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Jldq Lwdor ElvfklLvwlwxwr gl Vflhq}h Hfrqrplfkh/ Xqlyhuvlw| ri Xuelqr/ Lwdo|elvfklChfrq1xqlxue1lwIdelr OdpdqwldRDDS Ghsduwphqw/ Xqlyhuvlw| ri Fdodeuld/ Lwdo|odpdqwldCxqlfdo1lwOxfld VeudjldLvwlwxwr gl Vflhq}h Hfrqrplfkh/Xqlyhuvlw| ri Xuelqr/ Lwdo|oxfldvCvxshuhyd1lw
Devwudfw1 Zh sursrvh d g|qdplf prgho wr ghvfuleh wkh frpphufldo h{sorlwdwlrq/ e| d srsxodwlrqri vwudwhjlfdoo| lqwhudfwlqj djhqwv/ ri d frpprq surshuw| uhqhzdeoh uhvrxufh1 Wkh srsxodwlrq risod|huv lv dvvxphg wr eh glylghg lqwr wzr jurxsv= ghihfwruv/ wkdw mxvw pd{lpl}h wkhlu rzq sur�w/dqg frrshudwruv/ wkdw ghflgh wkhlu kduyhvwlqj srolf| e| pd{lpl}lqj wkh ryhudoo sur�w ri wkhlu jurxs1Dq hyroxwlrqdu| phfkdqlvp/ edvhg rq wkh uhsolfdwru g|qdplfv/ lv lqwurgxfhg wr ghvfuleh wkh wlphfkdqjhv lq wkh sursruwlrqv ri ghihfwruv dqg frrshudwruv zlwklq wkh srsxodwlrq1 Wklv ohdgv xv wr wkhtxdolwdwlyh vwxg| ri d wzr glphqvlrqdo qrqolqhdu g|qdplfdo v|vwhp wkdw ghvfulehv wkh wlph hyroxwlrqri wkh uhvrxufh vwrfn dqg wkh srsxodwlrq vkduh ehwzhhq frrshudwruv dqg ghihfwruv1 Wkh orqj uxqhyroxwlrq ri wklv g|qdplfdo v|vwhp lv dqdo|}hg e| dqdo|wlfdo dqg qxphulfdo phwkrgv/ dqg wkh uroh rivrph hfrqrplf dqg hfrorjlf sdudphwhuv lv lqyhvwljdwhg1
Nh|zrugv1 Elrhfrqrplf Prghov/ Roljrsro| Jdphv/ Uhvrxufh H{sorlwdwlrq/ Uhsolfdwru G|qdplfv1

