ghwuhqghg htxlw| sulfhv/ glylghqgv dqg hduqlqjvvkrfnv duh vwdwlrqdu|/ wkhq htxdwlrq +414, lpsolhv erxqgv rq wkh yduldqfhv riglylghqgv dqg htxlw| sulfhv zklfk duh vwdwhg lq Sursrvlwlrq 5 dqg judskhg lqIljxuh 51 Wkh ihdvleoh vhw kdv wzr lpsruwdqw ihdwxuhv1 Iluvwo| lw frq�upv wkhsrvvlelolw| ri d wudgh r� ehwzhhq wkh yduldqfhv ri sulfhv dqg glylghqgv1 Vhf0rqgo| dw wkh erxqgdulhv ri wkh ihdvleoh vhw sulfhv dqg glylghqgv duh shuihfwo|fruuhodwhg/ vrphwklqj zh frph edfn wr lq Vhfwlrq 9 zkhuh zh vkrz wkdw wklvlpsolhv wkdw ghwuhqghg sulfhv dqg glylghqgv iroorz dq DU+4, surfhvv1Ixuwkhu surjuhvv uhtxluhv prghoolqj ri glylghqgv dqg hduqlqjv zklfk zh sur0ylgh lq Vhfwlrq 7 lq zklfk glylghqgv duh d olqhdu ixqfwlrq ri odjjhg glylghqgv dqgfdslwdo vwuxfwxuh yduldeohv +wkh h{shfwhg suhvhqw ydoxh ri hduqlqjv/ dqg wkh ydoxhri ghew dqg htxlw|,/ hduqlqjv dqg hduqlqjv vkrfnv1 Wkh prgho lv vx!flhqwo|jhqhudo wr kdyh dv vshfldo fdvhv erwk wkh pdmru k|srwkhvhv rq glylghqg srolf|1Rqh lv wkh sduwldo dgmxvwphqw k|srwkhvlv/ ruljlqdoo| gxh wr Olqwqhu +4<89,/ zklfkvwdwhv wkdw frpsdqlhv kdyh d wdujhw glylghqg0hduqlqjv udwlr/ exw vprrwk wkhluglylghqgv e| rqo| dgmxvwlqj wr lw sduwldoo|1 Wkh dowhuqdwlyh shupdqhqw hduqlqjvk|srwkhvlv pdnhv glylghqgv d ixqfwlrq ri vrph phdvxuh ri shupdqhqw hduqlqjv/rqh vxfk phdvxuh ehlqj wkh htxlw| sulfh +dv lq Pduvk dqg Phuwrq/ 4<;9,1 Wkhhpslulfdo olwhudwxuh kdv vrxjkw wr glvwlqjxlvk ehwzhhq wkh wzr k|srwkhvhv +vhhiru h{dpsoh Idpd dqg Edeldn/ 4<9;,/ exw +dv zh dujxh lq Vhfwlrq 7, wklv pd|eh gl!fxow wr dfklhyh ehfdxvh glylghqg vprrwklqj fdq pdnh wkh wzr k|srwkhvhvrevhuydwlrqdoo| htxlydohqw1Wkhuh lv d orqj vwdqglqj ghedwh rq zkhwkhu glylghqgv kdyh d vljqdoolqj uroh/zkhwkhu glylghqgv frqyh| dq| lqirupdwlrq zklfk lv qrw douhdg| lqfrusrudwhglq hduqlqjv/ dqg zkhwkhu wkhuh lv d frq lfw ehwzhhq glylghqg vljqdoolqj dqgvprrwklqj1 Wkhuh duh d qxpehu ri wkhruhwlfdo prghov ri glylghqg vljqdoolqj+h1j1/ Ekdwwdfkdu|d/ 4<:</ Ploohu dqg Urfn/ 4<;8/ Mrkq dqg Zlooldpv/ 4<;8,1Wkhvh duh doo prghov ri rqh urxqg ri glylghqg vhwwlqj1 Zh kdyh qrw dgguhvvhgwkh gdxqwlqj whfkqlfdo gl!fxowlhv lq ghulylqj d vljqdoolqj prgho edvhg rq rs0wlplvlqj dvvxpswlrqv zklfk fdq h{whqg ryhu dq xqolplwhg qxpehu ri glylghqgghflvlrqv1 Krzhyhu rxu prgho ri glylghqg vhwwlqj doorzv exw grhv qrw irufhglylghqgv wr frqyh| lqirupdwlrq derxw ixwxuh hduqlqjv/ zklfk pd| ru pd| qrwsurylgh lqirupdwlrq dgglwrqdo wr wkdw lq fxuuhqw hduqlqjv1Zh prgho hduqlqjv lq Vhfwlrq 7 dv wkh vxp ri d surfhvv zklfk fdq eh DU+4,ru d udqgrp zdon/ dqg d zklwh qrlvh surfhvv1 Wklv lv wkh vlpsohvw zd| ridoorzlqj erwk shuvlvwhqw dqg wudqvlhqw vkrfnv wr hduqlqjv1 Wkhuh duh wzr edvlfdssurdfkhv wr wdfnolqj wkh qrq0vwdwlrqdulw| +vhh/ h1j1/ Kdplowrq/ 4<<7,1 Rqh lvwr gl�huhqfh wkh gdwd/ iru h{dpsoh �qglqj wkdw wkh �uvw gl�huhqfh ri gdwd lvvwdwlrqdu|1 Dq dowhuqdwlyh dssurdfk lv wr hvwlpdwh dq h{srqhqwldo wuhqg/ zklfklv xvhg wr ghwuhqg wkh gdwd1 Zh doorz khuh iru erwk srvvlelolwlhv1 Wkh prghojlyhv d vhw ri wkuhh vlpxowdqhrxv olqhdu vwrfkdvwlf gl�huhqfh htxdwlrqv +71:, dqg+71;,1Wkh �uvw txhvwlrqv wr dvn derxw vxfk d vhw ri htxdwlrqv lv zkhwkhu wkh uhvxow0
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lqj vroxwlrq lv vwdeoh/ dqg li qrw vwdeoh zkhwkhu wkh yduldeohv duh frlqwhjudwhg1Wklv lv dgguhvvhg lq Sursrvlwlrq 6 dqg looxvwudwhg lq Iljxuhv 6 dqg 71 Wkh uhvxowghshqgv xsrq wkh vwdelolw| ri wkh hduqlqjv surfhvv/ dqg wkh frh!flhqwv ri odjjhgglylghqgv dqg odjjhg htxlw| sulfhv lq wkh glylghqg htxdwlrq/ zklfk ghwhuplqhwkh hljhqydoxhv ri wkh pdwul{ lq wkh gl�huhqfh htxdwlrq v|vwhp1 Zh vkrz wkdwsodxvleoh ydoxhv ri wkh frh!flhqwv jhqhudwh hljhqydoxhv zklfk duh forvh wr wkherxqgdu| ri wkh xqlw flufoh/ vr lw lv qrw vxusulvlqj wkdw dv wkh hpslulfdo olwhudwxuhvxjjhvwv +GhMrqj dqg Zklwkhpdq/ 4<<4,/ wkh vwdwlrqdulw| dqg frlqwhjudwlrq risulfhv dqg glylghqgv lv d gholfdwh lvvxh1 Li glylghqgv duh qrw d�hfwhg e| wkhedodqfh vkhhw lq wkh irup ri odjjhg htxlw| sulfhv ru ghew rqh ru pruh ri wkhurrwv olhv rxwvlgh wkh xqlw flufoh1 Li glylghqgv duh xqd�hfwhg e| erwk odjjhg ht0xlw| sulfhv dqg odjjhg glylghqgv/ iru h{dpsoh li wkh frpsdq| qhyhu sd|v dq|glylghqgv/ erwk urrwv olh rxwvlgh wkh xqlw flufoh1Zh vroyh wkh prgho lq Vhfwlrq 81 Sursrvlwlrq 7 jlyhv irupxodh iru wkh wlphsdwk ri sulfhv dqg glylghqgv jhqhudwhg e| wkh gl�huhqfh htxdwlrqv1 Wkhvhdoorz xv wr vhh wkh uhodwlrqvkls ehwzhhq wkh sduwldo dgmxvwphqw dqg shupdqhqwhduqlqjv k|srwkhvhv rq glylghqg ghwhuplqdwlrq/ wkh lqirupdwlrq frqyh|hg e|glylghqgv dqg wkh uhvxowlqj sulfh/ glylghqg dqg hduqlqjv surfhvvhv1 Wkh uhvxowvpdnh lw vwudljkwiruzdug wr vshfli| frqglwlrqv xqghu zklfk vrph ru doo ri sulfhv/glylghqgv dqg hduqlqjv duh shuihfwo| fruuhodwhg1 Zh vkrz wkdw li xqghu wkhvhfrqglwlrqv ghwuhqghg htxlw| sulfhv dqg glylghqgv duh vwdwlrqdu|/ wkh yduldqfhvri sulfhv dqg glylghqgv olh rq wkh erxqgdu| ri wkh ihdvleoh vhw gh�qhg lq Vhfwlrq6/ dqg wkh sduwldo dgmxvwphqw dqg shupdqhqw lqfrph k|srwkhvhv ri glylghqgvhwwlqj duh revhuydwlrqdoo| htxlydohqw1Zh fdq dovr orrn dw wkh uhvsrqvh ri glylghqgv dqg htxlw| sulfhv wr fxuuhqwdqg odjjhg shupdqhqw dqg wudqvlhqw vkrfnv lq hduqlqjv1 Wkh vshfl�fdwlrq riwkh glylghqg htxdwlrq doorzv xv wr iroorz Olqwqhu*v +4<89, vxuyh| uhvxowv jlylqjwudqvlwru| vkrfnv qr uroh lq lpphgldwh glylghqg vhwwlqj1 Krzhyhu rxu prgholpsolhv wkdw lq wkdw fdvh wudqvlwru| vkrfnv wr hduqlqjv ehiruh lqwhuhvw zloo lq0hylwdeo| kdyh orqj whupv h�hfwv rq glylghqgv dqg htxlw| sulfhv1 Wklv h�hfwfdq zrun wkurxjk wkh h�hfw ri glylghqgv rq ghew/ dqg wkxv rq hduqlqjv diwhulqwhuhvw1 Lq wkh hfrqrphwulf olwhudwxuh hduqlqjv duh xvxdoo| wuhdwhg dv dq h{rjh0qrxv yduldeoh lq h{sodlqlqj glylghqgv +h1j1/ Ohh/ 4<<9/ dqg Fkldqj hw do1/ 4<<:,/exw zh vxjjhvw wklv pd| qrw eh vr1 Wklv pd| dffrxqw iru wkh vwurqj hylghqfhri qrq0vwdwlrqdulw| lq hduqlqjv +vhh/ h1j1/ Dol dqg ]durzlq/ 4<<5,/ vr pxfk vrwkdw vrph vkrfnv wr hduqlqjv dsshdu wr odvw iru hyhu zlwkrxw glplqlvklqj1 Lqd zruog ri fkdqjlqj pdunhwv dqg whfkqrorj| wklv lv d vrphzkdw vxusulvlqj ihd0wxuh ri hduqlqjv ehiruh lqwhuhvw15 Exw li hduqlqjv duh hduqlqjv diwhu lqwhuhvw dqgwkhuhiruh hqgrjhqrxv/ glylghqg srolf|/ dqg lq sduwlfxodu glylghqg vprrwklqj/pd| dffrxqw iru wkh qrq0vwdwlrqdulw| ri hduqlqjv1Lq Vhfwlrq 9 zh frph edfn wr wkh Vhfwlrq 5 lqvljkw wkdw wkh fkrlfh ri krzpxfk wr pdnh glylghqgv pryh lq uhvsrqvh wr vkrfnv lq wkh h{shfwhg suhvhqw
5 Lw lv krzhyhu zruwk uhphpehulqj/ dv fohduo| vwdwhg e| Fdpehoo dqg Vkloohu/ wkdw �wkhsuhflvh hfrqrplf phdqlqj ri hduqlqjv gdwd lv qrw fohduo| gh�qhg> dffrxqwlqj gh�qlwlrqv duhfrpsolfdwhg dqg fkdqjh wkurxjk wlph lq zd|v wkdw duh qrw uhdglo| grfxphqwhg� +Fdpsehoodqg Vkloohu/ 4<;;/ s1994,1
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ydoxh ri hduqlqjv fdq jhqhudwh d wudgh r� ehwzhhq wkh yduldqfhv ri sulfhv dqgglylghqgv/ dqg ghulyh irupxodh iru wkhvh yduldqfhv zklfk dsso| zkhq wkh gh0wuhqghg sulfh dqg glylghqg surfhvvhv duh vwdwlrqdu|1 Zh vkrz wkdw li rqh ruerwk ri wkh urrwv ri wkh htxdwlrq ghwhuplqlqj vwdelolw| olhv forvh wr wkh erxqg0du| ri wkh xqlw flufoh/ vrphwklqj zklfk dsshduv wkrurxjko| sodxvleoh/ wkhuh lvlq idfw olwwoh vfrsh iru wudgh r�v wkurxjk wklv phfkdqlvp/ dqg dv erwk urrwvdssurdfk wkh erxqgdu| erwk yduldqfhv whqg wr lq�qlw|1 Zh wkhq orrn dw wkhvfrsh iru wudgh r� dorqj wkh erxqgdu| ri wkh ihdvleoh vhw ri sulfh dqg glylghqgyduldqfhv1 Zh vkrz wkdw wkhuh lv hqruprxv vfrsh iru wudgh r� khuh/ dqg lqghhglw lv srvvleoh wr pdnh sulfhv/ exw qrw glylghqgv/ iroorz d ghwhuplqlvwlf wuhqg/ e|sxwwlqj wkh hqwluh vkrfn wr wkh suhvhqw ydoxh ri h{shfwhg hduqlqjv lqwr glylghqgv1Zh vkrz wkdw e| fkrrvlqj wr vprrwk glylghqgv frpsdqlhv duh fkrrvlqj sulfhvzklfk kdyh odujh yduldqfhv erwk ehfdxvh wkhuh lv d elj lqlwldo sulfh uhvsrqvh wrhduqlqjv vkrfnv/ dqg ehfdxvh wkh vkrfn lv shuvlvwhqw1Wklv lv vxjjhvwlyh ri wkh olwhudwxuh glvfxvvlqj Yduldqfh Erxqgv +Vkloohu +4<;4,dqg wkh vxevhtxhqw glvfxvvlrq Iodylq +4<;6,/ Nohlgrq +4<;9,/ Pduvk dqg Phu0wrq/+4<;9,,/ dqg wkh prgho ri wklv sdshu grhv lqghhg pdnh lw hdv| wr vhh zk|Yduldqfh Erxqgv hvwlpdwhv fdq eh sureohpdwlf1 Lq Vhfwlrq : zh frqvwuxfw dolplwlqj fdvh lq zklfk wkh ghwuhqghg htxlw| sulfh sw dw gdwh w lv forvh wr d udq0grp zdon s3 . Swm@4 ahm zkhuh ahm lv wkh lqqrydwlrq dw gdwh m lq wkh h{shfwhgsuhvhqw glvfrxqwhg ydoxh ri hduqlqjv iurp ghwuhqghg hduqlqjv iurp gdwh w rq0zdugv1 Wkh ghwuhqghg shuihfw iruhvljkw sulfh s�wW +wkh suhvhqw ydoxh ri uhdolvhgglylghqgv iurp gdwh w . m wr W dqg wkh htxlw| sulfh dw gdwh W , lv forvh wrs3 .SWm@4 ahm 1 +Qrwh wkdw w grhv qrw dsshdu lq wklv irupxod1, Dw dq| gdwh wehiruh W wkh yduldqfh erxqgv lqhtxdolw| lv vdwlv�hg/ ydu sw ? ydu s�wW 1 Krzhyhudv wkh ghwuhqghg shuihfw iruhvljkw lv yluwxdoo| wkh vdph iru doo w/ wkh h{shfwhgvdpsoh yduldqfh ri ghwuhqghg shuihfw iruhvljkw sulfhv lv doprvw }hur/ zkhuhdv wkhh{shfwhg vdpsoh yduldqfh ri wkh ghwuhqghg sulfhv lv erxqghg dzd| iurp }hur1Wkh vdpsoh yduldqfhv duh jurvvo| eldvhg dv hvwlpdwhv ri yduldqfhv/ dqg wkh eldvlv pxfk juhdwhu iru shuihfw iruhvljkw sulfhv1 Frpsxwhu vlpxodwlrqv jhqhudwhjurvv ylrodwlrqv ri yduldqfh erxqgv1Vhfwlrq ; frqfoxghv wkh sdshu zlwk d glvfxvvlrq ri wkh urexvwqhvv ri wkhlqvljkwv jdlqhg wr ohvv ghihqvleoh ri rxu dvvxpswlrqv1
5 Glylghqgv dqg Htxlw| SulfhvZh vwduw zlwk vrph yhu| vwdqgdug dvvhw sulflqj dqg frusrudwh �qdqfh wkhru|dvvxpswlrqv1Dvvxpswlrq 4= Dvvhw SulflqjHw�4+egw . esw, @ +4 . u,esw�4 +514,

zkhuh egw lv wkh glylghqg shu vkduh/ esw sulfh shu vkduh dqg u lv wkh h{shfwhgudwh ri uhwxuq1
8



Wkh vxevwdqfh ri wklv dvvxpswlrq lv wkdw wkh h{shfwhg udwh ri uhwxuq lv frq0vwdqw ryhu wlph1 Wklv dq xquhdolvwlf ehqfkpdun +Fdpsehoo/ Or dqg PdfNlqod|4<<:, pdgh iru wkh vdnh ri wudfwdelolw| dqg vlpsolflw|1 Zh eholhyh wkdw wkh nh|lqvljkwv ri wklv sdshu zrxog krog zlwk d pruh frpsolfdwhg prgho ri h{shfwhguhwxuqv1Wklv sdshu uhodwhv glylghqgv dqg vkduh sulfhv wr wkh hduqlqjv dqg edodqfhvkhhw ri wkh �up1 Wklv uhtxluhv dwwhqwlrq wr qhw glylghqgv gw gh�qhg dv wkh vxpri wrwdo glylghqgv soxv vkduh uhsxufkdvhv plqxv vkduh lvvxhv
gw @ qw�4 egw . +qw�4 � qw,esw +515,zkhuh qw lv wkh qxpehu ri vkduhv rxwvwdqglqj dw gdwh w1 Glylghqgv duh sdlg dwgdwh w rq wkh qw�4 vkduhv rxwvwdqglqj dw gdwh w � 4/ dqg qw�4 � qw vkduhv duhuhsxufkdvhg dw sulfh shu vkduh esw1 Zh xvh qrwdwlrqsw @ qwesw= +516,vr sw lv wkh wrwdo ydoxh ri htxlw| dw gdwh w/ lpphgldwho| diwhu glylghqg sd|phqwvdqg vkduh lvvxhv ru uhsxufkdvhv1 +Iru wkh vdnh ri vlpsolflw| zh dvvxph wkdwwkhvh doo wdnh sodfh dw wkh vdph wlph1, Qrwh iurp +515, dqg +516, wkdw gw.sw @qw�4 � agw . asw� vr gw.swsw�4 @ agw.aswasw�4 dqg wkxv/ iurp wkh srlqw ri ylhz ri uhwxuqv/zh fdq zrun zlwk hlwkhu uhwxuqv shu vkduh xvlqj wkh jurvv glylghqg shu vkduh/zklfk lv wkh irfxv ri wkh dvvhw sulflqj olwhudwxuh/ ru uhwxuqv rq wkh wrwdo ydoxh rihtxlw| xvlqj wkh wrwdo qhw glylghqg zklfk lv pruh qdwxudo lq d frusrudwh �qdqfhfrqwh{w1Dvvxpswlrq 5= Vrxufhv dqg Xvhv ri Ixqgvgw . +4 . u,Ew�4 @ {w .Ew +517,zkhuh Ew lv eruurzlqj dw gdwh w dqg {w lv hduqlqjv qhw ri lqyhvwphqwdw gdwh w1Wkh vrxufhv dqg xvhv ri ixqgv lv dq dffrxqwlqj lghqwlw|1 Krzhyhu wkhuh lvhfrqrplf frqwhqw lq wkh dvvxpswlrq wkdw wkh lqwhuhvw udwh u lq wkh vrxufhv dqgxvhv ri ixqgv lghqwlw| +517, lv wkh vdph dv wkh h{shfwhg uhwxuq lq wkh dvvhw sulflqjhtxdwlrq +514,/ d vlpsoli|lqj dvvxpswlrq zklfk lv kdug wr mxvwli|1 Lq wkh frqwh{wri wkh FDSP wklv lv htxlydohqw wr dvvxplqj wkdw wkh ulvn suhplxp rq ghew lv wkhvdph dv wkh ulvn suhplxp rq htxlw|/ d vrphzkdw khurlf dvvxpswlrq1 Zrunlqjzlwk d pruh jhqhudo dvvxpswlrq zrxog fkdqjh wkh lqwhusuhwdwlrq ri wkh prgholq d zd| zklfk zh zloo glvfxvv vkruwo|/ zkhq zh kdyh suryhg Sursrvlwlrq 41Dvvxpswlrq 6= Hduqlqjv Wkh h{shfwhg suhvhqw glvfrxqwhg ydoxh ri ixwxuh hduq0lqjv