� W?|hL_�U|�L?
Vlqfh wkh slrqhhulqj zrun ri Jrugrq +4<87,/ pdq| elrhfrqrplf prghov iru wkh ghvfulswlrq ri wkh frp0phufldo h{sorlwdwlrq ri frpprq surshuw| uhqhzdeoh uhvrxufhv/ vxfk dv �vkhulhv/ vwuhvvhg wkh sureohpnqrzq dv %wkh wudjhg| ri wkh frpprqv% +Kduglq/ 4<9;/ vhh dovr Fodun/ 4<<3,1 Wklv sureohp fdq ehedvlfdoo| lghqwl�hg zlwk d sulvrqhu*v glohppd +vhh h1j1 Phvwhuwrq0Jleerqv/ 4<<6, ehfdxvh wkh suhvhqfhri �upv sod|lqj wkhlu grplqdqw vwudwhj| zklfk pd{lpl}hv wkhlu rzq sur�w +glvuhjduglqj frpshwlwruv*sur�wv, ohdgv wr vhyhuh ghsohwlrq ri wkh uhvrxufh/ dqg frqvhtxhqwo| wr orz sur�wv iru doo1 Rq wkh rwkhukdqg li �upv frrshudwh wr pd{lpl}h wkh wrwdo sur�w/ wkhq d vxvwdlqdeoh h{sorlwdwlrq lv pruh olnho| wreh rewdlqhg/ zklfk lpsolhv kljkhu sur�wv iru doo lq wkh orqj uxq1G|qdplf prghov edvhg rq Frxuqrw roljrsro| jdphv kdyh ehhq uhfhqwo| sursrvhg e| V}lgduryv}n|dqg Rnxjxfkl +4<<;/ 5333, wr ghvfuleh frpphufldo �vklqj/ zkhuh wkh vwudwhjlf lqwhudfwlrq dprqjsod|huv lv uhodwhg qrw rqo| wr wkh vhoolqj sulfh/ ghwhuplqhg e| wkh wrwdo kduyhvwlqj txdqwlw| wkurxjk djlyhq ghpdqg ixqfwlrq/ exw dovr wr d frvw h{whuqdolw|/ vlqfh uhvrxufh vwrfn uhgxfwlrqv/ dv frqvhtxhqfhri sod|huv* kduyhvwlqj/ ohdg wr kljkhu xqlwdu| �vklqj frvwv +vhh dovr Elvfkl dqg Nrsho/ 5335,1 LqV}lgduryv}n| dqg Rnxjxfkl +4<<;, hyhu| sod|hu lv dvvxphg wr ghflgh klv2khu kduyhvwlqj dfwlylw| vroylqjd sur�w pd{lpl}dwlrq sureohp/ zlwkrxw dq| frqfhuq zlwk wkh lpsolfdwlrqv ri wklv dfwlylw| rq wkh
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ghsohwlrq ri wkh qdwxudo uhvrxufh1 Lqvwhdg/ lq V}lgduryv}n| dqg Rnxjxfkl +5333, lw lv dvvxphg wkdwwkh �vkhuphq irup d judqg0frdolwlrq +l1h1 d frrshudwlyh yhqwxuh, dqg hdfk sod|hu ghwhuplqhv klv2khukduyhvwlqj dfwlylw| vxfk wkdw wkh mrlqw sur�w ri doo sod|huv lv pd{lpl}hg1 Lq erwk fdvhv/ wkh vroxwlrq riwkh rswlpl}dwlrq sureohp ohdgv wr kduyhvwlqj ixqfwlrqv wkdw ghshqg rq �vk vwrfn/ zkrvh g|qdplfv lvjryhuqhg e| d elrorjlfdo jurzwk ixqfwlrq zlwk dq h{wud pruwdolw| whup gxh wr wkh kduyhvwlqj dfwlylw|1D glvfuhwh wlph yhuvlrq ri wkh roljrsro| prgho sursrvhg lq V}lgduryv}n| dqg Rnxjxfkl +4<<;, lvjlyhq lq Elvfkl dqg Nrsho +5335,/ zkhuh g|qdplfv zlwk shuihfw iruhvljkw +l1h1 �vkhuphq duh dvvxphg wrnqrz wkh �vk vwrfn dw hdfk wlph zkhq wkh| vroyh wkhlu pd{lpl}dwlrq sureohpv, duh frpsduhg zlwk g|0qdplfv zlwk olplwhg nqrzohgjh ri wkh �vk vwrfn dqg lwv hvwlpdwh lv rewdlqhg e| dgdswlyh h{shfwdwlrqv1Lq Elvfkl hw do1 +5335,/ glvfuhwh wlph yhuvlrqv ri erwk prghov +wkh rqh zlwk qrq frrshudwlyh roljrsro|frpshwlwlrq ri V}lgduryv}n| dqg Rnxjxfkl/ 4<<;/ dqg wkh rqh zlwk wrwdo frrshudwlrq/ zkhuh doo wkhsod|huv irup d xqltxh frrshudwlyh yhqwxuh/ vr wkdw wkh| ehkdyh olnh d vroh rzqhu/ olnh lq V}lgduryv}n|dqg Rnxjxfkl/ 5333, duh frqvlghuhg zlwk dgdswlyh h{shfwdwlrqv1Lq wkh prgho sursrvhg lq wklv sdshu/ wkh sod|huv +h1j1 �vkhuphq, kdyh dffhvv wr d frpprq surshuw|uhvrxufh +h1j1 d vhd zkhuh d jlyhq �vk vwrfn lv dydlodeoh, dqg vhoo wkh kduyhvwhg uhvrxufh lq wkhvdph pdunhw/ exw/ gl�huhqwo| iurp wkh deryh flwhg olwhudwxuh/ erwk frpshwlwruv dqg frrshudwruv duhsuhvhqw1 Lq idfw d iudfwlrq v ri �vkhuphq ehkdyhv dv frrshudwruv/ dqg irup d frrshudwlyh yhqwxuhzkhuh hdfk rqh ghflghv wkh kduyhvwlqj txrwd e| pd{lpl}lqj wkh sur�w ri wkh frdolwlrq/ zkhuhdv wkhfrpsohphqwdu| iudfwlrq +4� v, ri �vkhuphq ehkdyhv dv frpshwlwruv +ru _ghihfwruv% zlwk uhvshfw wrfrrshudwlyh ehkdylru, hdfk ri zklfk ghflghv kduyhvwlqj txrwdv e| pd{lpl}lqj klv2khu rzq sur�w+glvuhjduglqj frpshwlwruv* sur�wv,1 Iroorzlqj wkh whuplqrorj| w|slfdo ri sulvrqhu*v glohppd +vhh dovrVhwkl dqg Vrpdqdwkdq/ 4<<9, zh fdoo wkh odwwhu jurxs ghihfwruv/ ehfdxvh wkh| ghyldwh iurp wkh vrfldoo|rswlpdo dwwlwxgh ri frrshudwlqj/ dqg frqvhtxhqwo| wkh| surgxfh d qhjdwlyh h{whuqdolw| rq wkh uhvw riwkh frppxqlw|/ lq whupv ri srwhqwldo vhyhuh ghsohwlrq ri wkh frpprq surshuw| uhvrxufh1Ixuwkhupruh zh lqwurgxfh wkh srvvlelolw| wr lpsrvh vdqfwlrqv wr sxqlvk ghihfwruv1 Dv lq V}l0gduryv}n| dqg Rnxjxfkl +4<<;/ 5333,/ Elvfkl dqg Nrsho +5335,/ wkh kduyhvwlqj ri hdfk jurxs ghshqgvrq vwudwhjlf lqwhudfwlrqv uhodwhg qrw rqo| wr wkh lq�xhqfh ri wrwdo vxsso| rq wkh pdunhw sulfhv/ exw dovrwr wkh ghshqghqfh ri kduyhvwlqj frvw rq dydlodeoh �vk vwrfn/ zkrvh hyroxwlrq lv jryhuqhg e| elrorjlfdoodzv dv zhoo dv kduyhvwlqj dfwlylwlhv1 Pruhryhu/ iroorzlqj Vhwkl dqg Vrpdqdwkdq +4<<9, zh sursrvhdq hyroxwlrqdu| phfkdqlvp wkdw ghvfulehv krz wkh srsxodwlrq vkduh lv xsgdwhg ryhu wlph1 Wklv hyr0oxwlrqdu| phfkdqlvp/ edvhg rq uhsolfdwru g|qdplfv/ lv edvhg rq wkh sulqflsoh/ w|slfdo ri hyroxwlrqdu|jdphv/ wkdw wkh iudfwlrq ri djhqwv sod|lqj wkh vwudwhj| wkdw hduqv kljkhu sd|r�v/ lqfuhdvhv lq wkh qh{wshulrg1Krzhyhu/ gl�huhqwo| iurp wkh prgho sursrvhg lq Vhwkl dqg Vrpdqdwkdq +4<<9,/ zkhuh wkh kduyhvw0lqj ehkdylru ri frrshudwruv dqg ghihfwruv lv dvvxphg wr eh ghvfulehg e| jhqhudo ixqfwlrqv wkdw vdwlvi|vrph irupdo dvvxpswlrqv/ zh h{solflwo| ghgxfh wkh kduyhvwlqj ghflvlrqv dv wkh Qdvk htxloleulxp riwkh sur�w pd{lpl}lqj jdph wkdw frrshudwruv dqg ghihfwruv duh sod|lqj/ irxqghg rq h{solflwo| gh�qhgghpdqg dqg frvw ixqfwlrqv1 Wklv doorzv xv wr vwxg|/ e| wkhruhwlfdo dqg qxphulfdo phwkrgv/ wkh h�hfwvri vrph hfrqrplf sdudphwhuv/ vxfk dv wkh pdunhw sulfh +l1h1 wkh sdudphwhuv wkdw fkdudfwhul}h wkh gh0pdqg ixqfwlrq, ru wkh frvw sdudphwhuv +uhodwhg wr wkh whfkqrorj| dgrswhg,/ rq wkh orqj0uxq hyroxwlrqri wkh uhvrxufh vwrfn dqg wkh srsxodwlrq vkduhv ehwzhhq wkh wzr jurxsv1 Lq sduwlfxodu/ wkh sursrvhgprgho ohwv ghwhfw zkdw hfrqrplf sdudphwhuv pd| ghwhuplqh qrw rqo| wkh h{wlqfwlrq ri wkh uhvrxufh/exw dovr wkh h{wlqfwlrq ri d jlyhq ehkdylru1Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh sursrvh d vwdwlf jdph zkhuh d srsxodwlrq ri
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sur�w pd{lpl}lqj djhqwv ghflgh wkh txdqwlwlhv wr kduyhvw rq wkh edvlv ri wzr gl�huhqw ehkdylruv= diudfwlrq ri sod|huv irup d frdolwlrq/ hdfk ri wkhp wu|lqj wr pd{lpl}h wkh ryhudoo sur�w/ zkhuhdv wkhfrpsohphqwdu| iudfwlrq ehkdyh dv _vho�vk% sur�w pd{lpl}huv1 Wkh uhdfwlrq ixqfwlrqv duh rewdlqhg dqgwkh xqltxh Qdvk htxloleulxp ri wkh jdph lv frpsxwhg1 Lq vhfwlrq 6 d jurzwk htxdwlrq/ jryhuqlqj wkhg|qdplfv ri wkh uhvrxufh vwrfn zlwk kduyhvwlqj/ lv lqwurgxfhg/ wkh kduyhvwlqj ehlqj ghflghg e| wkh wzrjurxsv e| fkrrvlqj wkh Qdvk htxloleulxp txdqwlwlhv dffruglqj wr wkh jdph dqdo|}hg lq vhfwlrq 51 Lqwklv vhfwlrq wkh srsxodwlrq vkduh ehwzhhq wkh wzr nlqgv ri djhqwv lv dvvxphg wr eh d sdudphwhu/ vr wkhh{lvwhqfh dqg vwdelolw| ri wkh vwhdg| vwdwhv duh vwxglhg dv zhoo dv krz wkhvh duh lq�xhqfhg e| srsxodwlrqvkduh1 Lq vhfwlrq 7 zh lqwurgxfh dq hyroxwlrqdu| phfkdqlvp wkdw/ dw hdfk wlph shulrg/ ghvfulehv krzwkh srsxodwlrq vkduh lv xsgdwhg/ edvhg rq uhsolfdwru g|qdplfv/ dqg zh vwxg| wkh sureohpv ri h{lvwhqfhdqg vwdelolw| ri wkh htxloleuld1 Lq sduwlfxodu d glvwlqfwlrq lv lqwurgxfhg ehwzhhq erxqgdu| htxloleuld/zkhuh doo wkh sod|huv ehkdyh dv frrshudwruv ru dv ghihfwruv/ dqg lqqhu htxloleuld/ zkhuh frrshudwruvdqg ghihfwruv frh{lvw lq wkh orqj uxq1 D vkruw glvfxvvlrq ri wkh uhvxowv/ d ghvfulswlrq ri rshq sureohpvdqg srvvleoh ixuwkhu ghyhorsphqwv duh jlyhq lq vhfwlrq 81
2 A�i t|@|�U }@4i
Ohw xv dvvxph wkdw d srsxodwlrq ri q djhqwv kduyhvw iurp d frpprq surshuw| uhqhzdeoh uhvrxufh vwrfn/dqg vhoo wkh kduyhvwhg uhvrxufh dw d sulfh s ghwhuplqhg e| wkh wrwdo kduyhvwhg txdqwlw| dffruglqj wrd jlyhq ghpdqg ixqfwlrq1 Iru h{dpsoh/ zh pd| lpdjlqh wkdw wkh djhqwv duh �vkhuphq wkdw kduyhvw�vk iurp d vhd zkhuh d jlyhq �vk vwrfn [ lv suhvhqw/ krzhyhu vlplodu frqvlghudwlrqv pd| eh dssolhgwr wkh kduyhvwlqj ri gl�huhqw uhqhzdeoh uhvrxufhv/ vxfk dv iruhvwv ru rwkhuv1 Wkh djhqwv ghflgh wkhtxdqwlwlhv wr kduyhvw