Hw
% q[
l@4

{w.l+4 . u,l
&

whqgv wr d �qlwh olplw dv q whqgv wr lq�qlw|1
9



Wklv dvvxpswlrq lv vwdqgdug/ li lw lv qrw vdwlv�hg wkh ydoxh ri wkh �up lv qrwzhoo gh�qhg1Dvvxpswlrq 7= Qr Exeeohv Wkh h{shfwhg suhvhqw glvfrxqwhg ydoxh ri htxlw|q shulrgv khqfh
Hw � sw.q+4 . u,q �whqgv wr 3 dv q whqgv wr lq�qlw|1Djdlq wklv lv d vwdqgdug dvvxpswlrq1Dvvxpswlrq 8= Eruurzlqj Frqvwudlqw Wkh h{shfwhg suhvhqw glvfrxqwhg ydoxhri eruurzlqj q shulrgv khqfh
Hw � Ew.q+4 . u,q �whqgv wr 3 dv q whqgv wr lq�qlw|1Wklv lv dq dvvxpswlrq rq wkh zloolqjqhvv ri fuhglwruv wr ohqg wr wkh �up1 Lwuxohv rxw iru h{dpsoh wkh srvvlelolw| wkdw wkh �up*v fuhglwruv frqwlqxdoo| urooryhu wkh h{lvwlqj ghew zlwkrxw uhtxlulqj dq| uhsd|phqw ri fdslwdo dqg lqwhuhvw1Lw dovr uxohv rxw wkh srvvlelolw| wkdw �upv krog qhjdwlyh ghew/ wkdw lv d fdvksloh/ zklfk vlpso| jurzv dw wkh udwh ri lqwhuhvw1 Lw lv qrw vr reylrxv wkdw �upvzloo eh xqdeoh wr gr wklv/ dowkrxjk d iuhh fdvk sloh vxuho| r�huv hyhq juhdwhuwhpswdwlrqv wr pdqdjhphqw wkdq d fdvk sloh/ dqg wkh| pd| eh frqvwudlqhg e|wkhlu vkduhkroghuv/ ru wkh wkuhdw ru uhdolw| ri wdnh0ryhu +Mhqvhq/ 4<;9,1Wkh iroorzlqj Sursrvlwlrq lv dq doprvw lpphgldwh frqvhtxhqfh ri wkh dv0vxpswlrqv1 Lw vwdwhv wkdw wkh xqdqwlflsdwhg sduw ri dvvhw uhwxuqv lv wkh lqqryd0wlrq lq wkh h{shfwhg suhvhqw ydoxh ri fxuuhqw dqg ixwxuh hduqlqjv1 Wklv lv qrwvxusulvlqj/ dqg lw lv hdv| wr suryh1 Zh vwdwh lw dv d Sursrvlwlrq ehfdxvh lw lvfhqwudo wr wkh dujxphqw ri wklv sdshu1 Zkhq �upv jhw qhzv derxw wkhlu fxuuhqwdqg ixwxuh hduqlqjv wkh| kdyh wr pdnh d ghflvlrq dv wr krz wr uhvsrqg wr wkdwqhzv lq vhwwlqj wkhlu glylghqg1 Li wkh| gr qrw dgmxvw wkhlu qhw glylghqg e| hw/ wkhhqwluh lqqrydwlrq lq wkh h{shfwhg suhvhqw ydoxh ri fxuuhqw dqg ixwxuh hduqlqjv/wkh vwdqgdug dvvxpswlrqv zklfk zh pdnh lpso| wkdw sduw wkdw lqqrydwlrq pxvweh uh hfwhg lq wkh ydoxh ri htxlw| sw1 Li wkhuh duh qr vkduh lvvxhv ru uhsxufkdvhv/ru ghflvlrqv rq lvvxhv dqg uhsxufkdvhv duh dqqrxqfhg ehiruh jurvv glylghqgv/ dq|sduw ri hw zklfk lv qrw lpphgldwho| lqfrusrudwhg lqwr ixwxuh hduqlqjv lv uh hfwhglq wkh htxlw| sulfh1

Sursrvlwlrq 4 +Glylghqg Vkrfnv, Vxssrvh wkdw Dvvxpswlrqv 408 deryh krog1Wkhq sw . gw @ +4 . u,sw�4 . hw +518,
:



sw .Ew @ HwYw.44 . u = +519,
zkhuh

Yw @ Hw
% 4[
l@3

{w.l+4 . u,l
& = +51:,

dqg hw @ HwYw �Hw�4Yw +51;,vr hw lv wkh lqqrydwlrq lq Yw/ wkh h{shfwhg suhvhqw glvfrxqwhg ydoxh ri fxuuhqwdqg ixwxuh hduqlqjv dw gdwh w1Surri1 Pxowlso|lqj htxdwlrq +514, e| qw�4 dqg xvlqj htxdwlrqv +515, dqg+516, lpsolhv wkdw Hw�4+gw . sw, @ +4 . u,sw�4=Lwhudwlqj wklv htxdwlrq jlyhv
sw @ Hw

% q[
l@4

gw.l+4 . u,l . sw.q+4 . u,q
& =

Xvlqj htxdwlrq +517, wr holplqdwh gw.l wkh htxdwlrq deryh iurp lpsolhv wkdw
sw .Ew @ Hw

% q[
l@4

{w.l+4 . u,l . +sw.q .Ew.q,+4 . u,q
& = +51<,

Dvvxpswlrqv 608 wkhq lpso| wkdw
sw .Ew @ Hw

% 4[
l@4

{w.l+4 . u,l
& +5143,

zklfk hvwdeolvkhv +519,1 Dovr iurp +5143, dqg +517,sw . gw � +4 . u,sw�4
@ Hw

% 4[
l@4

{w.l+4 . u,l
&�Ew . ^{w .Ew � +4 . u,Ew�4`

�+4 . u,Hw�4
% 4[
l@4

{w�4.l+4 . u,l
&. +4 . u,Ew�4

@ Hw
% 4[
l@3

{w.l+4 . u,l
&�Hw�4

% 4[
l@3

{w.l+4 . u,l
& @ hw=

;
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Iljxuh 4= Sorwv ri wkh frqglwlrqdo yduldqfhv ri sulfhv dqg glylghqgv iru gl�huhqwydoxhv ri �w�4/ wkh frqglwrqdo fruuhodwlrq ri sulfhv dqg glylghqgv1
Dvvxpswlrq 5/ zklfk lpsolhv wkdw wkh lqwhuhvw udwh rq ghew lv frqvwdqw dqgwkh vdph dv wkh h{shfwhg uhwxuq rq htxlw| sod|v dq lpsruwdqw uroh khuh1 Lizh kdg zrunhg zlwk d ulfkhu dqg pruh uhdolvwlf prgho ri ghew dqg uhwxuqv wkhhtxdwlrq sw.gw @ +4.u,sw�4.hw zrxog vwloo krog/ exw hw zrxog eh wkh lqqrydwlrqlq wkh ydoxh ri htxlw| zklfk zrxog uhvsrqg wr qhzv derxw hduqlqjv/ h{shfwhguhwxuqv/ dqg wkh ydoxh ri ghew1 Zh kdyh dvvxphg iru wkh vdnh ri vlpsolflw|wkdw wkh ydoxh ri ghew grhv qrw uhvsrqg wr qhzv ehfdxvh zh zlvk wr irfxv rqglylghqgv1Sursrvlwlrq 4 kdv lpphgldwh frqvhtxhqfhv iru wkh frqglwlrqdo yduldqfhv riglylghqgv dqg sulfhv1 Htxdwlrq +518, lpsolhv wkdw
yduw�4 sw . 5�w�4+sw> gw, +yduw�4 sw, 45 +yduw�4 gw, 45 . yduw�4 gw @ ydu hwzkhuh wkh qrwdwlrq yduw�4 lv xvhg iru wkh frqglwlrqdo yduldqfh dw gdwh w� 4 dqg�w�4+sw> gw, lv wkh frqglwlrqdo fruuhodwlrq vr �4 � �w�4+sw> gw, � 41Iljxuh 4 vkrzv wkh wudgh r� ehwzhhq wkh frqglwlrqdo yduldqfhv ri sw dqggw1 Dw srlqw D qh{w shulrg*v sulfh lv pdgh frpsohwho| suhglfwdeoh e| ohwwlqjwkh lqqrydwlrq lq wkh glylghqg eh hw/ wkh lqqrydwlrq lq wkh suhvhqw glvfrxqwhgydoxh ri hduqlqjv jlyhq e| htxdwlrqv +51;, dqg +51:,1 Dw srlqw E qh{w shulrg*vglylghqg lv frpsohwho| suhglfwdeoh/ lq zklfk fdvh wkh hqwluh lqqrydwlrq hw lv lq0frusrudwhg lqwr wkh sulfh1 Xqghu wkh dvvxpswlrqv ri wklv prgho �upv zklfk
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zlvkhg wr uhgxfh wkh frqglwlrqdo yduldqfhv ri erwk glylghqgv dqg sulfhv zrxogzlvk wr eh rq wkh vhjphqw DE iru zklfk � @ 4 lq Iljxuh 41
6 Wkh Yduldqfh Wudgh R�Zh qrz pdnh vrph vlpsoh srlqwv derxw wkh wudgh r� ehwzhhq wkh yduldqfhv risulfhv dqg glylghqgv xqghu wkh dvvxpswlrq wkdw wkhuh lv d qxpehu � 5 +3> 4. u,vxfk wkdw ghwuhqghg glylghqgv ��wgw/ htxlw| sulfhv ��wsw dqg hduqlqjv lqqr0ydwlrqv ��whw duh vwdwlrqdu| dqg kdyh yduldqfhv1 Wklv lv qrw dq lqqrfxrxvdvvxpswlrq/ lw lv qrw iru lqvwdqfh vdwlv�hg li glylghqgv dqg htxlw| sulfhv iroorzd udqgrp zdon dqg duh vwdwlrqdu| lq �uvw gl�huhqfhv1 Zh zloo zrun zlwk dprgho ri glylghqgv dqg hduqlqjv zklfk/ ghshqglqj rq sdudphwhu ydoxhv pd| rupd| qrw vdwlvi| wklv dvvxpswlrq1 Wkhuh duh fohduo| pruh jhqhudo prghov wkdqwkh rqh zh xvh zklfk dovr vdwlvi| wklv dvvxpswlrq rq yduldqfhv1 Krzhyhu/ wkhvshfl�fdwlrq khuh dvvxphg grhv doorz xv wr pdnh d srlqw rq wkh wudgh r�v eh0wzhhq glylghqg vprrwklqj dqg wkh yrodwlolw| ri htxlw| sulfhv zklfk lv vxpphgxs lq wkh qh{w Sursrvlwlrq1Sursrvlwlrq 5 +Wkh Yduldqfh Wudgh R�, Vxssrvh wkdw dvvxpswlrqv 408 krog/dqg wkdw glylghqg srolf| dqg wkh hduqlqjv surfhvv lv vxfk wkhuh lv d srvlwlyh frq0vwdqw � iru zklfk ghwuhqghg sulfhv ��wsw/ glylghqgv ��wgw/ dqg wkh lqqrydwlrq lqwkh h{shfwhg suhvhqw ydoxh ri hduqlqjv ��whw duh vwdwlrqdu|1 Ohw �5g @ ydu ��wgw/�5s @ ydu ��wsw dqg �5h @ ydu ��whw1 Wkhq li

n @ �4 . u +614,
+dqg vr 3 ? n ? 4,/ wkh iroorzlqj xsshu dqg orzhu erxqgv krog=
+n�5 . 4,�5s . �5h . 5�stn�5�5s . �5h � �5g � +n�5 . 4,�5s . �5h � 5�stn�5�5s . �5h=Wkh xsshu erxqg lv vdwlv�hg dv dq htxdolw| li dqg rqo| li sulfhv dqg glylghqgvduh shuihfwo| qhjdwlyho| fruuhodwhg/ wkh orzhu erxqg lv vdwlv�hg dv dq htxdolw| lidqg rqo| li sulfhv dqg glylghqgv duh shuihfwo| srvlwlyho| fruuhodwhg1 Wkh orzhuerxqg rq �5g ghfuhdvhv iurp d ydoxh ri �5h wr�4� n5��5h dv �5s lqfuhdvhv iurp 3wr n7�5h+4�n5, dqg wkhuhdiwhu lqfuhdvhv dv �5s lqfuhdvhv1 Wkh xsshu erxqg rq �5g lvdq lqfuhdvlqj ixqfwlrq ri �5s1Surri1 Htxdwlrq +518, lpsolhv wkdw�5s . 5��s�g . �5g @ n�5�5s . �5h +615,zkhuh � @ fruuhodwlrq +sw> gw,1 Wuhdwlqj wklv htxdwlrq dv d txdgudwlf lq �g

�g @ ���s .t+n�5 � 4 . �5,�5s . �5h= +616,
43



Zh ljqruh wkh qhjdwlyh urrw ehfdxvh dv n�5 A 4 lw pdnhv wkh vwdqgdug ghyldwlrq�g qhjdwlyh1 Iurp +616,
C�gC� @ ��s . ��5st+n�5 � 4 . �5,�5s . �5h

@ ��s
#4�v �5�5s+n�5 � 4 . �5,�5s . �5h

$ =
Dv e| dvvxpswlrq n�5 A 4> dqg �s lv d vwdqgdug ghyldwlrq vr qrq0qhjdwlyh/C�gC� � 31 Dv � lv d fruuhodwlrq lw pxvw olh lq ^�4> 4`1 Wkxv wkh orzhu erxqg rq�g lv ghulyhg e| vhwwlqj � @ 4/ dqg wkh xsshu erxqg e| vhwwlqj � @ �4 lq +616,/zklfk jlyhv wkh erxqgv rq �5g1 Iurp +616,

C�gC�s @ ��. +n�5 � 4 . �5,v �5s+n�5 � 4 . �5,�5s . �5h =Li � � 3 wklv lv srvlwlyh/ vr iru jlyhq �/ n dqg �5h/ dv �g � 3/ �5g lv dq lqfuhdvlqjixqfwlrq ri �5s1 Lq sduwlfxodu li � @ �4> C�gC�s A 3> vr wkh xsshu erxqg rq �5g lvvwulfwo| lqfuhdvlqj1 Li � @ 4
C�gC�s @ �4 . n�5v �5sn�5�5s . �5h

zklfk lv }hur li �5s @ n7�5h+4�n5, / qhjdwlyh iru vpdoohu/ dqg srvlwlyh iru odujhu ydoxhvri �5s1 Dw wkh plqlpxp/ vxevwlwxwlqj �5s @ n7�5h+4�n5, / wkh orzhu erxqg rq �5g jlyhvd plqlpdo ydoxh ri �5g ri �4� n5��5h=Wklv Sursrvlwlrq hvwdeolvkhv wkdw vwdqgdug dvvxpswlrqv rq dvvhw sulflqj dqgfrusrudwh �qdqfh lpso| wkdw wkhuh lv srwhqwldoo| d wudgh0r� ehwzhhq wkh yduldqfhri sulfhv dqg wkh yduldqfh ri glylghqgv1 Wklv lv frqwudu| wr wkh lqwxlwlrq wkdwehfdxvh sulfhv duh wkh h{shfwhg suhvhqw ydoxh ri glylghqgv lw lv vxusulvlqj wkdwsulfhv duh exps| zklovw glylghqgv duh vprrwk1 Zh zloo vkrz krz wklv wudgh r�fdq eh dfklhyhg/ dqg dujxh wkdw doo wkh hylghqfh iurp Olqwqhu +4<89, rqzdugvzklfk vxjjhvwv wkdw �upv gr qrw dgmxvw glylghqgv lqvwdqwo| lq uhvsrqvh wr erwkshupdqhqw dqg wudqvlwru| fkdqjhv lq hduqlqjv lpsolhv wkdw li vwdqgdug wkhru|dssolhv �upv duh fkrrvlqj wr pdnh htxlw| sulfhv pruh yrodwloh wkdq wkh| qhhgeh1 Iljxuh 5 looxvwudwhv wkh vfrsh iru wkh yduldqfh wudgh r�/ sorwwhg iru n @ �4.u @44=38 / iru zklfk wkh plqlpdo ydoxh ri �5g lv 3=3<6�5h rewdlqhg zkhq �5s @ ;=;7<�5h=Wkh orzhu erxqgdu| ri wkh ihdvleoh vhw lv d ghfuhdvlqj ixqfwlrq ri �5s iru ydoxhehorz ;=;7<�5h dqg dq lqfuhdvlqj ixqfwlrq iru odujhu ydoxhv ri �5s= Krzhyhu dvIljxuh 5 vkrzv wkh orzhu erxqgdu| lv doprvw  dw rqfh �5s uhdfkhv 6�5h1
44



�
�������������
�������������

� �� �� �� ��
σ�S
σ�H

σ�G
σ�H

Iljxuh 5= Wkh erxqgdu| ri wkh ihdvleoh vhw ri sulfh dqg glylghqg yduldqfhv irun @ 4=38�417 Glylghqgv dqg Hduqlqjv
Rxu prgho ri hduqlqjv lv wkh vlpsohvw zklfk doorzv iru jurzwk lq hduqlqjv/ dxwr0fruuhodwlrq lq hduqlqjv/ dqg doorzv xv wr pdnh d glvwlqfwlrq ehwzhhq qhzv zklfklv rqo| uhohydqw wr fxuuhqw hduqlqj %4w/ dqg qhzv zklfk dovr kdv dq lpsdfw rq h{0shfwdwlrqv ri ixwxuh hduqlqjv1 %5w1 Wkhvh duh hduqlqjv ehiruh lqwhuhvw sd|phqwv/exw rxu prgho ri glylghqg srolf| lv vx!flhqwo| jhqhudo wr doorz glylghqgv wrghshqg xsrq hduqlqjv diwhu lqwhuhvw1Dvvxpswlrq 9= Hduqlqjv Surfhvv Hduqlqjv {w duh jlyhq e|

{w�w @ �. +4 . u � !�,+4 . u, |w . %4w +714,
zkhuh6 |w @ !|w�4 . %5w +715,

6Wkh whup E�no3���E�no� lq +714, pd| dsshdu vwudqjh1 Lw lv wkhuh wr vlpsoli| qrwdwlrq e|pdnlqj �| E0�| n 02|� udwkhu wkdq d pruh frpsolfdwhg ixqfwlrq ri 0�| dqg 02| wkh lqqrydwlrqlq wkh h{shfwhg suhvhqw ydoxh ri hduqlqjv T| ' .| kS"�'f %w.lE�no�l l � Wr vhh wklv qrwh wkdw
45