rq wkh edvlv ri sur�w pd{lpl}dwlrq sureohpv1 Krzhyhu/ zh dvvxph wkdw d iudfwlrqv ri wkhp/ ghqrwhg dv _frrshudwruv% irup d frdolwlrq +d frrshudwlyh yhqwxuh, dqg frqvhtxhqwo| hdfkri wkhp wulhv wr pd{lpl}h wkh ryhudoo sur�w ri wkh frdolwlrq/ zkhuhdv wkh uhpdlqlqj iudfwlrq +4� v,ehkdyh dv _vho�vk% sur�w pd{lpl}huv/ dqg duh ghqrwhg dv _ghihfwruv% +zlwk uhvshfw wr wkh vrfldoo|pruh ghvludeoh frrshudwlyh ehkdylru,1Lq wklv vhfwlrq zh frqvlghu [ dqg v dv �{hg sdudphwhuv�/ zlwk [ A 3 dqg 3 � v � 41 Ohw {�S eh wkhtxdqwlw| kduyhvwhg e| wkh frrshudwru l/ l @ 4> ===> qv/ dqg ohw {�_ eh wkh txdqwlw| kduyhvwhg e| ghihfwrul/ l @ 4> ===> q+4� v,1 Wkhq wkh wrwdo �vk zklfk lv vxssolhg dqg vrog lq wkh pdunhw lv
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Zh dvvxph wkdw wkh vhoolqj sulfh s lv ghwhuplqhg e| wkh olqhdu ghpdqg ixqfwlrqs @ d� eK +4,zkhuh d dqg e duh srvlwlyh frqvwdqwv/ dqg wkh frvw ixqfwlrq ri sod|hu l iru kduyhvwlqj d txdqwlw| {zkhq d �vk vwrfn [ lv suhvhqw lv jlyhq e|
F+{>[, @ �{2[ = +5,
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Wklv frvw ixqfwlrq fdq eh ghulyhg iurp d Free0Grxjodv0w|sh _surgxfwlrq ixqfwlrq% zlwk �vklqj h�ruw+oderu, dqg �vk elrpdvv +fdslwdo, dv surgxfwlrq lqsxwv +vhh Fodun 4<<3/ V}lgduryv}n| dqg Rnxjxfkl/4<<;,1 Lw fdswxuhv wkh idfw wkdw lw lv hdvlhu dqg ohvv h{shqvlyh wr fdwfk �vk/ li wkh �vk srsxodwlrq lvodujh1Iroorzlqj Vhwkl dqg Vrpdqdwkdq +4<<9, zh vkdoo dovr frqvlghu dq h{wud0frvw gxh wr wkh suhvhqfh rivrfldo qrupv wkdw duh lqwhqghg wr sxqlvk �vkhuphq wkdw ehkdyh dv ghihfwruv/ l1h1 vhoi0lqwhuhvwhg sur�wpd{lpl}huv zlwkrxw dq| fduh ri vrfldo rswlpxp1 Olnh lq Vhwkl dqg Vrpdqdwkdq +4<<9, zh dvvxph wkdwfrrshudwruv duh hqwuxvwhg wr sxqlvk ghihfwruv e| dsso|lqj vdqfwlrqv1 Wklv pd| eh grqh gluhfwo| e|h{huwlqj d gluhfw sxqlvkphqw/ vxfk dv vrfldo glvdssurydo gdpdjh ru sk|vlfdo gdpdjh ru ghvwuxfwlrq rihtxlsphqw/ dv revhuyhg lq ohvv ghyhorshg vrflhwlhv/ ru e| dohuwlqj dxwkrulwlhv vr wkdw wkh| fdq lpsrvhvdqfwlrqv dffruglqj wr wkh odzv lq irufh1 Vxfk sxqlvkphqw lv frvwo| iru wkh ghihfwruv/ wkh frvw ehlqjqv�/ zkhuh � lv wkh dprxqw ri wkh vdqfwlrq dqg qv uhsuhvhqwv wkh suredelolw| wkdw d ghihfwru lv qrwl�hge| d frrshudwru1 Krzhyhu/ lq jhqhudo/ wklv nlqg ri sxqlvkphqw lv dovr frvwo| iru wkh frrshudwruv/ wkhfrvw ehlqj sursruwlrqdo wr wkh qxpehu ri ghihfwruv1 Zh vkdoo uhsuhvhqw e| q+4 � v,# wklv h{wud frvwiru frrshudwruv +ri frxuvh � A #/ dqg zh vkdoo riwhq frqvlghu # @ 3 lq wkh iroorzlqj,1 Doo lq doo/ wkhsur�w ri l0wk frrshudwru lv
��S @ {�S +d� eK,� �S �{�S�2[ � q+4� v,# +6,

zkhuh �S lv wkh �vklqj whfkqrorj| frh�flhqw ri frrshudwruv dqg q+4 � v,# uhsuhvhqwv wkh frvw wkdwfrrshudwruv kdyh wr idfh lq rughu wr sxqlvk ghihfwruv/ dqg wkh sur�w ri l0wk ghihfwru lv
��_ @ {�_ +d� eK,� �_ �{�_�2[ � qv� +7,

zkhuh �_ lv wkh �vklqj whfkqrorj| frh�flhqw ri ghihfwruv dqg qv� uhsuhvhqwv wkh sxqlvkphqw wkdwghihfwruv kdyh wr ehdu iru fdxvlqj wkh qhjdwlyh h{whuqdolw| lq wkh frppxqlw|1Hdfk frrshudwru ghwhuplqhv {�S e| vroylqj wkh rswlpl}dwlrq sureohp
pd{%�S �T @ pd{%�S

?r[
�'���S +8,

zkhuh �T / zklfk lv d frqfdyh ixqfwlrq lq wkh yduldeohv {�S/ ghqrwhv wkh wrwdo sur�w ri wkh frrshudwlyhyhqwxuh1 Dvvxplqj lqwhulru rswlpxp/ wkh �uvw rughu frqglwlrqv jlyh d v|vwhp ri olqhdu htxdwlrqv lqwkh xqnqrzqv {�S
C�TC{�S @ d� 5e ?r[

&'� {&S � e ?E�3r�[
&'� {&_ � 5�S[ {�S @ 3 +9,

Hdfk ghihfwru ghwhuplqhv {�_ e| vroylqj wkh rswlpl}dwlrq sureohp
pd{%�_ ��_ +:,
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Dvvxplqj/ djdlq/ lqwhulru rswlpxp/ wkh �uvw rughu frqglwlrqv jlyh d v|vwhp ri olqhdu htxdwlrqv lq wkhxqnqrzqv {�_
C��_C{�_ @ d� e r?[

&'�{&S � e E�3r�?[
&'� {&_ � e{�_ � 5�_[ {�_ @ 3 +;,

Wkh htxdwlrqv +9, dqg +;, jlyh d olqhdu v|vwhp ri q htxdwlrqv zlwk q xqnqrzqv1 Krzhyhu/ lw lvvwudljkwiruzdug wr vhh wkdw dq| frrshudwru idfhv wkh vdph rswlpl}dwlrq sureohp/ dqg dqdorjrxvo| iruwkh ghihfwruv1 Lq idfw/ li zh ghqrwh e| {A�AS @ Sr?&'� {&S wkh wrwdo kduyhvw ri wkh frrshudwruv dqg e|{A�A_ @ SE�3r�?&'� {&_ wkh wrwdo kduyhvw ri wkh ghihfwruv/ iurp +9, zh jhw
{�S @ [5�S �d� 5e{A�AS � e{A�A_ � ;l @ 4> ===> vq