3 ? � ? 4 . u
�4 . u� ? ! ? 4 . u� =

H%4w @ H%5w @ 3/ ydu %4w @ �5%4 dqg ydu %5w @ �5%5 iru doo w/ fry+%4w> %5v, @ 3iru doo v dqg w/ dqg fry+%4w> %4v, @ fry+%5w> %5v, @ 3 iru doo w 9@ v1Wklv doorzv iru d ydulhw| ri hduqlqjv surfhvv lqfoxglqj wkh srvvlelolw| wkdwhduqlqjv iroorz d udqgrp zdon +� @ 3> ydu %4w @ �5%4 @ 3/ � @ ! @ 4, ru dfrqvwdqw soxv dq DU+4, surfhvv +ydu %4w @ �5%4 @ 3> � @ 4> m!m ? 4,= Wkxv +714,dqg +715, lpso| hw @ HwYw �Hw�4Yw @ �w +%4w . %5w, dqg vr iurp Sursrvlwlrq 4sw . gw @ +4 . u,sw�4 . �w+%4w . %5w,= +716,Rxu glylghqg prgho lv jlyhq e|Dvvxpswlrq := Glylghqg Srolf|gw @ �wk. dgw�4 . esw�4 . f�w|w�4 . i4�w%4w . i5�w%5w . i6�w%6w+717,
zkhuh %4w dqg %5w duh wkh lqqrydwlrqv lq wkh hduqlqjv surfhvv dqg%6w lv dqrwkhu zklwh qrlvh surfhvv zklfk lv lqfoxghg wr doorz juhdwhujhqhudolw| dqg lv ruwkrjrqdo wr i%4wj dqg i%5wj =Dv fxuuhqw hduqlqjv duh jlyhq e| +714, dqg +715,/ dqg wkh h{shfwhg suhvhqwydoxh ri ixwxuh hduqlqjv e| +51:,/ wklv glylghqg srolf| doorzv iru wkh ghshqghqfhri glylghqgv rq odjjhg glylghqgv/ htxlw| sulfhv dqg fxuuhqw hduqlqjv/ wkh h{0shfwhg suhvhqw ydoxh ri ixwxuh hduqlqjv/ dqg lqqrydwlrqv lq fxuuhqw dqg h{shfwhgixwxuh hduqlqjv1 Iurp +519,

sw�4 .Ew�4 @ Hw�4
% 4[
l@4

{w�4.l+4 . u,l
& @ Hw�4 Yw4 . u @ ��w4 . u � � . !�w4 . u |w�4

vr jlyhq wkh lqfoxvlrq ri sw�4 dqg |w�4 lq wkh glylghqg htxdwlrq/ odjjhg eru0urzlqj Ew�4 fdq dovr d�hfw glylghqgv1 Wkxv glylghqgv fdq eh d ixqfwlrq rihduqlqjv diwhu lqwhuhvw sd|phqwv rq ghew1 Rxu vshfl�fdwlrq ri glylghqg srolf|lqfoxghv erwk Olqwqhu*v +4<89, prgho zklfk pdnhv glylghqgv dgmxvw sduwldoo| wr
htxdwlrqv +714, dqg +715, lpso| wkdw

T| ' .|
% "[
�'f

%|n�E� n o��
& ' �|0�| n �| "[

�'f
� k��E� n o�� n �n o 3 ��� n o ����E� n o�� +|�

' �| �0�| n k E� n o�� n o 3 � n +|� ' �|E0�| n 02|� n �| k E� n o�� n o 3 � n �|�+|3��
Qrwh wkh uroh ri wkh dvvxpswlrqv wkdw f 	 � 	 � n o dqg 3 �no� 	 � 	 �no� lq hqvxulqj wkdwwkh lq�qlwh vxpv frqyhujh1
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d wdujhw iudfwlrq ri fxuuhqw hduqlqjv/ dqg d olqhdu yhuvlrq ri Pduvk dqg Phuwrq+4<;9, zklfk pdnhv glylghqgv sursruwlrqdo wr wkh ydoxh ri htxlw|1 Wklv lv qrwd prgho ri vljqdoolqj/ exw wkh glylghqg htxdwlrq grhv doorz iru wkh srvvlelolw|wkdw erwk glylghqgv dqg hduqlqjv duh lqirupdwlyh derxw ixwxuh hduqlqjv/ dqgwkxv wkh ydoxh ri wkh �up1Wkh glylghqg srolf| htxdwlrq fdq dovr eh zulwwhq dv�gw�w� @ k.�d���gw�4�w�4
�.� e���sw�4�w�4

�. f|w�4 . i4%4w . i5%5w . i6%6w=+718,Iurp +718, dqg +716,�sw�w� @ �k��d���gw�4�w�4
�.�4 . u � e� ��sw�4�w�4

�� f|w�4.+4� i4,%4w . +4� i5,%5w � i6%6w +719,Htxdwlrqv +718,/ +719, dqg +715, jlyh d vhw ri vlpxowdqhrxv olqhdu vwrfkdvwlfgl�huhqfh htxdwlrqv gh�qlqj wkh hyroxwlrq ri +��wgw> ��wsw> |w, zklfk fdq ehzulwwhq dv57 ��wgw��wsw|w
68 @ 57 k�k3

68.P 57 ��+w�4,gw�4��+w�4,sw�4|w�4
68. 57 i4%4w . i5%5w . i6%6w+4� i4,%4w . +4� i5,%5w � i6%6w%5w

68
+71:,zkhuh

P @ ��4
57 d e �f�d 4 . u � e ��f3 3 �!

68 = +71;,
Qrwh wkdw pdwkhpdwlfdoo| wkh vlpsoh prgho ri sulfhv dqg glylghqgv gh�qhge| wkh iroorzlqj htxdwlrqv +71<, dqg +7143,

��wgw @ k. d� ��+w�4,gw�4 . e� ��+w�4,sw�4 . i4��whw +71<,
��wsw @ �k� d� ��+w�4,gw�4 . +n�4 � e� ,��+w�4,sw�4 . +4� i4, ��whw +7143,

lv d vshfldo fdvh ri wkh prgho ri htxdwlrq +71:, lq zklfk f @ 3/ i4 @ i5/ i6 @ 3dqg ��whw @ %5w . %4w1 Krzhyhu hfrqrplfdoo| wkh prgho ri +71<, dqg +7143, lverwk ohvv uhvwulfwlyh rq wkh hduqlqjv surfhvv wkdq wkdw ri +71:, dv lw pdnhv qrdvvxpswlrqv rq hduqlqjv eh|rqg wkh vwdwlrqdulw| ri ��whw/ dqg pruh uhvwulfwlyhrq glylghqg srolf|/ dv lw grhv qrw doorz hduqlqjv wr hqwhu wkh glylghqg htxdwlrqvdsduw iurp wkurxjk hw1
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Vwdqgdug uhvxowv rq olqhdu vwrfkdvwlf gl�huhqfh htxdwlrqv whoo xv wkdw wkhh{lvwhqfh ri d vwdeoh vroxwlrq ri erwk prghov ghshqgv rq zkhwkhu wkh hljhqydoxhvri P olh lq wkh xqlw flufoh1 Wkh hljhqydoxhv duh wkh urrwv !/ �4dqg �5 ri wkhfkdudfwhulvwlf htxdwlrq ri wkh pdwul{ P��5 ��4 . u . d� e� ��. d +4 . u,�5 � ^!� �` @ 3vr �4 @ 45� �4 . u . d� e.t+4 . u . d� e,5 � 7d+4 . u,� +7144,
�5 @ 45� �4 . u . d� e�t+4 . u . d� e,5 � 7d+4 . u,� +7145,

zkhuh �4 dqg �5 duh wkh urrwv ri�5 ��4 . u . d� e� ��. d +4 . u,�5 @ 3= +7146,
Zh suryh lq wkh Dsshqgl{=Sursrvlwlrq 6 Wkh hljhqydoxhv ri P �4 dqg �5 duh wkh urrwv ri +7146, dqg duhjlyhq e| +7144, dqg +7145,1 Wkh| duh frpsoh{ li dqg rqo| li d A 3 dqg�s4 . u �sd�5 ? e ? �s4 . u .sd�5 = +7147,Li �4 dqg �5 duh frpsoh{ wkh| duh frpsoh{ frqmxjdwhv1 Wkh urrwv �4 dqg �5 olhlq wkh lqwhulru ri wkh xqlw flufoh li dqg rqo| li d ? �54.u dqg

+4 . u � �,�4� d�� ? e ? +4 . u . �,�4 . d��zklfk lpsolhv wkdw � �54.u ? d ? �54.u 1 Li d A �54.u dqg
+4 . u � �,�4� d�� ? e ? +4 . u . �,�4 . d���4 dqg �5 erwk olh rxwvlgh wkh xqlw flufoh1 Li

e ? plq �+4 . u � �,�4� d�� > +4 . u . �,�4 . d���erwk urrwv duh uhdo/ �4 A 4 dqg �4 ? �5 ? 41 Li
e A pd{ �+4 . u � �,�4� d�� > +4 . u . �,�4 . d���erwk urrwv duh uhdo/ �5 ? �4 dqg �4 ? �5 ? 4= Li

+4 . u . �,�4 . d�� ? e ? +4 . u � �,�4� d��wkhq d ? � �54.u / erwk urrwv duh uhdo dqg �5 ? �4 ? �41
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�� � � � �
complex roots

|λ1| = |λ2| > 1

λ1 > λ2 >1

-1 > λ1 > λ2

0 > λ1 > -1 > λ2

1 > λ1 > 0

-1 > λ2

λ1 > 1 >  λ2 > 0λ1 > 1,  0>  λ2 > -1

λ1 > 1

-1 > λ2

1 > λ1 > 0 > λ2 > -1 |λ1| = |λ2| < 1

1 > λ1 > λ2 >0

0 > λ1 >  λ2 > -1
b = ((1+r)1/2 + a1/2 )2

b = ((1+r)1/2 - a1/2 )2

b = (1 + r + γ)( 1 + a/γ)

b = (1 + r - γ)(1 - a/γ)

a

b

Both λ1 and λ2 lie in the unit circle.

One of λ1 and λ2 lies in the unit circle.

Neither λ1 nor λ2 lie in the unit circle.

Iljxuh 6= Vwdelolw| frqglwlrq zlwk � @ 4 dqg u @ 3=81
Wkh surri ri Sursrvlwlrq 6 lq wkh Dsshqgl{ jlyhv d pruh ghwdlohg ghvfulswlrqri krz �4 dqg �5 uhodwh wr d dqg e/ zklfk lv looxvwudwhg lq Iljxuh 61 Wklv Iljxuhlv gudzq xqghu wkh frpsohwho| xquhdolvwlf dvvxpswlrq wkdw � @ 4 dqg u @ 3=8/+uhfdoo wkdw � � 4 lv wkh wuhqg udwh ri jurzwk ri hduqlqjv dqg u lv wkh lqwhuhvwudwh,1 Wkhvh ydoxhv duh fkrvhq vlpso| ehfdxvh lw pdnhv lw srvvleoh wr vhh lq wkhIljxuh doo wkh ydulrxv uhjlrqv lq zklfk �4 dqg �5 duh srvlwlyh dqg qhjdwlyh/ uhdodqg frpsoh{/ dqg lqvlgh dqg rxwvlgh wkh xqlw flufoh1 Iljxuh 7 vkrzv sduw ri dvlplodu sorw wr Iljxuh 6 iru wkh pruh uhdolvwlf ydoxhv ri � @ 4=38 dqg u @ 3=3:1Qrwh wkh yhu| gl�huhqw vfdoh rq wkh yhuwlfdo/ e d{lv1Wkh vw|olvhg idfwv rq glylghqg vprrwklqj vxjjhvw wkdw d lv olnho| wr eh forvhwr 4/ dqg e lv olnho| wr eh srvlwlyh exw vpdoo1 Dv Iljxuh 6 vkrzv/ wklv lpsolhvwkdw �4 dqg �5 duh forvh wr 4/ wkh| duh srvlwlyh li wkh| duh uhdo/ exw frxog ehfrpsoh{/ dqg frxog olh hlwkhu lqvlgh ru rxwvlgh wkh xqlw flufoh1 D prgho lq zklfkglylghqgv ghshqg xsrq odjjhg htxlw| sulfhv exw qrw glylghqgv/ zlwk frh!flhqwvd � 3 dqg e � 4 . u � � lv dovr forvh wr wkh erxqgdu| ri wkh vwdeoh vhw1 Wkhuhduh qr srlqwv lq wkh vwdeoh vhw iru zklfk e @ 3/ glylghqgv pxvw eh d�hfwhge| wkh edodqfh vkhhw1 Uhfdoolqj wkdw zh gh�qh hduqlqjv dv ehlqj hduqlqjvehiruh lqwhuhvw/ wkh edodqfh vkhhw fdq d�hfw glylghqgv wkurxjk hduqlqjv diwhu
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Both λ1 and λ2 lie in the unit circle.

One of λ1 and λ2 lies in the unit circle.

Neither λ1 nor λ2 lie in the unit circle.

����

�

���

�� �

b

complex roots

λ1 > λ2 > 1

1 > λ1 > 0

-1 > λ2

λ1 > 1 > λ2 >0λ1 > 1,  0 > λ2 > -1

λ1 > 1

-1 > λ2

1 > λ1 > 0

0 > λ2 > -1

|λ1| = |λ2| < 1

1 > λ1 >  λ2>0

b=( (1+r)1/2 - a1/2 )2

|λ1| = |λ2| > 1

a

b = (1 + r + γ)(1 + a/γ)

b = (1 + r - γ)( 1 - a/γ)

γ2

1+r

1+r-γ

Iljxuh 7= Vwdelolw| frqglwlrqv zlwk � @ 4=38 dqg u @ 3=:=
lqwhuhvw1 Li doo wkuhh urrwv �4/ �5 dqg ! olh lq wkh xqlw flufoh ghwuhqghg sulfhvdqg glylghqgv duh vwdwlrqdu|/ li �4dqg �5 exw qrw ! olh lq wkh xqlw flufoh dq|wzr ri sulfhv/ glylghqgv dqg hduqlqjv duh frlqwhujudwhg1 Li/ dv vhhpv sodxvleohwkh sulfh dqg glylghqg surfhvvhv lqyroyh urrwv forvh wr xqlw|/ wkhlu yduldqfhv zlooeh yhu| odujh ru lq�qlwh1 Zh zloo uhwxuq wr wklv srlqw zkhq zh kdyh h{solflwh{suhvvlrqv iru wkh sulfh dqg glylghqg surfhvvhv1
8 Wkh Sdwkv ri Sulfhv dqg GlylghqgvZh suryh lq wkh Dsshqgl{=Sursrvlwlrq 7 +Sulfhv dqg Glylghqgv, Li glylghqgv dqg sulfhv duh jlyhq e|wkh htxdwlrqv57 ��wgw��wsw|w

68 @ 57 k�k3
68.P 57 ��+w�4,gw�4��+w�4,sw�4|w�4

68. 57 i4%4w . i5%5w . i6%6w+4� i4,%4w . +4� i5,%5w � i6%6w%5w
68

+814,
4:



zkhuh
P @ 4�

57 d e �f�d 4 . u � e ��f3 3 �!
68 =

wkhq gw�w � �g @ w�4[
k@3

6[
l@4

6[
m@4 +4� n�l,�kl �lm%mw�k .pgw +815,

@ w�4[
k@3�gk�%w�k .pgw

sw�w � �s @ w�4[
k@3

6[
l@4

6[
m@4 n�l�kl �lm%mw�k .psw +816,

@ w�4[
k@3�sk�%w�k .psw

|w @ w�4[
k@3�k6%5w�k . �w6|3

zkhuh �6 @ !
�g @ +4 . u � �,k�+4 . u � �,+� � d,� e� +817,
�s @ k�5+4 . u � �,+� � d,� e� +818,

� @ 4n+�4 � �5,
597 4� n�5 � i4 4� n�5 � i5 . f+�6��4, �i6�4 . n�4 . i4 �4 . n�4 . i5 � f+�6��5, i63 �+�4��5,f+�6��4,+�6��5, 3

6:8 +819,
�gk @ �+4� n�4,�k4 > +4� n�5,�k5 > +4� n�6,�k6� +81:,

�sk @ �n�4�k4 > n�5�k5 > n�6�k6� +81;,
4;



%w�k @ 57 %4w�k%5w�k%6w�k
68 +81<,

dqg
pgw @ +4� n�4,�w4t4 . +4� n�5,�w5t5 � +4� n�6, f�w6|3n +�6 � �4, +�6 � �5, +8143,

psw @ n�4�w4t4 . n�5�q5 t5 � n�6f�w6|3n +�6 � �4, +�6 � �5, +8144,
zkhuh

t4 @ �n�5 +g3 � �g, . +4� n�5, �s3 � �s�. 4+�6 � �4,f|3 +8145,
t5 @ n�4 +g3 � �g,� +4� n�4, �s3 � �s�� 4+�6 � �5,f|3= +8146,