dqg iurp +;, zh jhw
{�_ @ [e[ . 5�_ �d� e+{A�AS . e{A�A_ �, ;l @ 4> ===> +4� v,q

Vr/ ghqrwlqj wkh rswlpdo kduyhvwlqj ghflvlrq ri hdfk frrshudwru e| {S/ dqg wkh rswlpdo kduyhvwlqjghflvlrq ri hdfk ghihfwru e| {_/ wkhvh txdqwlwlhv duh rewdlqhg e| vroylqj wkh wzr olqhdu htxdwlrqvd� 5 �evq. �Sf �{S � e +4� v,q{_ @ 3d� evq{S � ke +4 . +4� v,q, . 2�_f l{_ @ 3
iurp zklfk wkh wzr olqhdu uhdfwlrq ixqfwlrqv duh rewdlqhg

{S @ kS +{_, @ d[5 +evq[ . �S, � e +4� v,q[5 +evq[ . �S,{_{_ @ k_ +{S, @ d[e +4 . +4� v,q,[ . 5�_ � evq[e +4 . +4� v,q,[ . 5�_{SWkhvh uhdfwlrq ixqfwlrqv doorz rqh wr frpsxwh/ uhvshfwlyho|/ wkh rswlpdo kduyhvwlqj ghflvlrq ri d_uhsuhvhqwdwlyh frrshudwru%/ jlyhq wkh kduyhvwlqj ghflvlrq ri d uhsuhvhqwdwlyh ghihfwru/ dqg wkh rswlpdokduyhvwlqj ghflvlrq ri d _uhsuhvhqwdwlyh ghihfwru%/ jlyhq wkh kduyhvwlqj ghflvlrq ri d uhsuhvhqwdwlyhfrrshudwru1Dv k_ +3, @ @fKE�nE�3r�fn2�_� ? k3�S +3, @ @KE�3r�? / ehlqj htxlydohqw wr e[ . 5�_ A 3/ dqg kS +3, @@f2EKr?fn�S� ? k3�_ +3, @ @Kr? / ehlqj htxlydohqw wr evq[.5�S A 3/ wkh wzr uhdfwlrq fxuyhv dozd|v lqwhuvhfwlq d xqltxh srlqw +{W_> {WS, zlwk srvlwlyh frruglqdwhv/ zklfk uhsuhvhqwv wkh xqltxh Qdvk htxloleulxp riwkh jdph1 Ri frxuvh/ wkh kduyhvwlqj vwudwhjlhv ri frrshudwruv dqg ghihfwruv dw wkh Qdvk htxloleulxpduh ixqfwlrqv ri �vk vwrfn [ dqg wkh iudfwlrq ri frrshudwruv v/ dv zhoo dv ri wkh frvw sdudphwhuv �S/�_ dqg wkh pdunhw sulfh sdudphwhuv d dqg e/ jlyhq e|
{W_ +[> v, @ d[ evq[ . 5�Se2vq +q +4� v, . 5,[2 . 5e +5qv�_ . �S . �Sq+4� v,,[ . 7�S�_ +<,