Qrwh iurp +819, wkdw �44 . �54 . �64 @ �45 . �55 . �65 @ 4> zklovw�46 . �56 @ 3 dqg �66 @ 3= Wkxv gw�w � �g dqg sw�w � �s fdq eh lqwhusuhwhgdv zhljkwhg dyhudjhv ri DU+4, surfhvvhv zlwk lqqrydwlrqv i%4wj dqg i%5wj zlwkzhljkwv ghwhuplqhg e| i4> i5 dqg f soxv d pxowlsoh i6 ri wkh gl�huhqfh ehwzhhqwzr DU+4, surfhvvhv zlwk lqqrydwlrqv i%6wj = Krzhyhu orrnlqj dw +819, wkhuh lvqr jxdudqwhh wkdw wkh zhljkwv duh qrq0qhjdwlyh1 Lqghhg wkh| duh frpsoh{ li�4 dqg �5 duh frpsoh{/ dqg kdyh }hurv lq wkh ghqrplqdwru li dq| ri wkh urrwvfrlqflgh1 Ohppd 4 lq wkh dsshqgl{ jlyhv dowhuqdwlyh h{suhvvlrqv iru glylghqgvdqg sulfhv lq zklfk doo wkh whupv duh �qlwh dqg uhdo ydoxhg/ hyhq li wkh urrwv duhfrpsoh{ ru frlqflghqw1Sursrvlwlrq 7/ dqg lq sduwlfxodu +815, dqg +816, lpso| wkdw d qhfhvvdu| dqgvx!flhqw frqglwlrq iru wkh ghwuhqghg glylghqg dqg sulfh surfhvvhv wr eh vwdwlrq0du| lq wkh vhqvh wkdw H +��wgwmg3> s3, > ydu +��wgwmg3> s3,/ H +��wswmg3> s3, > dqgydu +��wswmg3> s3, doo whqg wr �qlwh olplwv lv wkdw pgw/ psw dqg Sw�4k@3 ����lm�kl ���5iru l @ 4> 5> 6/ m @ 4> 5> 6 doo whqg wr �qlwh olplwv dv w whqgv wr lq�qlw|1 Wkhuhlv ri frxuvh qr uhdvrq zk| frpsdqlhv vkrxog nhhs hfrqrphwulfldqv kdss| e|fkrrvlqj d glylghqg srolf| zklfk uhvxowv lq sulfhv dqg glylghqgv zlwk erxqghgvhfrqg prphqwv/ exw wkh| gr qhhg wr frqvlghu wkhlu ghew dqg htxlw| kroghuv1Uhfdoo iurp +519, wkdw sw . Ew @ HwYw.44.u > zkhuh sw lv wkh ydoxh ri htxlw|/ Ew lvwkh idfh ydoxh ri ghew dqg Yw wkh h{shfwhg suhvhqw ydoxh ri hduqlqjv1 IurpDvvxpswlrq 9 HwYw.4 @ �w k� 4.u4.u�� . !|wl = Dvvxph wkdw |w lv vwdwlrqdu|/ zlwk�qlwh yduldqfh vr ��wHwYw.4 lv dovr vwdwlrqdu| zlwk �qlwh yduldqfh/ wkhq li ��wswlv qrq0vwdwlrqdu| zlwk dq lq�qlwh yduldqfh ��wEw pxvw dovr eh qrq0vwdwlrqdu|zlwk dq lq�qlwh yduldqfh1 Exw lw vhhpv kljko| xqolnho| wkdw frpsdqlhv zloo ehdeoh wr lvvxh ghew rq whupv zklfk doorz wkh idfh ydoxh ri ghew Ew wr eh pxfk
4<



odujhu wkdq wkh wrwdo ydoxh ri wkh �up HwYw.4/ vr glylghqg srolflhv zklfk uhvxowlq qrq0vwdwlrqdu| ghwuhqghg sulfh surfhvvhv duh olnho| wr ehfrph xqvxvwdlqdeoh/dv lqghhg duh wkrvh zklfk dowkrxjk vwdwlrqdu| kdyh yhu| odujh/ exw �qlwh/ ydul0dqfhv1Sursrvlwlrq 6 hvwdeolvkhg frqglwlrqv xqghu zklfk �4 dqg �5 erwk olh lq wkhxqlw flufoh1 Li lq dgglwlrq �4 ? �6 @ ! ? 4 wkh vroxwlrq lv vwdeoh/ dqg wkhfrqglwlrqdo yduldqfhv ri igw> sw> |wj jlyhq ig3> s3> |3j h{lvw/ zkdwhyhu wkh vwduwlqjsrlqw1 Krzhyhu lw lv dovr srvvleoh wr jhw vwdelolw| zkhq rqh ru wzr ri wkh urrwvolhv rxwvlgh wkh xqlw flufoh/ surylghg doo wkh zhljkw lv sxw rq vwdeoh urrwv/ dqgwkh vwduwlqj srlqw lv dssursuldwh1 Iru h{dpsoh/ frqvlghu wkh fdvh zkhq �4 dqg�5 duh uhdo/ vhw i4 @ i5 @ 4� n�4/ dqg i6 @ f @ 31 Wkh vxp ri glylghqg dqgsulfh dw gdwh 3 lv ghwhuplqhg e| wkh suhylrxv klvwru| dqg vkrfnv dw gdwh 3> vrg3��g.s3��s @ v iru vrph qxpehu v= Lw lv srvvleoh wr vhw glylghqgv dw gdwh 3vr g3��g @ +4�n�4,v dqg s3��s @ n�4v> zklfk lpsolhv wkdw t4 @ n+�4��5,v>t5 @ 3> dqg iurp Sursrvlwlrq 7
� @ 57 4 4 33 3 33 3 3

68
vr gw�w � �g @ w�4[

k@3 +4� n�4,�k4+%4w�k . %5w�k, . +4� n�4,�w4n+�4 � �5,v +8147,
sw�w � �s @ w�4[

k@3 n�4�k4+%4w�k . %5w�k, . n�4�w4n+�4 � �5,v= +8148,
Wklv lpsolhv wkdw/ iru w @ 3> 4> 5=====/

n�4�gw�w � �g
� @ +4� n�4,�sw�w � �s

�
l1h1 sulfhv dqg glylghqgv duh shuihfwo| fruuhodwhg DU+4, surfhvvhv zlwk urrw �4=Vlploduo| vhwwlqj i4 @ i5 @ 4� n�5/ i6 @ f @ 3> g3 � �g @ +4� n�5,v

� @ 57 3 3 34 4 33 3 3
68

dqggw�w � �g @ w�4[
k@3 +4� n�5,�k5+%4w�k . %5w�k, . +4� n�5,�w5n+�4 � �5,v +8149,
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sw�w � �s @ w�4[
k@3 n�5�k5+%4w�k . %5w�k, . n�5�w5n+�4 � �5,v +814:,

Djdlq sulfhv dqg glylghqgv duh shuihfwo| fruuhodwhg DU+4, surfhvvhv zlwk urrw�5 dqg
n�5

�gw�w � �g
� @ +4� n�5,�sw�w � �s

�
Wkxv lw lv srvvleoh wr jhw d vwdeoh DU+4, surfhvv zlwk �qlwh yduldqfhv lq wkh nqlihhgjh fdvh zkhq rqh exw qrw erwk ri �4 dqg �5 olh rxwvlgh wkh xqlw flufoh1 Wkhvwdelolw| lv krzhyhu gholfdwh/ zlwk wkh zurqj lqlwldo ydoxh ri glylghqgv/ glylghqgvdqg sulfhv duh xqvwdeoh1 Wkh srvvlelolw| ri shuihfw fruuhodwlrq lv lqwhuhvwlqj/ehfdxvh Sursrvlwlrq 5 wkhq lpsolhv wkdw wkh yduldqfhv ri sulfhv dqg glylghqgvolh rq wkh erxqgdu| ri wkh ihdvleoh vhw1 Zh frqfhqwudwh rq wklv fdvh zkhqzh frqvlghu yduldqfh erxqgv lq Vhfwlrq :1 Rqh vshfldo fdvh lv qrwhzruwk|1 Lid @ 3 vr odjjhg glylghqgv gr qrw hqwhu wkh glylghqg htxdwlrq wkhq � @ 3 lv durrw ri wkh fkdudfwhulvwlf htxdwlrq +7146,1 Vxssrvh �4 @ 3> dqg frqvlghu +8148,dqg +814:, zklfk lpso| wkdw gw�w � �g @ %4w . %5w dqg sw�w � �s @ 31 Wkxv lw lvsrvvleoh wr frqvwuxfw d glylghqg srolf| zkhuh wkh hqwluh vkrfn wr fxuuhqw dqgh{shfwhg ixwxuh hduqlqjv jrhv lqwr glylghqgv zklfk kdyh qr dxwrfruuhodwlrq/dqg sulfhv duh frqvwdqw1 Wklv lv frpsohwho| xquhdolvwlf/ exw grhv ghprqvwudwhwkh srlqw wkdw vprrwklqj glylghqgv e| lqwurgxflqj dxwrfruuhodwlrq lq glylghqgsrolf|/ lpsolflwo| lqyroyhv pdnlqj htxlw| sulfhv pruh yduldeoh wkdq wkh| qhhgeh1 D pruh vwdqgdug dvvxpswlrq lv wkdw e @ f @ 3 lq zklfk fdvh

gw�w � �g @ d� �gw�4�w�4 � �g
�. i4%4w . i5%5w

ghwuhqghg glylghqgv iroorz dq DU+4, surfhvv1 Htxdwlrqv +7144, dqg +7145, lpso|wkdw �4 @ d@� dqg �5 @ +4 . u,@� � 4@n= Zh dvvxphg wkdw mnm ? 4 lq rughuwr pdnh wkh h{shfwhg suhvhqw ydoxh ri ixwxuh hduqlqjv �qlwh/ vr �5 lv rxwvlghwkh xqlw flufoh1 Htxdwlrqv +815,/ +816, dqg +819, lpso| wkdw wkhuh lv qr zhljkwrq wkh xqvwdeoh urrw li i4 @ i5 @ 4 � n�4 @ 4 � d@ +4 . u, = Li wklv frqglwlrqlv qrw vdwlv�hg wkh sulfh surfhvv lv xqvwdeoh1 Wklv frqwudvwv zlwk wkh xvxdodujxphqw wkdw li glylghqgv iroorz dq DU+4, surfhvv sulfhv pxvw dovr gr vr1Wkh gl�huhqfh lv wkdw wkh xvxdo dujxphqw dvvxphv wkdw htxlw| lv sulfhg rqwkh edvlv wkdw glylghqgv zloo frqwlqxh wr iroorz wkh vdph surfhvv lq wkh ixwxuh1Wklv dujxphqw ljqruhv wkh idfw wkdw qhw glylghqgv duh xowlpdwho| frqvwudlqhge| wkh �up*v delolw| wr eruurz1 Lq wklv sdshu zh duh lq d Prgljoldql0Ploohuzruog/ zkhuh wkh ydoxh ri htxlw| lv wkh wrwdo ydoxh ri wkh �up plqxv lwv ghew/uhjdugohvv ri glylghqg srolf|/ ehfdxvh glylghqgv duh xowlpdwho| frqvwudlqhg e|fdslwdo vwuxfwxuh1
54



Lq wklv prgho hduqlqjv ehiruh lqwhuhvw duh jlyhq e| htxdwlrqv +714, dqg +715,/l1h1 {w�w @ �. +4 . u � !�,+4 . u, |w . %4w
zkhuh |w @ !|w�4 . %5w1 Iurp Sursrvlwlrq 4 eruurzlqj Ew @ HwYw.44.u � swzkhuh HwYw.4 lv wkh h{shfwhg suhvhqw ydoxh dw w ri hduqlqjv iurp gdwh w . 4>rqzdugv zklfk lv d olqhdu ixqfwlrq ri |w1 Wklv lpsolhv wkdw wudqvlhqw vkrfnv wrhduqlqjv ehiruh lqwhuhvw fdq kdyh shuvlvwhqw h�hfwv rq hduqlqjv diwhu lqwhuhvw/sulfhv dqg glylghqgv wkurxjk wkhlu h�hfw rq eruurzlqj dqg wkxv rq lqwhuhvwsd|phqwv1 Olqwqhu +4<89, dqg wkh vxevhtxhqw olwhudwxuh dujxhv wkdw glylghqgvuhvsrqg pdlqo| wr shupdqhqw vkrfnv lq hduqlqjv> zh dujxh wkdw wkh wudqvlhqfhru shuvlvwhqfh ri hduqlqjv vkrfnv lv ghwhuplqhg e| glylghqg srolf|1
9 YduldqfhvZh duh orrnlqj iru wkh olplwv dv w whqgv wr lq�qlw| ri h{suhvvlrqv iru wkh frq0glwlrqdo yduldqfhv ri ghwuhqghg sulfhv dqg glylghqgv ydu +��wgwmg3> s3, dqgydu +��wswmg3> s3,1 Sursrvlwlrq 7 lpsolhv wkdw li �4/ �5 dqg ! @ �6 doo olh lqwkh xqlw flufoh wkhvh olplwv h{lvw1 Zh ghulyh jhqhudo h{suhvvlrqv iru wkh ydul0dqfhv lq wkh Dsshqgl{1 Wkhvh h{suhvvlrqv duh yhu| frpsolfdwhg xqohvv f @ 3/zkhuh f lv wkh frh!flhqw rq wkh hduqlqjv vwdwh yduldeoh |w�4 lq wkh glylghqghtxdwlrq1 Wkh qh{w Sursrvlwlrq surylghv irupxodh li f @ 31 Qrwh wkdw vhwwlqjf @ 3 doorzv iru dq h�hfw ri hduqlqjv rq glylghqgv/ exw uhtxluhv wkdw wkh h�hfwzrunv hqwluho| wkurxjk wkh lpsdfw ri vkrfnv %4w dqg %5w wr hduqlqjv1 Wkh surrilv lq wkh Dsshqgl{1Sursrvlwlrq 8 +Yduldqfhv, Dvvxph wkdw

� �54 . u ? d ? �54 . udqg
+4 . u � �,�4� d�� ? e ? +4 . u . �,�4 . d��vr �4dqg �5 olh lq wkh lqwhulru ri wkh xqlw flufoh1 Ohw

� @ �4�5 � dn� � d +4 . u,�5 +914,
dqg

� @ �4 . �54 . �4�5 � � +4 . u . d� e,�5 . d+4 . u, +915,
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zklfk lpsolhv wkdw �4 ? � ? 4 dqg � 4 ? � ? 4 +916,Wkhq li f @ 3/ ydu %4w @ �54 / ydu %5w @ �55 dqg ydu %6w @ �56> iru w @ 3> 4> 5===olpw$4ydu ���wgwmg3> s3�
@ �4� n� +4 . �, . n5��5k+� � n,5 . 4� �5l +4� �5, ��54 . �55�.kn5+4� �5, . +4� n�,5ln5 +4� �5, +4� �5, ��i4 � ig3 �5 �54 . �i5 � ig3 �5 �55 . i56�56�+917,dqg
olpw$4ydu ���wswmg3> s3� @ n5�5+4� �5, ��54 . �55�

.+i4 � is3 ,5 �54 . +i5 � is3 ,5 �55 . i56�56+4� �5, +4� �5, +918,
zkhuh

ig3 @ +4� n�, �4� n� +4 . �, . n5��k+� � n,5 . 4� �5l A 3 +919,
dqg is3 @ 4� n��= +91:,Wkh whupv is3 dqg ig3 vdwlvi|

is3 � ig3 @ n5 +4� �, �4� �5�k+� � n,5 . 4� �5l A 3 +91;,
dqg 4 A is3 A ig3 A 3=Zkhq i4 @ i5 @ is3 dqg i6 @ 3

olpw$4ydu ���wswmg3> s3� @ n5�5 ��54 . �55�+4� �5, +91<,
dqg

olpw$4ydu ���wgwmg3> s3� @ �4� n� +4 . �, . n5��5 ��54 . �55�k+� � n,5 . 4� �5l +4� �5,
.n5 +4� �, �4� �5� ��54 . �55�k+� � n,5 . 4� �5l = +9143,
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Zkhq i4 @ i5 @ ig3 dqg i6 @ 3
olpw$4ydu ���wswmg3> s3� @ n5�5 ��54 . �55�+4� �5, . n7 +4� �, �4� �5� ��54 . �55�k+� � n,5 . 4� �5l +4 . �,+9144,

olpw$4ydu ���wgwmg3> s3� @ �4� n� +4 . �, . n5��5 ��54 . �55�k+� � n,5 . 4� �5l +4� �5, = +9145,
Uhfdoo wkdw li f @ 3 wkh glylghqg htxdwlrq lv�gw�w

� @ k.�d���gw�4�w�4
�.� e���sw�4�w�4

�. i4%4w . i5%5w . i6%6w=
Wklv sursrvlwlrq pdnhv h{solflw wkh ghshqghqfh ri wkh yduldqfhv ri sulfhv dqgglylghqgv rq wkh frh!flhqwv ri odjjhg glylghqgv dqg sulfhv d dqg e zklfk kdyhwkhlu h�hfw wkurxjk � dqg � gh�qhg lq +914, dqg +915,/ dqg wkh frh!flhqw i4/i5 zklfk ghwhuplqhv wkh lpsdfw ri hduqlqjv vkrfnv dqg i6 zklfk ghwhuplqhvwkh uhvsrqvh wr d zklwh qrlvh surfhvv ruwkrjrqdo wr udqgrp vkrfnv1 Htxdwlrqv+917, dqg +918, lpso| wkdw qrq0}hur ydoxhv ri i6 lqfuhdvh wkh yduldqfh ri erwkglylghqgv dqg sulfhv1 Wkh wrwdo vkrfn wr wkh h{shfwhg suhvhqw ydoxh ri fxuuhqwdqg ixwxuh hduqlqjv lv %4w . %5w zkhuh %5w lv wkh vkrfn wr wkh hduqlqjv vwdwhyduldeoh |w zklfk hqgxuhv iru pdq| shulrgv/ %4w lv wkh vkrfn wr hduqlqjv zklfkkdv qr h�hfw lq odwhu shulrgv1 Iru jlyhq d dqg e dqg wkxv � dqg � wkh yduldqfhvduh txdgudwlf ixqfwlrq ri i4 dqg i5 zklfk duh }hur li glylghqg srolf| grhv qrwuhvsrqg dw doo wr fxuuhqw qhzv derxw hduqlqjv/ dqg duh rqh li wkh hqwluh vkrfnwr wkh h{shfwhg suhvhqw ydoxh ri fxuuhqw dqg ixwxuh hduqlqjv lv lpphgldwho|lqfrusrudwhg lqwr glylghqgv1Sursrvlwlrq 8 dovr lpsolhv wkdw wkhuh lv lqghhg d wudgh r�/ gl�huhqw ydoxhv rii4 dqg i5 plqlplvh wkh yduldqfhv ri glylghqgv dqg sulfhv1 Frqvlghu wkh sureohpri fkrrvlqj i4 dqg i5 wr plqlplvh wkh yduldqfh ri sulfhv zklovw uhtxlulqj wkdwwkh yduldqfh ri glylghqgv lv ehorz d �{hg ohyho1 Wklv lv d yhu| zhoo ehkdyhgsureohpv/ wkh �uvw rughu frqglwlrqv lpso| wkdw dw wkh rswlpxp i4 @ i5/ vrdq| glylghqg srolf| zklfk vroyhv vxfk d sureohp uhvsrqgv rqo| wr wkh vkrfn%4w . %5w lq wkh h{shfwhg suhvhqw ydoxh ri fxuuhqw dqg ixwxuh glylghqgv1 Wklv lvfrpsdwleoh zlwk Olqwqhu*v +4<89, revhuydwlrq wkdw vkrfnv wr fxuuhqw hduqlqjvzklfk duh h{shfwhg wr hqgxuh kdyh d eljjhu lpsdfw rq hduqlqjv wkdq whpsrudu|vkrfnv/ dv wkh hqgxulqj vkrfnv dovr d�hfw h{shfwhg ixwxuh hduqlqjv1Zh fdq dovr jhw vrph lqvljkw lqwr wkh h�hfwv ri wkh frh!flhqwv d ri glylghqgvdqg e ri sulfhv lq wkh glylghqg htxdwlrq1 Lq wkh wkrurxjko| xquhdolvwlf fdvh wkdwd @ 3> +914, lpsolhv wkdw � @ 3 dqg iurp +91:, is3 @ 4> vr li i4 @ 4 @ is3 iurp+91<, dqg +9143, olpw$4 ydu +��wswmg3> s3, @ 3 dqg olpw$4 ydu +��wgwmg3> s3, @��54 . �55� > ghwuhqghg sulfhv duh frqvwdqw/ dqg doo wkh vkrfnv wr wkh h{shfwhgsuhvhqw ydoxh ri hduqlqjv duh lqfrusrudwhg lqwr glylghqgv1 Zkhq d @ � @ 3
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wkhuh lv frqvlghudeoh vfrsh iru wudglqj r� wkh yduldqfhv ri glylghqgv dqg sulfhvdjdlqvw hdfk rwkhu e| fkrlfh ri i4dqg i5=Udwkhu pruh uhdolvwlfdoo| d pd| eh odujh hqrxjk wr pdnh � forvh wr 4= Lihlwkhu � ru � whqgv wr 4 wkh vfrsh iru wudglqj r� yduldqfhv glvdsshduv1 Htxdwlrq+91;, lpsolhv wkdw wkhuh lv yhu| olwwoh gl�huhqfh ehwzhhq wkh ydoxhv ri i4 zklfkplqlplvh wkh yduldqfhv ri sulfhv dqg glylghqgv/ dqg dv i4 pryhv ehwzhhq wkhvhydoxhv wkhuh lv olwwoh h�hfw rq yduldqfhv1 Wklv lv d vlwxdwlrq zkhuh wkh lqwhuydo�ig3 > is3 � lv vpdoo/ rxwvlgh wklv lqwhuydo fkdqjhv lq wkh ydoxh ri i4 pdnh wkhyduldqfhv ri sulfhv dqg glylghqgv pryh lq wkh vdph gluhfwlrq1 Li � whqgv wr 4erwk yduldqfhv whqg wr lq�qlw| zkdwhyhu wkh ydoxh ri i4 dqg i5= Wklv lv ehfdxvh� @ �4�5 vr li � whqgv wr 4 erwk �4 dqg �5 whqg wr wkh erxqgdu| ri wkh xqlwflufoh/ dqg lw lv lpsrvvleoh wr dyrlg jlylqj vrph zhljkw wr forvh wr xqlw urrwv lqwkh vroxwlrqv jlyhq lq Sursrvlwlrq 71 Wkh vfrsh iru wudglqj r� yduldqfhv dovrglvdsshduv dv � whqgv wr 4/ lq zklfk fdvh +91:, dqg +91;, lpso| wkdw is3 dqg ig3erwk whqg wr 4�n�/ exw wkh yduldqfhv uhpdlq erxqghg1 Orrnlqj dw +915, vkrzvzk| wklv kdsshqv> � whqgv wr 4 li rqh ru erwk ri �4 dqg �5 whqg wr 4/ iru h{dpsohli �4 whqgv wr 4 exw m�5m ? 4 wkhq � whqgv wr �5 dqg is3 dqg ig3 erwk whqg wr4� n�5= Vhwwlqj i4 @ i5 @ 4� n�5 lv suhflvho| wkh glylghqg srolf| zklfk jlyhvqr zhljkw wr wkh xqvwdeoh urrw �4 dqg uhvxowv lq shuihfwo| fruuhodwhg sulfhv dqgglylghqgv1Vw|olvhg idfwv derxw glylghqg vprrwklqj vxjjhvw wkdw d � 4 . u � � dqge � 3 lq zklfk fdvh � � 4 dqg � � 4/ d vlwxdwlrq zkhuh wkhuh lv olwwoh wudghr� ehwzhhq wkh yduldqfhv ri sulfhv dqg glylghqgv/ dqg erwk yduldqfhv duh yhu|odujh gxh wr wkh suhvhqfh ri 4��5 whupv lq wkh ghqrplqdwruv ri +9144, 0 +9145,1Li wklv lv vr/ dq h{sodqdwlrq lv qhhghg dv wr zk| �upv vhw glylghqgv lq wklv zd|1Wkh uhvxowv rq yduldqfhv lq wkh Dsshqgl{/ pdnh lw srvvleoh lq sulqflsoh wrwudfh rxw wkh ghshqghqfh ri wkh yduldqfhv ri sulfhv dqg glylghqgv rq doo wkhsdudphwhuv ri wkh glylghqg htxdwlrq/ exw wkh dojheud lv qdvw|/ dqg qrw yhu|looxplqdwlqj1 Ixuwkhu zh douhdg| nqrz iurp Sursrvlwlrq 5 zkdw wkh erxqgdulhvri wkh ihdvleoh vhw ri sulfhv dqg glylghqgv orrn olnh/ dqg wkdw wkh| duh jhqhudwhge| shuihfwo| fruuhodwhg sulfh dqg glylghqg surfhvvhv1 Wkh uhvxowv ri Sursrvlwlrq6 whoo xv wkdw fkrrvlqj d dqg e vr wkdw
+�� �4, +�� �5, � �5 ��4 . u . d� e� ��. d +4 . u,�5 @ 3

vr � lv htxdo wr �4 ru �5> dqg vhwwlqj i4 @ i5 @ 4 � n� dqg i6 @ f @ 3> jlyhvsulfhv dqg glylghqgv shuihfwo| fruuhodwhg DU+4, surfhvvhv/ iru zklfk
olpw$4ydu ���wgwmg3> s3� @ +4� n�,54� �5 ��54 . �55� =

olpw$4ydu ���wswmg3> s3� @ n5�54� �5 ��54 . �55� =
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Lq sduwlfxodu wklv fdq eh dfklhyhg e| ohwwlqj e @ 3 vr wkh urrwv duh 4.u� dqgd� dqg ohwwlqj � @ d� = Hylghqwo| � @ 3 lpsolhv olpw$4 ydu +��wswmg3> s3, @ 3dw zklfk srlqw olpw$4 ydu +��wgwmg3> s3, @ �54 . �55/ zklfk djdlq jlyhv xv wkhglylghqg srolf| zklfk pdnhv sulfhv jurz dw d ghwhuplqlvwlf udwh � dqg sxwv doohduqlqjv vkrfnv lpphgldwho| lqwr glylghqgv1 Dv+4� n�,54� �5 @ 4� n5 . +�� n,54� �5
� @ n plqlplvhv wkh yduldqfh ri ghwuhqghg glylghqgv dqg zkhq � @ n/olpw$4 ydu +��wgwmg3> s3, @ �4� n5� ��54 . �55� dqg olpw$4 ydu +��wswmg3> s3, @n74�n5 ��54 . �55�/ vr shuihfwo| fruuhodwhg sulfh dqg glylghqg surfhvvhv jlyh frq0vlghudeoh vfrsh iru wudglqj r� wkh yduldqfhv ri sulfhv dqg glylghqgv djdlqvw hdfkrwkhu1 Wkh yduldqfh ri ghwuhqghg sulfhv lqfuhdvhv dqg wkh yduldqfh ri ghwuhqghgglylghqgv ghfuhdvhv dv � lqfuhdvhv iurp 3 wr n/ lqfuhdvlqj � eh|rqg n lqfuhdvhverwk wkh yduldqfh ri glylghqgv dqg sulfhv1 Krzhyhugwgw�4 @ �� . �g +4� �, �wgw�4 . +4� n�,gw�4 %w
vr lqfuhdvlqj � eh|rqg n pdnhv glylghqgv vprrwkhu/ lq wkh vhqvh wkdw wkh| duhpruh suhglfwdeoh/ dqg wkhlu jurzwk udwh lv forvhu wr d frqvwdqw1 Lq wkh olplw dv� whqgv wr 4 ghwuhqghg glylghqgv dqg sulfhv ehfrph d udqgrp zdon zlwk lq�qlwhyduldqfh1
: Yduldqfh ErxqgvRqh ri wkh prvw vwulnlqj uhvxowv lq hpslulfdo �qdqfh lv Vkloohu*v +4<;4, ghprq0vwudwlrq wkdw wkh vdpsoh yduldqfh ri shuihfw iruhvljkw vkduh sulfhv lv gudpdwlfdoo|vpdoohu wkdq wkh vdpsoh yduldqfh ri htxlw| sulfhv/ zkhuhdv dvvhw sulflqj wkhru|lpsolhv wkdw wkh yduldqfh ri shuihfw iruhvljkw vkduh sulfhv lv juhdwhu wkdq wkhyduldqfh ri vkduh sulfhv1 Wkh vxevhtxhqw olwhudwxuh +Iodylq +4<;6,/ Nohlgrq+4<;9, dqg Pduvk dqg Phuwrq +4<;9, srlqwv wr uhdvrqv zk| wkh vdpsoh ydul0dqfhv pd| jlyh plvohdglqj hvwlpdwhv ri wkh yduldqfhv1 Wkh dssdudwxv ri wklvsdshu pdnhv lw yhu| hdv| wr vhh zk| wklv fdq kdsshq1Wkh shuihfw iruhvljkw sulfh s�wW lv gh�qhg dv wkh sulfh zklfk zrxog suhydlo dwgdwh w li lqyhvwruv kdg shuihfw iruhvljkw xs wr gdwh W

s�wW @ W�w[
m@4

gw.m+4 . u,m . sW+4 . u,W�w =
+Qrwh wklv lv qrw wkh vdph dv Vkloohu*v s�w zklfk xvhv wkh vdpsoh dyhudjh ri sulfhv/udwkhu wkdq wkh whuplqdo sulfh sW 1 Lw lv krzhyhu zkdw vwdqgdug wkhru| lpsolhv,1Iurp Sursrvlwlrq 5 gw.m @ +4 . u,sw.m�4 . hw.m � sw.m
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zkhuh hw.m @ Hw.mYw.m �Hw.m�4Yw.mdqg
Yw.m @ Hw.m

% 4[
l@3

{w.m.l+4 . u,l
&

vr
s�wW @ W�w[

m@4
+4 . u,sw.m�4 . hw.m � sw.m+4 . u,m . sW+4 . u,W�w

@ sw . W�w[
m@4

hw.m+4 . u,m = +:14,
Wkxv wkh shuihfw iruhvljkw sulfh s�wW lv wkh dfwxdo sulfh sw soxv wkh suhvhqw glv0frxqwhg ydoxh ri lqqrydwlrqv lq wkh hduqlqjv surfhvv1 Fohduo| ydu s�wW A ydu sw1Krzhyhu zh vkdoo vkrz wkdw wkh vlwxdwlrq fdq eh yhu| gl�huhqw iru vdpsoh ydul0dqfhv1

Zh frqvlghu fdvhv zkhuh sulfhv dqg glylghqgv duh shuihfwo| fruuhodwhg DU+4,surfhvvhv/ l1h1 zkhq hlwkhu htxdwlrqv +8147,/ +8148,/ ru +8149, dqg +814:, riVhfwlrq 8 dsso|1 E| fkrrvlqj wkh sdudphwhuv ri glylghqg srolf| d dqg e vr wkdw�5 � �4.u.d�e� ��. d+4.u,�5 @ 3> dq| ydoxh ri � fdq eh fkrvhq1 Vhw i4 @ i5 @4� n�/ dqg i6 @ f @ 31 Wkh vxp ri glylghqg dqg sulfh dw gdwh 3 lv ghwhuplqhge| wkh suhylrxv klvwru| dqg vkrfnv dw gdwh 3> vr g3 ��g . s3 � �s @ v iru vrphqxpehu v= Vhw glylghqgv dw gdwh 3 vr g3 � �g @ +4� n�,v dqg s3 � �s @ n�v=Wkhq iurp +8148,/ ru +814:,
��wsw � �s @ ����+w�4,sw�4 � �s�. n�+%4w . %5w,Iru qrwdwlrqdo frqyhqlhqfh ohw ahw @ ��whw @ %4w . %5w1 Wkhq

��wsw � �s @ �w �s3 � �s�. n�ahw . n�5ahw�4 . n�6ahw�5 . ======. n�wah4= +:15,
Dvvxph wkdw ahw lv vwdwlrqdu| zlwk yduldqfh a�5h dqg wkdw ydu s3 @ n5�54��5 a�5h/ zklfklpsolhv wkdw

ydu ��wsw @ n5�54� �5 a�5h iru w A 3=
Dv hw.m @ �w.mahw.m dqg n @ �4.u > htxdwlrq +:14, lpsolhv wkdw��ws�wW � �s @ �w �s3 � �s�. n�ahw . n�5ahw�4 . n�6ahw�5 . ======. n�wah4.nahw.4===. nm�wahm . ====. nW�wahW = +:16,
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Li �4 ? � ? 4 dqg �4 ? n ? 4
olpW$4ydu ��ws�wW @ n5�54� �5 a�5h . n54� n5 a�5h iru w A 3==

Iljxuh 8 0 Yduldqfh erxqg ylrodwlrq= Sulfhv dqg shuihfw iruhvljkw sulfhv irushuihfwo| fruuhodwhg sulfhv dqg glylghqgv1Zh kdyh dvvxphg wkurxjkrxw wklv sdshu wkdw n @ �4.u olhv lq +3> 4, = Uhfdoowkdw � � 4 lv wkh jurzwk udwh ri h{shfwhg hduqlqjv/ vr li n � 4 wkh h{shfwhgsuhvhqw ydoxh ri hduqlqjv lv lq�qlwh/ dqg wkh prgho grhv qrw pdnh vhqvh1 Li� � 4 wkh sulfh dqg glylghqg surfhvvhv jurz idvwhu wkdq h{shfwhg hduqlqjv/ dqgdv zh kdyh dujxhg wklv ehfrphv hfrqrplfdoo| lpsodxvleoh1 Krzhyhu erwk n dqg� pd| eh forvh wr 4= Li � @ 4> ��wsw lv d udqgrp zdon/ zlwk lq�qlwh yduldqfh/
��wsw @ s3 . w[

m@4 ahm iru doo w
dqg wkh vdpsoh yduldqfh ri sw lv qhfhvvdulo| eldvhg grzqzdugv dv dq hvwlpdwruri ydu ��wsw1Li � @ n @ 4 wkh yduldqfh ri ��ws�wW lv dovr lq�qlwh1 Krzhyhu htxdwlrq +:16,wkhq lpsolhv wkdw

��ws�wW @ s3 . W[
m@4 ahm iru doo w
5;



vr wkh vdpsoh yduldqfh ri ghwuhqghg shuihfw iruhvljkw sulfhv lv }hur1 Wklv vxj0jhvwv wkdw zkhq � dqg n duh ohvv wkdq exw forvh wr 4 wkh vdpsoh yduldqfh righwuhqghg shuihfw iruhvljkw sulfhv pd| eh yhu| pxfk pruh eldvhg grzqzdugvdv dq hvwlpdwru ri ydu ��ws�wW wkdq wkh vdpsoh yduldqfh ri ghwuhqghg sulfhv lveldvhg grzqzdugv dv dq hvwlpdwru ri ydu s��ww 1Vlpxodwlrq uhvxowv frq�up wklv lqwxlwlrq1 Iljxuh 8 sorwv d uhdol}dwlrq risulfhv dqg shuihfw iruhvljkw sulfhv iru shuihfwo| fruuhodwhg sulfhv dqg glylghqgvlq fruuhvsrqghqfh wr n @ 3=<87 +dv lq Vkloohu/ 4<;4, dqg � @ 3=<<8= Wkh yduldqfherxqg lv ylrodwhg dqg wkh sorw fohduo| uhvhpeohv wkh zhoo nqrzq gldjudpv iruuhdo X1V1 gdwd xvhg e| Vkloohu +4<;4, wr fodlp wkh idloxuh ri wkh h!flhqw pdunhwk|srwkhvlv1 Wkh h{wuhph fdvh ri n @ � @ 3=<<< lv sorwwhg lq Iljxuh 9 zkhuhwkh vdpsoh yduldqfh ri ghwuhqghg shuihfw iruhvljkw sulfhv lv +doprvw, }hur1

Iljxuh 9 0 Gudpdwlf yduldqfh erxqg ylrodwlrq= Sulfhv dqg shuihfw iruhvljkwsulfhv iru shuihfwo| fruuhodwhg sulfhv dqg glylghqgv1Wkh qh{w Sursrvlwlrq uljrurxvo| irupdol}h wkh dujxphqw +surri lq wkh Ds0shqgl{,1Sursrvlwlrq 9 +Yduldqfh Erxqgv , Vxssrvh wkdw ghwuhqghg sulfhv ��wsw iro0orzv wkh DU+4, surfhvv��wsw � �s @ �w �s3 � �s�. n�ahw . n�5ahw�4 . n�6ahw�5 . ======. n�wah4=
ydu ahw @ a�5h iru doo w dqg ydu s3 @ n5�54��5 a�5h1 Wkh ghwuhqghg shuihfw iruhvljkw sulfh
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s�wW lv jlyhq e|��ws�wW � �s @ �w �s3 � �s�. n�ahw . n�5ahw�4 . n�6ahw�5 . ======. n�wah4.nahw.4===. nm�wahm . ====. nW�wahW =Ohw YW +�> n, wkh vdpsoh yduldqfh ri ghwuhqghg sulfhv ���4s4> ======��WsW � dqgY �W +�> n, wkh vdpsoh yduldqfh ri ghwuhqghg shuihfw iruhvljkw sulfhv ���4s�4W > ==��Ws�WW � =� Li �4 ? � ? 4 dqg �4 ? n ? 4
olpW$4HYW +�> n, @ ydu ��wsw @ n5�54� �5 a�5h

dqg
olpW$4HY �W +�> n, @ olpW$4ydu ��ws�wW @ n5�54� �5 a�5h . n54� n5 a�5h=

� Iru �{hg �qlwh W A 4
olp�$4�>n$4� HYW +�> n, @ a�5h

�W 5 � 4�9W A olp�$4�>n$4� HY �W +�> n, @ 3=
Wklv �uvw sduw ri wkh Sursrvlwlrq lpsolhv wkdw YW +�> n, dqg Y �W +�> n, duhdv|pswrwlfdoo| xqeldvhg dv hvwlpdwruv ri wkh olplwv ri wkh yduldqfhv ri sw dqgs�wW dv wkh vdpsoh vl}h W whqgv wr lq�qlw|/ vr lq wkh olplw wkh h{shfwdwlrqv riwkh vdpsoh yduldqfhv vdwlvi| wkh yduldqfh erxqgv lqhtxdolwlhv1 Ylrodwlrq riwkh yduldqfh erxqgv lv wkhuhiruh d vpdoo vdpsoh sureohp/ dowkrxjk 433 |hduvri dqqxdo gdwd pd| eh d vpdoo vdpsoh dv lw lv vkrzq lq Iljxuh : zklfk sorwvHYW +�> n, dqg HY �W +�> n, dv ixqfwlrq ri wkh vdpsoh vl}h W lq fruuhvsrqghqfh wrn @ 3=<87 +dv lq Vkloohu/ 4<;4, dqg � @ 3=<;=
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Iljxuh : 0 Wkh h�hfw ri vdpsoh vl}h W rq h{shfwhg vdpsoh yduldqfhv ri dfwxdosulfhv +HYW +�> n,, dqg shuihfw iruhvljkw sulfhv +HY �W +�> n,, iru � @ 3=<; dqgn @ 3=<871
Wkh vhfrqg sduw ri wkh Sursrvlwlrq vkrzv wkdw iru dq| �{hg �qlwh vdpsoh vl}hwkh h{shfwhg vdpsoh yduldqfhv zloo gudpdwlfdoo| ylrodwh wkh yduldqfh erxqgv lq0htxdolwlhv li � dqg n duh forvh hqrxjk wr 4/ wkdw lv zkhq glylghqgv duh vprrwkhgwr wkh srlqw zkhuh ghwuhqghg sulfhv duh forvh wr d udqgrp zdon dqg wkh jurzwkudwh ri hduqlqjv lv forvh wr wkh lqwhuhvw udwh1 Wklv lv fohduo| vkrzq lq Ilj0xuh ; zklfk sorwv HYW +�> n, dqg HY �W +�> n, dv ixqfwlrq ri wkh sdudphwhu � lqfruuhvsrqghqfh ri W @ 433 dqg n @ 3=<<8=
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Iljxuh ; 0 Glylghqg vprrwklqj> wkh h�hfw ri � rq wkh h{shfwhg vdpsohyduldqfhv ri dfwxdo sulfhv +HYW +�> n,, dqg shuihfw iruhvljkw sulfhv +HY �W +�> n,,iru n @ 3=<<8 dqg vdpsoh vl}h W @ 4331
; FrqfoxvlrqvZh vwduwhg zlwk d sureohp1 Zkdw grhv vwdqgdug �qdqfldo wkhru| lpso| derxwwkh uhodwlrqvkls ehwzhhq wkh yduldqfh ri glylghqgv dqg wkh yduldqfh ri htxlw|sulfhvB Pruh suhflvho|/ lv wkhuh vfrsh iru d wudgh r� ehwzhhq wkhvh yduldqfhvBLqhylwdeo|/ ehlqj dfdghplfv/ wkh dqvzhu zh kdyh duulyhg dw lv �vrphwlphv�1Wkhuh lv lq sulqflsoh frqvlghudeoh vfrsh iru wudgh r�/ dfklhyhg e| ydu|lqj wkhsdudphwhuv ri wkh glylghqg htxdwlrq +717,1 Shukdsv wkh prvw reylrxvo| lp0sruwdqw ri wkhvh sdudphwhuv iru wkh yduldqfhv ri sulfhv dqg glylghqgv duh wkhfrh!flhqwv ghwhuplqlqj wkh lqlwldo uhvsrqvh ri glylghqgv wr shuvlvwhqw dqg wudq0vlhqw vkrfnv wr hduqlqjv +l1h1 i4 dqg i5 lq +717,,1 Krzhyhu Sursrvlwlrq 8 lpsolhvwkdw wkhuh lv lq idfw olwwoh vfrsh iru wudgh r� wkurxjk i4 dqg i5 li wkh frh!flhqwvd ri odjjhg glylghqgv dqg e ri odjjhg htxlw| sulfhv duh forvh wr wkh erxqgdu|ri wkh vwdeoh vhw gh�qhg lq Sursrvlwlrq 61 Wkh glylghqg surfhvvhv zklfk uhvxowlq yduldqfhv rq wkh erxqgdu| ri wkh ihdvleoh vhw gh�qhg lq Sursrvlwlrq 5 dqgdoorz iru vxevwdqwldo wudgh r�v ehwzhhq wkh yduldqfhv ri glylghqgv dqg sulfhvduh vlpsoh wr ghvfuleh1 Wkh| duh DU+4, surfhvvhv/ dqg uhvxow lq sulfhv dqgglylghqgv zklfk duh shuihfwo| fruuhodwhg1 Krzhyhu/ dqg frqwudu| wr vwdqgdugdvvxpswlrqv/ dq duelwudu| DU+4, glylghqg surfhvv grhv qrw jhqhudoo| uhvxow lqshuihfwo| fruuhodwhg DU+4, sulfhv1 Iru wklv wr kdsshq wkh lqlwldo frqglwlrqv kdyhwr eh yhu| forvho| vshfl�hg1Zh dujxhg lq Vhfwlrq 8 wkdw glylghqg surfhvvhv zklfk duh xqvwdeoh dqg pdnhwkh yduldqfh ri wkh wrwdo ydoxh ri htxlw| lq�qlwh duh lpsodxvleoh ehfdxvh ri wkhlu
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lpsolfdwlrqv iru wkh edodqfh vkhhw1 Krzhyhu wkh vwdelolw| frqglwlrqv ri Sursrvl0wlrq 6 vkrz wkdw wkh htxdwlrq v|vwhp lv dw ehvw nqlih hgjh vwdeoh li wkh glylghqghtxdwlrq grhv qrw lqfoxgh d edodqfh vkhhw yduldeoh lq wkh irup ri wkh odjjhgydoxh ri htxlw|/ ghew ru lqwhuhvw sd|phqwv1 Pdnlqj d v|vwhp nqlih0hgjh vwdeohuhtxluhv wkdw wkh lqlwldo glylghqg eh vhw dw d ohyho zklfk ghshqgv rq odjjhg htxlw|sulfhv1 Wkxv wkh edodqfh vkhhw pdwwhuv iru glylghqg srolf| lq wkh vhqvh lq zklfklw lv xvhg lq wklv sdshu/ vhwwlqj wkh qhw glylghqg ehiruh lqwhuhvw/ wkdw lv glylghqgvplqxv vkduh lvvxhv/ ru glylghqgv soxv vkduh uhsxufkdvhv1 Lq uhwurvshfw wklv lvqrw vxusulvlqj1 Krzhyhu e| dvvxplqj d olqhdu glylghqg srolf| zh pd| kdyhplvuhsuhvhqwhg wkh zd| lq zklfk wkh edodqfh vkhhw h�hfw rq glylghqgv zrunv1Rqh srvvlelolw| lv d qrq0olqhdu glylghqg srolf| zklfk pdnhv jurvv glylghqgv iro0orz d vprrwkhg srolf| pxfk ri wkh wlph/ zlwk rffdvlrqdo vxevwdqwldo fkdqjhv lqqhw glylghqgv uh hfwlqj wkh edodqfh vkhhw/ hlwkhu lq wkh irup ri vkduh lvvxhv ruuhsxufkdvhv/ ru elj fkdqjhv lq jurvv glylghqgv1 Wkh uhvxowlqj vwrfkdvwlf surfhvvzrxog eh gl!fxow wr prgho dqdo|wlfdoo|/ exw shukdsv fdswxuhv wkh vw|olvhg idfwvri glylghqg srolf| ehwwhu wkdq d olqhdu prgho1Wkh h�hfw ri wkh edodqfh vkhhw rq qhw glylghqgv pd| eh gl!fxow wr slfn xshfrqrphwulfdoo| li glylghqgv dqg htxlw| sulfhv duh kljko| fruuhodwhg/ dqg li d lvforvh wr lwv pd{lpdo vwdeoh ydoxh ri �54.u dqg e lv forvh wr wkh orzhu erxqgdu| riwkh vwdeoh vhw/ lq zklfk fdvh e � +4.u��,54.u zklfk lv vpdoo li wkh udwh ri jurzwk ��4lv forvh wr wkh lqwhuhvw udwh u1 Li qhw glylghqgv duh vprrwkhg/ wkh sdudphwhuv ddqg e olh forvh wr wkh erxqgdu| ri wkh vwdeoh vhw dqg ghwuhqghg glylghqgv dqghtxlw| sulfhv kdyh d urrw zklfk lv forvh wr xqlw|1 Dv zh vkrzhg lq Vhfwlrq :wklv fdq jlyh ulvh wr gdwd zklfk vdwlv�hv yduldqfh erxqgv exw pdnhv wkh vdpsohyduldqfhv ylrodwh yduldqfh erxqgv lqhtxdolwlhv e| dq duelwudulo| odujh dprxqw1Zh kdyh douhdg| srlqwhg rxw wkdw wklv sdshu lv qrw derxw glylghqg srolf| dvfrqyhqwlrqdoo| gh�qhg/ zklfk uhihuv wr wkh jurvv glylghqg1 Glylghqg vprrwklqjlv derxw vprrwklqj wkh glylghqg shu vkduh/ zklfk grhv qrw vprrwk wkh jurvvglylghqg li wkhuh duh vkduh vdohv ru uhsxufkdvhv1 Lq d zruog zlwk iuhtxhqw vkduhuhsxufkdvhv lw uhpdlqv wuxh wkdw ydoxh ri d vkduh lv wkh suhvhqw glvfrxqwhg ydoxhri glylghqgv shu vkduh/ exw d �up zklfk uhjxoduo| uhsxufkdvhv d iudfwlrq ri lwvrxwvwdqglqj htxlw| fdq pdnh erwk glylghqgv dqg hduqlqjv shu vkduh jurz/ zklovwwkh wrwdo dprxqw ri hduqlqjv dqg glylghqgv uhpdlqv frqvwdqw1 Wzr �upv zlwkh{dfwo| wkh vdph xqghuo|lqj hduqlqjv frxog glvsod| udglfdoo| gl�huhqw udwhv rijurzwk ri glylghqgv shu vkduh/ zlwk wkh orz jurzwk �up sd|lqj rxw doo ru prvwri lwv qhw glylghqg dv jurvv glylghqgv/ dqg wkh kljk jurzwk �up sd|lqj rxwprvw ri lwv qhw glylghqgv lq wkh irup ri vkduh uhsxufkdvhv/ jlylqj vkduhkroghuv dfdslwdo jdlq1 Wklv lv vlpso| dqrwkhu zd| ri vd|lqj wkdw lq d Prgljoldql0Ploohuzruog jurvv glylghqg srolf| lv luuhohydqw wr wkh ydoxh ri htxlw|1 Dq| h{sodqdwlrqri wkh vljql�fdqfh ri wkh fkrlfh ehwzhhq vkduh uhsxufkdvhv dqg glylghqgv kdv wrpryh eh|rqg wkh Prgljoldql0Ploohu zruog ri wklv sdshu1
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Dsshqgl{Surri ri Sursrvlwlrq 6
Zh duh frqvlghulqj wkh urrwv �4 dqg �5 ri

�5 ��4 . u . d� e� ��. d +4 . u,�5 @ 3= +D4,
Wkh urrwv duh frpsoh{ li

7d +4 . u,�5 A �4 . u . d� e� �5

zklfk lv htxlydohqw wr�s4 . u �sd�5 ? e ? �s4 . u .sd�5 =Wkh urrwv duh
�4 @ 45� �4 . u . d� e.t+4 . u . d� e,5 � 7d+4 . u,� +D5,
�5 @ 45� �4 . u . d� e�t+4 . u . d� e,5 � 7d+4 . u,� = +D6,

Frqvlghulqj
�5 ��4 . u . d� e� ��. d +4 . u,�5 � +�4 � �, +�5 � �,

dv d ixqfwlrq ri � dqg vnhwfklqj fxuyhv ghprqvwudwhv wkdw+�4 . 4, +�5 . 4, A 3 dqg +�4 � 4, +�5 � 4, A 3li dqg rqo| li rqh ri wkh irxu iroorzlqj pxwxdoo| h{foxvlyh srvvlelolwlhv krogv1� �4 dqg �5 duh frpsoh{ lq zklfk fdvh m�4 ��5 @���5m5 @ �4�5 A 3 vr lim�4�5m A 4 erwk �4 dqg �5 olh rxwvlgh wkh xqlw flufoh dqg li m�4�5m ? 4 erwk�4 dqg �5 olh lqvlgh wkh xqlw flufoh1� �4 dqg �5 duh uhdo dqg �5 � �4 ? �4 lq zklfk fdvh m�4�5m A 4=� �4 dqg �5 duh uhdo dqg �4 ? �5 � �4 ? 4 lq zklfk fdvh m�4�5m ? 4=� �4 dqg �5 duh uhdo dqg 4 ? �5 � �4 lq zklfk fdvh m�4�5m A 4=
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Wkxv wkh frqglwlrqv wkdw +�4 . 4, +�5 . 4, A 3/ +�4 � 4, +�5 � 4, A 3 dqgm�4�5m ? 4 lpso| wkdw erwk �4 dqg �5 olh lq wkh xqlw flufoh1 Frqyhuvho| li �4dqg �5 erwk olh lq wkh xqlw flufoh wkhq m�4�5m ? 4/ dqg hlwkhu �4 dqg �5 duhfrpsoh{ lq zklfk fdvh +�4 � �, +�5 � �, A 3 iru doo uhdo � dqg lq sduwlfxoduiru � @ 4 dqg � @ �4/ ru wkh| duh uhdo lq zklfk fdvh �4 ? �5 � �4 ? 4 vr+�4 . 4, +�5 . 4, A 3 dqg +�4 � 4, +�5 � 4, A 31 Wkxv �4 dqg �5 erwk olh lqwkh xqlw flufoh li dqg rqo| li +�4 . 4, +�5 . 4, A 3/ +�4 � 4, +�5 � 4, A 3 dqgm�4�5m ? 4=Pruh fxuyh vnhwfklqj lpsolhv wkdw +�4 . 4, +�5 . 4, ? 3 dqg +�4 � 4, +�5 � 4, ?3 li dqg rqo| li �4 dqg �5 duh uhdo dqg �5 ? �4 ? 4 ? �41 Vlploduo|+�4 . 4, +�5 . 4, A 3 dqg +�4 � 4, +�5 � 4, ? 3 li dqg rqo| li �4 dqg �5 duh uhdodqg �4 ? �5 ? 4 ? �4> zklovw +�4 . 4, +�5 . 4, ? 3 dqg +�4 � 4, +�5 � 4, A 3li dqg rqo| li �4 dqg �5 duh uhdo dqg �5 ? �4 ? �4 ? 4=Wkh frqglwlrqv lq whupv ri �4 dqg �5 fdq eh wudqvodwhg lqwr wkh frqglwlrqvjlyhq lq wkh wkhruhp e| qrwlqj �uvwo| wkdw �4�5 @ d+4.u,�5 vr m�4�5m ? 4 li dqgrqo| li ���d+4.u,�5
��� ? 4/ dqg �4 . �5 @ 4.u.d�e� vr

+�4 . 4, +�5 . 4, @ 4 .�4 . u . d� e� �. d +4 . u,�5 A 3
li dqg rqo| li

+4 . u . �,�4 . d�� A e
dqg

+�4 � 4, +�5 � 4, @ 4��4 . u . d� e� �. d +4 . u,�5 A 3
li dqg rqo| li

+4 . u � �,�4� d�� ? e=
Surri ri Sursrvlwlrq 7Wkh pdwul{ gl�huhqfh htxdwlrq57 ��wgw��wsw|w

68 @ 57 k�k3
68.P 57 ��+w�4,gw�4��+w�4,sw�4|w�4

68. 57 i4%4w . i5%5w . i6%6w+4� i4,%4w . +4� i5,%5w � i6%6w%5w
68

+D7,zkhuh
P @ 4�

57 d e �f�d 4 . u � e ��f3 3 �!
68 = +D8,
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fdq eh zulwwhq dv }w @ P}w�4 . xw +D9,zkhuh
}w @ 57 ��wgw � �g��wsw � �s|w

68 +D:,
�g @ +4 . u � �,k�+4 . u � �,+� � d,� e� +D;,
�s @ k�5+4 . u � �,+� � d,� e� +D<,

xw @ 57 i4 i5 i64� i4 4� i5 �i63 4 3
6857 %4w%5w%6w

68 +D43,
Lwhudwlqj +D9, |lhogv

}w @ q�4[
k@3Pkxw�k .Pq}w�q= +D44,

Wkh pdwul{ P gh�qhg lq +D8, fdq eh zulwwhq dvP @ OGO�4 +D45,zkhuh
G @ 57 �4 3 33 �5 33 3 �6

68 +D46,
lv d gldjrqdo pdwul{/ �4/ �5 dqg �6 duh wkh hljhqydoxhv ri P> dqg O lv d pdwul{ri hljhqyhfwruv ri P 1 Iurp +D8, wkh fkdudfwhulvwlf htxdwlrq ri P lv��d� � ���4 . u � e� � ��. de�5

� ^�6 � �` @ 3
zkrvh urrwv duh �4/ �5 dqg �6 zkhuh �4 dqg �5 duh e| jlyhq +D5, dqg +D6,/ dqg�6 @ != Ohw

n @ �4 . u =
69



D pdwul{ ri hljhqyhfwruv ri P lv
O @ 57 4� n�4 4� n�5 4� n�6n�4 n�5 n�63 3 �nf�4 +�6 � �4, +�6 � �5,

68 +D47,
zlwk lqyhuvh

O�4 @ 4n +�4 � �5,
597 �n�5 4� n�5 4+�6��4,fn�4 �4 . n�4 � 4+�6��5,f3 3 � +�4��5,+�6��4,+�6��5,f

6:8 = +D48,
Htxdwlrq +D45, lpsolhv wkdw Pk @ OGkO�4 vr iurp +D44,

}w @ w�4[
k@3OGkO�4xw�k . OGwO�4}3= +D49,

Iurp +D43, dqg +D48,
O�4xw�k @ �%w�k +D4:,zkhuh

� @ 4n+�4 � �5,
597 4� n�5 � i4 4� n�5 � i5 . f+�6��4, �i6�4 . n�4 . i4 �4 . n�4 . i5 � f+�6��5, i63 �+�4��5,f+�6��4,+�6��5, 3

6:8 +D4;,
dqg

%w�k @ 57 %4w�k%5w�k%6w�k
68 +D4<,

zklovw iurp +D:, dqg +D48,
O�4}3 @ 57 t4t5� 4n+�6��4,+�6��5,f|3

68
zkhuh

t4 @ 4n +�4 � �5,
��n�5 +g3 � �g, . +4� n�5, �s3 � �s�. 4+�6 � �4,f|3

�
+D53,

t5 @ 4n +�4 � �5,
�n�4 +g3 � �g,� +4� n�4, �s3 � �s�� 4+�6 � �5,f|3

� =+D54,
6:



Khqfh iurp +D46,/ +D47,/ +D49, dqg +D4:,
gw�w � �g @ w�4[

k@3
6[

l@4
6[

m@4 +4� n�l,�kl �lm%mw�k .pgw +D55,
@ w�4[

k@3�gk�%w�k .pgw

sw�w � �g @ w�4[
k@3

6[
l@4

6[
m@4 n�l�kl �lm%mw�k .psw +D56,

@ w�4[
k@3�sk�%w�k .psw

|w @ w�4[
k@3�k6%5w�k . �w6|3

zkhuh � dqg %w�k duh jlyhq e| +D4;, dqg +D4<,/
�gk @ �+4� n�4,�k4 > +4� n�5,�k5 > +4� n�6,�k6� +D57,

�sk @ �n�4�k4 > n�5�k5 > n�6�k6� +D58,
pgw @ +4� n�4,�w4t4 . +4� n�5,�w5t5 � +4� n�6, f�w6|3n +�6 � �4, +�6 � �5, +D59,

psw @ n�4�w4t4 . n�5�w5t5 � n�6f�w6|3n +�6 � �4, +�6 � �5, +D5:,
dqg � dqg %w�k duh jlyhq e| +D4;, dqg +D4<,1Surri ri Sursrvlwlrq 8

Wkh uhvxow lv suryhg iurp xvlqj Ohppdv 4/ 5 dqg 61 Ohppd 4 jlyhv h{0suhvvlrqv iru gw dqg sw zklfk duh htxlydohqw wr +815, dqg +816,/ exw xqolnh wkhh{suhvvlrqv lq wkhvh htxdwlrqv lqyroyh rqo| uhdo ydoxhg yduldeohv hyhq li �4 dqg�5 duh frpsoh{/ duh �qlwh dqg zhoo gh�qhg iru doo ydoxhv ri �4> �5 dqg �6 hyhq liwzr ru pruh ri wkh urrwv frlqflgh/ dqg glvhqwdqjoh wkh h�hfwv ri �4> �5 dqg �6iurp wkrvh ri i4> i5/i6 dqg f1
6;



Ohppd 4
gw�w � �g @ w�4[

k@3#gkDgI%w�k .pgw +D5;,
sw�w � �s @ w�4[

k@3#skDsI%w�k .pgw +D5<,
zkhuh
#gk @ 3C�k4 . �k5 > �k4 � �k5�4 � �5 > 4n +�4 � �5,

57� +4� n�4,
��k4 � �k6�+�4 � �6, . +4� n�5,

��k5 � �k6�+�5 � �6,
684D

#sk @ 3C�k4 . �k5 > �k4 � �k5�4 � �5 > 4n +�4 � �5,
57�n�4

��k4 � �k6�+�4 � �6, . n�5
��k5 � �k6�+�5 � �6,

684D

Dg @ 57 3 45 34n +4� n�4, +4� n�5, � 4n . 45 +�4 . �5, 33 3 4
68 +D63,

Ds @ 57 45 �45 345 +�4 . �5,� n�4�5 �45 +�4 . �5, 33 3 4
68 +D64,

I @ 57 4 4 3i4 i5 i63 f 3
68 = +D65,

Wkh yhfwruv #gk/ #sk dqg pdwulfhv Ds/ Dg dqg I duh uhdo ydoxhg dqg �qlwh1Surri1 Wkh Ohppd lv suryhg xvlqj +815, dqg +816, dqg vkrzlqj wkdw �gk� @#gkDgI dqg �sk� @ #skDsI= Qrwh �uvwo| wkdw � @ KI zkhuh
K @ 4n +�4 � �5,

597 4� n�5 �4 4�6��4�4 . n�4 4 � 4�6��53 3 � +�4��5,+�6��4,+�6��5,

6:8 +D66,

6<



vr wkh Ohppd fdq eh suryhg e| vkrzlqj wkdw �gkK @ #gkDg dqg �skK @#skDs= Iurp +81:, dqg +D66,
�gkK @ 3C4n +4� n�4, +4� n�5,

��k4 � �k5�+�4 � �5, > � +4� n�4,�k4 . +4� n�5,�k5n +�4 � �5, > �g
4D

zkhuh
�g @ 4n +�4 � �5,

%+4� n�4,�k4�6 � �4 � +4� n�5,�k5�6 � �5 � +�4 � �5, +4� n�6,�k6+�6 � �4, +�6 � �5,
&

� 4n +�4 � �5,
57� +4� n�4,

��k4 � �k6�+�4 � �6, . +4� n�5,
��k5 � �k6�+�5 � �6,

68 � #6gk
vr
�gkK @ �4n +4� n�4, +4� n�5,#5gk>�45#4gk ��4� 45 +4� n +�4 . �5,,�#5gk> #6gk

�
@ #gkDg=Dovr

�skK @ 4n +�4 � �5, �n�4�k4 > n�5�k5 > n�6�k6�
597 4� n�5 �4 4�6��4�4 . n�4 4 � 4�6��53 3 � +�4��5,+�6��4,+�6��5,

6:8
@ #n�4 +4� n�5,�k4 � n�5 +4� n�4,�k5n +�4 � �5, > �n�4�k4 . n�5�k5n +�4 � �5, > �s

$
zkhuh

�s @ 4n +�4 � �5,
% n�4�k4�6 � �4 � n�5�k5�6 � �5 � +�4 � �5, n�6�k6+�6 � �4, +�6 � �5,

&
@ 4n +�4 � �5,

57�n�4
��k4 � �k6�+�4 � �6, . n�5

��k5 � �k6�+�5 � �6,
68 @ #6sk

vr
�skK @ �45#4sk .��n�4�5 . 45 +�4 . �5,�#5sk>�45#4sk � 45 +�4 . �5,#5sk> #6sk

�
@ #skDs=Wr vhh wkdw wkh yhfwruv #gk/ #sk dqg pdwulfhv Ds/ Dg dqg I duh uhdo ydoxhghyhq li �4 dqg �5 duh frpsoh{/ qrwh wkdw li frpsoh{ �4 dqg �5 duh frpsoh{frqmxjdwhv1 Wr vhh wkdw wkh| duh �qlwh hyhq zkhq urrwv frlqflgh qrwh iurp wkhgh�qlwlrq ri d ghulydwlyh wkdw whupv vxfk dv +�k4��k6,+�4��6, whqg wr k�k�44 =
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Ohppd 5 Dvvxph wkdw �4 ? �6 ? 4>
� �54 . u ? d ? �54 . udqg

+4 . u � �,�4� d�� ? e ? +4 . u . �,�4 . d��vr �4/ �5 dqg �6 doo olh lq wkh lqwhulru ri wkh xqlw flufoh1 Wkhq li ydu %lw�k @ �5liru l @ 4> 5=6 dqg k @ 3> 4> 5====
ydu ��wgw @ � 4 i4 3 �D3ggDg

57 4i43
68�54 . � 4 i5 f �D3ggDg

57 4i5f
68�55

. � 3 i6 3 �D3ggDg
57 3i63

68�56

ydu ��wsw @ � 4 i4 3 �D3ssDs
57 4i43

68�54 . � 4 i5 f �D3ssDs
57 4i5f

68�55
. � 3 i6 3 �D3ssDs

57 3i63
68�56

zkhuh Dg dqg Ds duh jlyhq e| +D63, dqg +D64, dqg
g @ 4[

k@3#3gk#gk

s @ 4[
k@3#3sk#sk

Surri1 Iurp Ohppd 4 li �4> �5 dqg �6 olh lq wkh xqlw flufoh
ydu ��wgw @ 4[

k@3#gkDgIV5I 3D3g#3gk
zkhuh

V @ 57 �4 3 33 �5 33 3 �6
68 =
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Exw #gkDgIV5I 3D3g#3gk @ wudfh#gkDgIV5I 3D3g#3gk@ wudfhVI 3D3g#3gk#gkDgIV
@ � 4 i4 3 �D3g#3gk#gkDg

57 4i43
68�54

. � 4 i5 f �D3g#3gk#gkDg
57 4i5f

68�55
. � 3 i6 3 �D3g#3gk#gkDg

57 3i63
68�56

vlqfh V lv d gldjrqdo pdwul{ dqg I lv jlyhq e| +D65,1 Qrwlqj wkdw k dsshduvrqo| lq #3gk#gk jlyhv wkh uhvxow iru glylghqgv1Vlploduo|
ydu ��wsw @ 4[

k@3#skDsIV5I 3D3s#3sk
dqg #skDsIV5I 3D3s#3sk @ wudfh#skDsIV5I 3D3s#3sk@ wudfhVI 3D3s#3sk#skDsIV

@ � 4 i4 3 �D3s#3sk#skDs
57 4i43

68�54
. � 4 i5 f �D3s#3sk#skDs

57 4i5f
68�55

. � 3 i6 3 �D3s#3sk#skDs
57 3i63

68�56
zklfk dv k dsshduv rqo| lq #3sk#sk jlyhv wkh uhvxow iru sulfhv1Ohppd 6 Li

� @ �4�5 @ d +4 . u,�5dqg
� @ �4 . �54 . �4�5 @ � +4 . u . d� e,�5 . d +4 . u,
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g44 @ s44 @ 7+4� �5, . �5+4� �,5+4� �5, +4� �5,
g55 @ s55 @ 4+4� �5, +4� �5,

g45 @ g54 @ s45 @ s54 @ � +4� �,+4� �5, +4� �5, =Surri1 Zh kdyh
g44 @ s44 @ 4[

k@3#54kg @ 4[
k@3#54ks @ 4[

k@3
��k4 . �k5�5 @

@ 44� �54 . 44� �55 . 54� �4�5@ 7 +4 . �4�5,� +�4 . �5,5 +6� �4�5,�4� �54� �4� �55� +4� �4�5, =
Pruhryhu�4� �54� �4� �55� @ +4� �4 � �5 . �4�5,+4 . �4 . �5 . �4�5,@ +4 . �, +4� �, +4 . �, +4 . �, @ �4� �5� +4 . �,5vr �4� �54� �4� �55� @ �4� �5� +4 . �,5 +D67,

4� �4�5 @ 4� � +D68,
7 +4 . �4�5,� +�4 . �5,5 +6� �4�5, @ 7+4 . �,� �5+4 . �,5+6� �,@ 7+4� �5, . �5+4� �,5vr g44 @ s44 @ 7+4� �5, . �5+4� �,5+4� �5, +4� �5, = +D69,

Vlploduo|
g45 @ g54 @ s45 @ s54 @ 4[

k@3#4kg#5kg @ 4[
k@3#4ks#5ks

@ 4[
k@3

��k4 . �k5�#�k4 � �k5�4 � �5
$

@ 4�4 � �5
� 44� �54 � 44� �55

�
@ �4 . �5�4� �54� �4� �55� @ � +4� �,+4� �5, +4� �5,
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dqg
g55 @ s55 @ 4[

k@3#55kg @ 4[
k@3#55ks @ 4[

k@3
#�k4 � �k5�4 � �5

$5

@ 4+�4 � �5,5
� 44� �54 . 44� �55 � 54� �4�5

�
@ 4 . �4�5�4� �54� �4� �55� +4� �4�5,@ 4+4� �5, +4� �5, =

Wkh qh{w Ohppd jlyhv irupxodh zklfk wdnhq zlwk Ohppdv 5 dqg 6 jlyhjhqhudo h{suhvvlrqv iru wkh yduldqfhv ri sulfhv dqg glylghqgv1Ohppd 7
g46 @ g64 @ n �� +4� �,� �6� �5� �5 +4 . �,��� �5 +4 . �, . 5� . ���6 +4� �,n+4� �5, +4� �5, �4� � +4 . �,�6 . ��56�

g56 @ g65 @ n +4� �6��, . �6� � �n+4� �5, +4� �5, �4� � +4 . �,�6 . ��56�
g66 @ 66 +4, @ �4� �56�� �4 . n5 � 5n��. �6 +4� �, ��4 . n5� � � 5n�n5 �4� �56� +4� �5, +4� �5, �4� � +4 . �,�6 . ��56�

s46 @ s64 @ �6� �5� �5 +4 . �,�� � +4� �,+4� �5, +4� �5, �4� � +4 . �,�6 . ��56�
s56 @ s65 @ �4 . �6��+4� �5, +4� �5, �4� � +4 . �,�6 . ��56�dqg

s66 @ 66 +3, @ 4� �56� . �6 +4� �, ��4� �56� +4� �5, +4� �5, �4� � +4 . �,�6 . ��56� =
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Surri1 Ohw
#6k +�, @ 4n +�4 � �5,

57� +�� n�4,
��k4 � �k6�+�4 � �6, . +�� n�5,

��k5 � �k6�+�5 � �6,
68
+D6:,dqg revhuyh wkdw zkhq � @ 4/ #6k +�, @ #6kg dqg zkhq � @ 3/ �#6k +�, @#6ks1 Ohw #lk @ #lks 9@ #lkg iru l @ 4> 5 vr

46 +�, @ 4[
k@3#4k#6k +�,

dqg li � @ 4> 46 +�, @ g46 @ g64 zklovw li � @ 3> 46 +�, @ �s46 @ �s64=Qrz4[
k@3�kl #6k +�, @ 4n +�4 � �5,

��+�� n�4,+�4 � �6,
� 44� �4�l � 44� �6�l

��
. 4n +�4 � �5,

� +�� n�5,+�5 � �6,
� 44� �5�l � 44� �6�l

��
@ �l +n � ��l,n+4� �l�4, +4� �l�5, +4� �l�6,vr

46 +�, @ 4[
k@3

��k4 . �k5�#6k +�,
@ �4 +n � ��4,n+4� �54,+4� �4�5, +4� �4�6, . �5 +n � ��5,n+4� �4�5, �4� �55� +4� �5�6,
@ �4 +n � ��4, �4� �55� +4� �5�6, . �5 +n � ��5, +4� �54, +4� �4�6,n+4� �54, �4� �55� +4� �4�5, +4� �4�6, +4� �5�6,
@ +�4 . �5, +4� �4�5,� �6�4�5 �5� �54 � �55�+4� �54, �4� �55� +4� �4�5, +4� �4�6, +4� �5�6,

�� ��54 . �55 � 5�54�55 � �4�5�6 +�4 . �5, +4� �4�5,�n+4� �54, �4� �55� +4� �4�5, +4� �4�6, +4� �5�6, =Ixuwkhupruh �54 . �55 @ �5 +4 . �,5 � 5� +D6;,
+4� �4�6, +4� �5�6, @ 4� � +4 . �,�6 . ��56 +D6<,dqg vr xvlqj +D67, dqg +D68,46 +�,@ n �� +4� �,� �6� �5� �5 +4 . �,��. ����5 +4 . �, . 5� . ���6 +4� �,�n+4� �5, +4� �5, �4� � +4 . �,�6 . ��56�
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lpso|lqj wkdwg46 @ g64 @ 46 +4,@ n �� +4� �,� �6� �5� �5 +4 . �,��n+4� �5, +4� �5, �4� � +4 . �,�6 . ��56�� �5 +4 . �,� 5� � ���6 +4� �,n+4� �5, +4� �5, �4� � +4 . �,�6 . ��56� +D73,
dqg s46 @ s64 @ �46 +3,@ �6� �5� �5 +4 . �,�� � +4� �,+4� �5, +4� �5, �4� � +4 . �,�6 . ��56� = +D74,
Vlploduo|
56 +�, @ 4[

k@3
��k4 � �k5�+�4 � �5, #6k +�,

@ �4 +n � ��4,n +�4 � �5, +4� �54,+4� �4�5, +4� �4�6,� �5 +n � ��5,n +�4 � �5, +4� �4�5, �4� �55� +4� �5�6,
@ �4 +n � ��4, �4� �55� +4� �5�6,� �5 +n � ��5, +4� �54, +4� �4�6,n +�4 � �5, +4� �54, �4� �55� +4� �4�5, +4� �4�6, +4� �5�6,@ 4 . �4�5 � �6�4�5 +�4 . �5,+4� �54, �4� �55� +4� �4�5, +4� �4�6, +4� �5�6,� � ^�4 . �5 � �6�4�5 +4 . �4�5,`n+4� �54, �4� �55� +4� �4�5, +4� �4�6, +4� �5�6, =Wkxv xvlqj +D68, dqg +D6<,
56 +�, @ 4[

k@3
��k4 � �k5�+�4 � �5, #6k +�,

@ n +4� �6��, . � +�6� � �,n+4� �5, +4� �5, �4� � +4 . �,�6 . ��56�vr g56 @ g65 @ 56 +4, @ n +4� �6��, . �6� � �n+4� �5, +4� �5, �4� � +4 . �,�6 . ��56� +D75,
dqg s56 @ s65 @ �56 +3, @ �4 . �6��+4� �5, +4� �5, �4� � +4 . �,�6 . ��56� =

79



Dv
4[
k@3

��kl � �k6�+�l � �6,
��kn � �k6�+�n � �6,

@ 4+�l � �6, +�n � �6,
� 44� �l�n � 44� �6�l � 44� �6�n . 44� �56

�
@ �4� �l�n�56��4� �56� +4� �l�n, +4� �6�l, +4� �6�n,

66 +�, @
@ +�� n�4,n5 +�4 � �5,5 �4� �56� +4� �6�4,

% +�� n�4, +4 . �6�4,�4� �54� � +�� n�5, �4� �56�4�5�+4� �4�5, +4� �6�5,
&

. +�� n�5,n5 +�4 � �5,5 �4� �56� +4� �6�5,
%+�� n�5, +4 . �6�5,�4� �55� � +�� n�4, �4� �56�4�5�+4� �4�5, +4� �6�4,

&
exw +�� n�4, +4 . �6�4,�4� �54� � +�� n�5, �4� �56�4�5�+4� �4�5, +4� �6�5,
@ +�� n�4, +4 . �6�4, +4� �6�5, +4� �4�5,� +�� n�5, �4� �56�4�5� �4� �54��4� �54� +4� �4�5, +4� �6�5,
@ �4� �56�4�5� �+�� n�4, +4� �4�5,� +�� n�5, �4� �54���4� �54� +4� �4�5, +4� �6�5,.�6 +�4 � �5, +�� n�4, +4� �4�5,�4� �54� +4� �4�5, +4� �6�5,
@ +�4 � �5, �4� �56�4�5� +��4 � n, . �6 +�� n�4, +4� �4�5,�4� �54� +4� �4�5, +4� �6�5,Vlploduo|

+�� n�5, +4 . �6�5,�4� �55� � +�� n�4, �4� �56�4�5�+4� �4�5, +4� �6�4,
@ � +�4 � �5, �4� �56�4�5� +��5 � n, . �6 +�� n�5, +4� �4�5,�4� �55� +4� �4�5, +4� �6�4,
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vr 66 +�,@ +�� n�4, ��4� �56�4�5� +��4 � n, . �6 +�� n�4, +4� �4�5,�n5 +�4 � �5, �4� �56� �4� �54� +4� �4�5, +4� �6�4, +4� �6�5,
� +�� n�5, ��4� �56�4�5� +��5 � n, . �6 +�� n�5, +4� �4�5,�n5 +�4 � �5, �4� �56� �4� �55� +4� �4�5, +4� �6�4, +4� �6�5,

@ �4� �56�4�5� �+�� n�4, +��4 � n, �4� �55�� +�� n�5, +��5 � n, �4� �54��n5 +�4 � �5, �4� �56� �4� �54� �4� �55� +4� �4�5, +4� �6�4, +4� �6�5,
. �6 +4� �4�5, k+�� n�4,5 �4� �55�� +�� n�5,5 �4� �54�ln5 +�4 � �5, �4� �56� �4� �54� �4� �55� +4� �4�5, +4� �6�4, +4� �6�5,

@ �4� �56�4�5� ���5 . n5� +4 . �4�5,� 5�n +�4 . �5,�n5 �4� �56� �4� �54� �4� �55� +4� �4�5, +4� �6�4, +4� �6�5,. �6 +4� �4�5, ���5 . n5� +�4 . �5,� 5�n +4 . �4�5,�n5 �4� �56� �4� �54� �4� �55� +4� �4�5, +4� �6�4, +4� �6�5, =Xvlqj +D67,/ +D68, dqg +D6<,
66 +�, @ �4� �56�� ��5 . n5 � 5�n��. �6 +4� �, ���5 . n5� � � 5�n�n5 �4� �56� +4� �5, +4� �5, �4� � +4 . �,�6 . ��56�vr
g66 @ 66 +4, @ �4� �56�� �4 . n5 � 5n��. �6 +4� �, ��4 . n5� � � 5n�n5 �4� �56� +4� �5, +4� �5, �4� � +4 . �,�6 . ��56�+D76,dqg
s66 @ 66 +3, @ 4� �56� . �6 +4� �, ��4� �56� +4� �5, +4� �5, �4� � +4 . �,�6 . ��56� +D77,
Surri ri Sursrvlwlrq 8
Li f @ 3� 4 i f �DggDg3 � 4 i f �3 @ � 4 i �EgEg3 � 4 i �3

dqg � 4 i f �DssDs3 � 4 i f �3 @ � 4 i �EsEs3 � 4 i �3
7;



zkhuh
Eg @ � 3 4n �4� n� +4 . �, . n5��45 � 4n �4� 45n�+4 . �,� � +D78,

Es @ � 45 45� +4 . �,� n��45 �45� +4 . �, � +D79,
dqg
 @ 4+4� �5, +4� �5, � 7 �4� �5�. �5 +4� �,5 � +4� �,� +4� �, 4 �

@ 7+4� �5, � 4 33 3 �. 4+4� �5, +4� �5, � � +4� �,4 � � � +4� �, 4 � =
Iurp +D78,

Eg � 4 33 3 �Eg3 @ 47 � 3 33 4 �

Eg � � +4� �,4 � @ 4n � 4� n� +4 . �, . n5��4 . n� �
vr� 4 i �EgEg3 � 4 i �3 @ i5+4� �5, .

�4� n� +4 . �, . n5� � i+4� n�,�5n5 +4� �5, +4� �5,
@ �4� n� +4 . �, . n5��5k+� � n,5 . 4� �5l +4� �5,

.kn5+4� �5, . +4� n�,5ln5 +4� �5, +4� �5, �i � ig3 �5
zkhuh

ig3 @ +4� n�, �4� n� +4 . �, . n5��k+� � n,5 . 4� �5l A 3 +D7:,
vlqfh erwk n dqg � olh lq +�4> 4, > dqg 4 � n� +4 . �, . n5� lv olqhdu lq � dqgsrvlwlyh dw erwk � @ 4 dqg � @ �4= Vlploduo| +D79, lpsolhv wkdw

Es � 4 33 3 �Es3 @ 47 � 4 �4�4 4 � @ 47 � 4�4 � � 4 �4 �
dqg

7<



Es � � +4� �,4 � @ � � � n��� �
vr � 4 i �EsEs3 � 4 i �3 @ +4� i,5+4� �5, . +� � n� � i�,5+4� �5, +4� �5,

@ n5�5+4� �5, . +i � is3 ,5+4� �5, +4� �5, +D7;,
zkhuh is3 @ 4� n��=Iurp +D7:,
is3 � ig3 @ 4� n�� � +4� n�, �4� n� +4 . �, . n5��k+� � n,5 . 4� �5l

@ +4� n��, k+� � n,5 . 4� �5l� +4� n�, �4� n� +4 . �, . n5��k+� � n,5 . 4� �5l
@ n5 +4� �, �4� �5�k+� � n,5 . 4� �5l A 3=

Wkxv 4 A is3 A ig3 A 3dqg zkhq i @ is3 � 4 i �EsEs3 � 4 i �3 @ n5�5+4� �5,
� 4 i �EgEg3 � 4 i �3

@ �4� n� +4 . �, . n5��5k+� � n,5 . 4� �5l +4� �5, . n5 +4� �, �4� �5�k+� � n,5 . 4� �5l
dqg zkhq i @ ig3� 4 i �EsEs3 � 4 i �3 @ n5�5+4� �5, . n7 +4� �, �4� �5�k+� � n,5 . 4� �5l +4 . �,
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� 4 i �EgEg3 � 4 i �3 @ �4� n� +4 . �, . n5��5k+� � n,5 . 4� �5l +4� �5, =

Surri ri Sursrvlwlrq 9
Wkh �uvw vwhs lv wkh surri ri wkh iroorzlqj Ohppd1Ohppd 8 Xqghu wkh frqglwlrq ri Sursrvlwlrq 9 wkh h{shfwhg vdpsoh yduldqfhri ghwuhqghg sulfhv ���4s4> ======��WsW � lv
HYW +�> n, @ VW +�, n5�54� �5 a�5h . n5W W[

k@4 +W � k. 4,VW�k.4 +�, a�5h
. 4W 5

W[
k@4 +W � k. 4, +k� 4, ^pW�k.4 +�,`5 a�5h +D7<,

dqg wkh h{shfwhg vdpsoh yduldqfh ri ghwuhqghg shuihfw iruhvljkw sulfhv ���4s�4W > ======��Ws�WW �lv
HY �W +�> n, @ VW +�, n5�54� �5 a�5h . n5W W[

k@4 +W � k. 4,VW�k.4 +�, a�5h
. 4W 5

W[
k@4 +W � k. 4, +k� 4, ^pk�4 +n,�pW�k.4 +�,`5 a�5h

. 4W W[
k@4 +k� 4,Vk�4 +n, a�5h= +D83,

zkhuh
pl+�, @ 4l l[

k@4 �k
Vl +�, @ 4l l[

k@4
��k �pl+�,�5 @ 4l l[

k@4 �5k �pl+�,5=
Surri1 Ohwasw+�, @ �w �s3 � �s�. n�wah4 . n�w�4ah5 . ===. n�ahw . �+nahw.4===. nk�wahk . ====. nW�wahW ,

zklfk lpsolhv wkdw ��wsw @ �s . asw+3,
84



��ws�wW @ �s . asw+4,vr YW +�> n,/ wkh vdpsoh yduldqfh ri ghwuhqghg sulfhv ���4s4> ��5s5> ===��wsw===��WsW � >lv wkh vdph dv wkh vdpsoh yduldqfh ri +as4+�, > as5+�,> ===asw+�,===asW +�,, zlwk � @ 31Ixuwkhupruh/ Y �W +�> n,/ wkh vdpsoh yduldqfh ri ghwuhqghg shuihfw iruhvljkw sulfhv���4s�4W > ��5s�5W > ===��ws�wW ===��Ws�WW � lv wkh vdph dv wkh vdpsoh yduldqfh ri+as4+�, > as5+�,> ===asw+�,===asW +�,, zlwk � @ 41 Lw lv frqyhqlhqw wr zulwh
asw+�, @ Dw3 �s3 � �s�. W[

k@4Dwkahk
zkhuh Dw3 @ �w dqg iru 4 � k � W> Dwk @ n�w�k.4 li k � w dqg Dwk @ �nk�w lik A w= Wkxv/ wkh pdwul{ Dwk iru 4 � k � W dqg 4 � w � W lv

D @
5999999997

n� �n = �nk�4 = �nW�5 �nW�4n�5 n� = �nk�5 = �nW�6 �nW�5= = = = = = =n�w n�w�4 = n� = =�nW�w�4 �nW�w= = = = = = =n�W�4 n�W�5 = n�W�k = n� �nn�W n�W�4 = n�W�k.4 = n�5 n�

6::::::::8 =

Ohw aYW +�> n> �, eh wkh vdpsoh yduldqfh ri +as4 +�, > ======asW +�,, vr aYW +�> n> 3, @YW +�> n, lv wkh vdpsoh yduldqfh ri ���4s4> ======��W sW � dqg aYW +�> n> 4, @ Y �W +�> n,lv wkh vdpsoh yduldqfh ri ���4s�4> ======��Ws�W �1 Qrz
H aYW +�> n> �, @ H3C 4W W[

w@4
#asw +�,�# 4W W[

w@4 asw +�,
$$54D

@ H# 4W W[
w@4 +asw +�,,5

$�H# 4W W[
w@4 asw +�,$5

exw
H# 4W W[

w@4 +asw +�,,5
$ @ # 4W W[

w@4 D5w3
$ydu s3 . 4W W[

w@4
## W[

k@4D5wk
$ a�5h

$
@ # 4W W[

w@4 D5w3
$ydu s3 . 4W W[

k@4
# W[

w@4 D5wk
$ a�5h

dqg
H# 4W W[

w@4 asw +�,
$5 @ # 4W W[

w@4 Dw3
$5 ydu s3 . 4W 5

# W[
w@4 H

# W[
k@4Dwkahk$$5

@ # 4W W[
w@4 Dw3

$5 ydu s3 . 4W 5
W[

k@4
# W[

w@4 Dwk
$5 a�5h
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vr dv ydu s3 @ n5�54��5 a�5h
HYW +�> n> �, @ 57# 4W W[

w@4 D5w3
$�# 4W W[

w@4 Dw3
$568 n5�54� �5 a�5h

. W[
k@4

57 4W
# W[

w@4 D5wk
$� 4W 5

# W[
w@4 Dwk

$568 a�5h
@ YD3 n5�54� �5 a�5h . W[

k@4YDka�5h +D84,
zkhuh

YDk @ 4W
# W[

w@4 D5wk
$� 4W 5

# W[
w@4 Dwk

$5 @ 4W W[
w@4

#Dwk � 4W W[
w@4 Dwk

$
lv wkh vdpsoh yduldqfh ri +D4k> D5k> =====DWk,3 > wkh kwk froxpq ri wkh pdwul{ D=Ixuwkhupruh/ lw lv vwudljkwiruzdug wr frq�up wkdw

pl+�, @ 4l l[
k@4 �k +D85,

Vl +�, @ 4l l[
k@4

��k �pl+�,�5 @ 4l l[
k@4 �5k �pl+�,5 +D86,

YD3 @ VW +�, +D87,
dqg iru k � 4> +D4k> D5k> =====DWk, @ ��nk�4> �nk�5> ====�n> n�> n�5> ====n�W�k.4�dqg kdv vdpsoh yduldqfh

YDk @ k� 4W �5Vk�4 +n, . W � k. 4W n5VW�k.4 +�,
.+W � k. 4, +k� 4,W 5 ^�pk�4 +n,�pW�k.4 +�,`5 +D88,

Xvlqj +D87, dqg +D88, zlwk � @ 4 jlyhv +D83,1 Xvlqj +D87,/ +D88, zlwk� @ 3 dqg wkh frqglwlrq wkdw ydu s3 @ n5�54��5 a�5h/ jlyhv +D7<,1Zh duh qrz uhdg| wr suryh wkh Sursrvlwlrq1 Dv VW +�, lv d frqwlqxrxvixqfwlrqv ri �> VW +4, @ 3 dqg 4� �5 @ 3 zkhq � @ 4
olp�$4 VW +�,4� �5 @ olp�$4

CVW +�,C�C+4��5,C� =
86



Exw dv
VW +�, @ 4W W[

k@4�5k �# 4W W[
k@4�k$

CVW +�,C� @ 3zkhq � @ 4zkhuhdv C+4��5,C� @ �5zkhq � @ 4/ dqg vr olp�$4 VW +�,4��5 @31 Wkxv iurp +D87,
olp�$4�>n$4� YD3 n5�54� �5 a�5h @ olp�$4�>n$4� n5�5VW +�,4� �5 a�5h @ 3= +D89,

Wkh h{suhvvlrqv iru pl+�, dqg Vl +�, lq +D85, dqg +D86, lpso| wkdw wkh|duh frqwlqxrxv lq �/ pl +4, @ 4 dqg Vl +4, @ 3= Wkxv wkh olplw ri wkh h{shfwhgvdpsoh yduldqfh ri sw lv
olp�$4�>n$4� HYW +�> n, @ a�5hW 5

W[
k@4 +W � k. 4, +k� 4,

@ a�5hW 5
�W 5 +W � 4,5 � W +W � 4, +5W � 4,9 �

@ a�5h
�W 5 � 4�9Wvlqfh

W[
k@4 +k� 4,5 @ 49W +W � 4, +5W � 4, =

Ilqdoo|/ wkh olplw ri wkh h{shfwhg vdpsoh yduldqfh ri s�wW lv
olp�$4�>n$4� HY �W +�> n, @ 3=

dqg wkh �uvw sduw ri wkh Sursrvlwlrq lv suryhg1 Zh qrz suryh wkh vhfrqgsduw ri wkh Sursrvlwlrq e| ghulylqj h{solflw h{suhvvlrqv iru wkh h{shfwhg vdpsohyduldqfhv1 Dv Dw3 @ �w
57# 4W W[

w@4 D5w3
$�# 4W W[

w@4 Dw3
$568 @ 4W �5+4� �5W ,4� �5 � 4W 5

#�+4� �W ,4� �
$5 =
+D8:,
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Dv iru 4 � k � W / Dwk @ n�w�k.4 li k � w dqg Dwk @ �nk�w li k A w
4W
# W[

w@4 D5wk
$� 4W 5

# W[
w@4 Dwk

$5

@ 4W
#�5 k�4[

l@4 n5l . n5 W�k.4[
l@4 �5l$� 4W 5

#� k�4[
l@4 nl . n W�k.4[

l@4 �l$5

@ 4W
#�5n5 4� n5+k�4,4� n5 . n5�5 4� �5+W�k.4,4� �5

$� 4W 5
#�n4� n+k�4,4� n . n�4� �+W�k.4,4� �

$5

@ 4W � �5n54� n5 . n5�54� �5
�� 4W 5

� �n4� n . n�4� ��5 � 4W
#�5n5 n5+k�4,4� n5 . n5�5�5+W�k.4,4� �5

$
� 4W 5

#�nn+k�4,4� n . n��+W�k.4,4� �
$5 . 5W 5

� �n4� n . n�4� ��
#�nn+k�4,4� n . n��+W�k.4,4� �

$
@ 4W � �5n54� n5 . n5�54� �5

�� 4W 5
� �n4� n . n�4� ��5 � 4W �5n5k # 44� n5 . 4W +4� n,5

$
� 4W n5�5�5+W�k.4,# 4�4� �5� . 4W +4� �,5

$� 5�n5�nk�4�W�k.4W 5 +4� n, +4� �,
. 5W 5

� �n4� n . n�4� ��
# �nk4� n . n�+W�k.5,4� �

$ =
khqfh

W[
k@4

57 4W
# W[

w@4 D5wk
$� 4W 5

# W[
w@4 Dwk

$568
@ �5n54� n5 . n5�54� �5 � 4W � �n4� n . n�4� ��5 � 4W �5#n5 �4� n5W �4� n5

$# 44� n5 . 4W +4� n,5
$

� 4W n5�7 �4� �5W�
4� �5

# 4�4� �5� . 4W +4� �,5
$� 5 �n5�5 ��W � nW�W 5 +4� n, +4� �, +�� n,

. 5W 5
� �n4� n . n�4� ��

3C�n �4� nW �+4� n,5 . n�5 �4� �W�
+4� �,5

4D = +D8;,
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Wkxv HYW +�> n> �,a�5h
@ 3C 4W �5+4� �5W ,4� �5 � 4W 5

#�+4� �W ,4� �
$54D n5�54� �5

. �5n54� n5 . n5�54� �5 � 4W � �n4� n . n�4� ��5 � 4W �5#n5 �4� n5W �4� n5
$# 44� n5 . 4W +4� n,5

$
� 4W n5�7 �4� �5W�

4� �5
# 4�4� �5� . 4W +4� �,5

$� 5 �n5�5 ��W � nW�W 5 +4� n, +4� �, +�� n,
. 5W 5

� �n4� n . n�4� ��
3C�n �4� nW �+4� n,5 . n�5 �4� �W�

+4� �,5
4D =

Wkh h{shfwhg vdpsoh yduldqfh ri sw lv HYW +�> n, @ HYW +�> n> 3, vrHYW +�> n,
@ 3C 4W �5+4� �5W ,4� �5 � 4W 5

#�+4� �W ,4� �
$54D n5�54� �5 a�5h

. n5�54� �5 a�5h � 4W � n�4� ��5 a�5h
� 4W n5�7 �4� �5W�

4� �5
# 4�4� �5� . 4W +4� �,5

$ a�5h
. 5W 5 n5�6 �4� �W�

+4� �,6 a�5h= +D8<,
dqg li �4 ? � ? 4 dqg �4 ? n ? 4

olpW$4HYW +�> n, @ n5�54� �5 a�5h=
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Wkh h{shfwhg vdpsoh yduldqfh ri s�w lv HY �W +�> n, @ HYW +�> n> 4, vrHY �W +�> n,
@ 3C 4W �5+4� �5W ,4� �5 � 4W 5

#�+4� �W ,4� �
$54D n5�54� �5 a�5h

. n54� n5 a�5h . n5�54� �5 a�5h � 4W � n4� n . n�4� ��5 a�5h
� 4W

#n5 �4� n5W �4� n5
$# 44� n5 . 4W +4� n,5

$ a�5h
� 4W n5�7 �4� �5W�

4� �5
# 4�4� �5� . 4W +4� �,5

$ a�5h � 5 n5�5 ��W � nW�W 5 +4� n, +4� �, +�� n, a�5h
. 5W 5

� n4� n . n�4� ��
3Cn �4� nW �+4� n,5 . n�5 �4� �W�

+4� �,5
4D a�5h +D93,

dqg li �4 ? � ? 4 dqg �4 ? n ? 4
olpW$4HY �W +�> n, @ n5�54� �5 a�5h . n5�54� �5 a�5h=

8:



Uhihuhqfhv^4` Dol/ D1 dqg S1 ]durzlq/ 4<<5/ �Shupdqhqw yhuvxv Wudqvlwru| Frpsrqhqw riDqqxdo Hduqlqjv dqg Hvwlpdwlrq Huuru lq Hduqlqjv Uhvsrqvh Frh!flhqwv�/Mrxuqdo ri Dffrxqwlqj dqg Hfrqrplfv/ 48/ 57<05971^5` Doohq/ I1/ D1 Ehuqdugr/ L1 Zhofk/ 5334/ �D Wkhru| ri Glylghqgv Edvhg rqWd{ Folhqwhohv�/ Mrxuqdo ri Ilqdqfh/ 188/ 57<<05869^6` Doohq/ I1 dqg U1 Plfkdho|/ 4<<8/ �Glylghqg Srolf|�/ lq= Mduurz/ U1/ Pdn0vlprylf/ Y1/ ]lhped/ Z1 +Hgv,/ Kdqgerrnv lq Rshudwlrqv Uhvhdufk dqgPdqdjhphqw Vflhqfh= Ilqdqfh/ Qruwk0Kroodqg/ Dpvwhugdp/ :<60;6;1^7` Edjzhoo/ O1 dqg M1 Vkryhq/ 4<;</ �Fdvk Glvwulexwlrqv wr Vkduhkroghuv�/Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 6/ 45<047<1^8` Ekdwwdfkdu|d/ 4<:</ �Lpshuihfw Lqirupdwlrq/ Glylghqg Srolf|/ dqg WkhElug lq wkh Kdqg Idoodf|�/ Ehoo Mrxuqdo ri Hfrqrplfv/ 58<05:31^9` Eodfn/ I1/ 4<:9/ �Wkh Glylghqg Sx}}oh�/ Mrxuqdo ri Sruwirolr Pdqdjhphqw/Zlqwhu/ 80;1^:` Eud|/ P1 dqg J1 Pduvhjxhuud/ 4<<:/ �Glylghqg Srolf| dqg H{fhvv Yrodwlolw|ri Vwrfn Sulfhv�/ Sdshuv dqg Surfhhglqjv ri wkh 54vw Dqqxdo Phhwlqj riwkh Lwdoldq Dvvrfldwlrq ri Pdwkhpdwlfv Dssolhg wr Hfrqrplf dqg VrfldoVflhqfhv +D1P1D1V1H1V1,/ Urph/ 43 046 Vhswhpehu 4<<:/ s1 47<04971^;` Fkldqj/ U1/ L1 Gdylgvrq/ M1 Rnxqhy/ 4<<:/ �Vrph Ixuwkhu Wkhruhwlfdo dqgHpslulfdo Lpsolfdwlrqv Uhjduglqj wkh Uhodwlrqvkls Ehwzhhq Hduqlqjv/ Gly0lghqgv dqg Vwrfn Sulfhv�/ Mrxuqdo ri Edqnlqj dqg Ilqdqfh/ 54/ 4:0681^<` Idpd/ H1/ dqg K1 Edeldn/ 4<9;/ �Glylghqg Srolf|= Dq Hpslulfdo Dqdo|vlv/�Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ Ghfhpehu/ 4465044941^43` Idpd/ H1/ dqg N1 Iuhqfk/ 5334/ �Glvdsshdulqj Glylghqgv= Fkdqjlqj IlupFkdudfwhulvwlfv ru Orzhu Surshqvlw| wr Sd|B/� Mrxuqdo ri Ilqdqfldo Hfr0qrplfv/ 93/ 60761^44` Iodylq/ P1/ 4<;6/ �H{fhvv Yrodwlolw| lq wkh Ilqdqfldo Pdunhwv= D Uh0dvvhvvphqw ri wkh Hpslulfdo Hylghqfh/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ <4/<5<0<891^45` Kdplowrq/ M1 G1/ 4<<7/ Wlph Vhulhv Dqdo|vlv/ Sulqfhwrq Xqlyhuvlw| Suhvv/Sulqfhwrq1^46` Mhqvhq/ P1F1/ 4<;91 �Djhqf| Frvwv ri Iuhh Fdvk Iorz/ Frusrudwh Ilqdqfhdqg Wdnhryhuv/� Dphulfdq Hfrqrplf Uhylhz/ 59/ 656065<1^47` Nohlgrq/ D1/ 4<;9 �Yduldqfh Erxqgv Whvwv dqg Vwrfn Sulfh Ydoxdwlrq Prg0hov/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ <7/ <86043341
8;



^48` Ohh/ E1/ �Wlph0Vhulhv Lpsolfdwlrqv ri Djjuhjdwh Glylghqg Ehkdylru�/ WkhUhylhz ri Ilqdqfldo Vwxglhv/ </ 5/ 8;<094;1^49` Olqwqhu/ M1/ 4<89 �Glvwulexwlrq ri Lqfrphv ri Frusrudwlrqv Dprqj Glyl0ghqgv/ Uhwdlqhg Hduqlqjv/ dqg Wd{hv/� Dphulfdq Hfrqrplf Uhylhz/ 79/<:04461^4:` Pduvhjxhuud/ J1/ 4<<;/ Frusrudwh Ilqdqfldo Ghflvlrqv dqg Pdunhw Ydoxh/Sk|vlfd0Yhuodj/ Ehuolq dqg Qhz \run1^4;` Pduvk/W1/ dqg U1 Phuwrq/ 4<;9 �Glylghqg Yduldelolw| dqg Yduldqfh ErxqgvWhvwv iru wkh Udwlrqdolw| ri Vwrfn Pdunhw Sulfhv/� Dphulfdq HfrqrplfUhylhz/ :9/ 7;607<;1^4<` Ploohu/ P1K1 dqg I1 Prgljoldql/ 4<8;/ �Wkh frvw ri Fdslwdo/ FrusrudwlrqIlqdqfh dqg wkh Wkhru| ri Lqyhvwphqw�/ Dphulfdq Hfrqrplf Uhylhz/ 7;/59405<:1^53` Ploohu/ P1K1 dqg I1 Prgljoldql= 4<94 �Glylghqg Srolf|/ Jurzwk dqg wkhYdoxdwlrq ri Vkduhv/� Mrxuqdo ri Exvlqhvv/ 67/ 74407661^54` Ploohu/ P1 dqg N1 Urfn/ 4<;8/ �Glylghqg Srolf| Xqghu Dv|pphwulf Lqiru0pdwlrq�/ Mrxuqdo ri Ilqdqfh/ Vhswhpehu/ 4364043841^55` Vkloohu/ U1/ 4<;4 �Gr Vwrfn Sulfhv Pryh Wrr Pxfk wr Eh Mxvwl�hg e|Vxevhtxhqw Fkdqjhv lq Glylghqgv/� Dphulfdq Hfrqrplf Uhylhz/ :4/ 75407691
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