8



dqg
{WS +[> v, @ [5 d� e +4� v,q{W_+[> v,evq[ . �S +43,

Jlyhq 3 � v � 4/ wkhvh shu0fdslwd rswlpdo kduyhvwhg txdqwlwlhv erwk ydqlvk iru [ @ 3/ l1h1{W_ +3> v, @ {WS +3> v, @ 3duh erwk srvlwlyh iru [ A 3/ kdyh vorshv dw [ @ 3 jlyhq e|C{W_ +[> v,C[ mf'f @ d5�_ > C{WS +[> v,C[ mf'f @ d5�Sdqg erwk whqg wr krul}rqwdo dv|pswrwhv dv [ $ .4/ jlyhq e|
{W_ +.4> v, @ de ^+4� v,q. 5` dqg {WS +.4> v, @ devq ^+4� v,q. 5`uhvshfwlyho|1 Pruhryhu/ {W_ lv dq lqfuhdvlqj dqg frqfdyh ixqfwlrqv zlwk uhvshfw wr [ A 3/ zkhuhdv {WS lvgrzqzdug vorslqj iru kljk ydoxhv ri [1 W|slfdo judskv ri {W_ dqg {WS duh vkrzq lq �j1 4d1 Qrwlfh wkdw/iru vq � 5 +l1h1 li dw ohdvw wzr frrshudwruv h{lvw, wkhq {WS ? {W_ iru odujh ydoxhv ri �vk vwrfn/ zkhuhdviru vpdoo ydoxhv ri [ wkh frpsdulvrq ehwzhhq {W_ dqg {WS ghshqgv rq wkh uhvshfwlyh frvw sdudphwhuv1Lw lv dovr zruwk wr qrwlfh wkdw erwk {W_ dqg {WS lqfuhdvh li wkh vhoolqj sulfh lqfuhdvhv/ l1h1 d lqfuhdvhvdqg2ru e ghfuhdvhv lq wkh ghpdqg ixqfwlrq +4,1 Pruhryhu/ dovr wkh jds ehwzhhq {W_ dqg {WS / iru odujhydoxhv ri wkh �vk vwrfn/ lqfuhdvhv zlwk lqfuhdvlqj sulfhv dqg zlwk wkh qxpehu qv ri frrshudwruv/ ehlqj

{W_ +.4> v,� {WS +.4> v, @ de ^+4� v,q. 5` �4� 4vq�Wkh wrwdo kduyhvwlqj dw wkh Qdvk htxloleulxp lv jlyhq e|KW+[> v, @ q ^v{WS+[> v, . +4� v,{W_+[> v,` = +44,Iru hdfk v/ KW+[> v, lv dq lqfuhdvlqj dqg frqfdyh ixqfwlrq zlwk uhvshfw wr [/ vxfk wkdw/ KW+3> v, @ 3/CKW +[> v,C[ mf'f @ qd5 � v�S . 4� v�_
�

dqg iru [ $ 4 lw dssurdfkhv dq krul}rqwdo dv|pswrwh1
KW+.4> v, @ qd� 4eq ^+4� v,q. 5` . 4� ve ^+4� v,q. 5`� @

@ d +4 . q+4� v,,e ^+4� v,q. 5` @ de �4� 45 . +4� v,q�Qrwlfh wkdwKW ? d@e iru hdfk[ A 3/ vr wkdw sulfhv duh dozd|v srvlwlyh1 Pruhryhu/ li v lv ghfuhdvhg/ l1h1wkh qxpehu ri ghihfwruv lv lqfuhdvhg/ wkhq KW+.4> v, lqfuhdvhv/ wkdw lv/ dv h{shfwhg/ lq wkh suhvhqfhri dexqgdqw uhvrxufh wkh wrwdo kduyhvw lv juhdwhu li wkh qxpehu ri ghihfwruv lqfuhdvhv1 Lq wkh olplwlqjfdvh v @ 3 +doo ghihfwruv, zh kdyh KW+.4> 3, @ @K �4� �2n?�/ dqg lq wkh rssrvlwh olplwlqj fdvh v @ 4
9



+doo frrshudwruv/ htxlydohqw wr wkh fdvh ri d vroh rzqhu, zh jhw KW+.4> 4, @ d@5e/ wkh prqrsrolvwrswlpxp1Wkhvh uhvxowv doorz xv wr frpsxwh/ dw wkh Qdvk htxloleulxp/ wkh sur�w ri d uhsuhvhqwdwlyh ghihfwrudqg wkdw ri d uhsuhvhqwdwlyh frrshudwru/ jlyhq e|
�W_ @ {W_ +d� eKW,� �_ +{W_,2[ � qv� dqg �WS @ {WS +d� eKW,� �S +{WS,2[ � q+4� v,# +45,

uhvshfwlyho|1 Soxjjlqj wkh h{suhvvlrqv ri {WS / {W_ dqg KW lqwr +45,/ �W_ dqg �WS dqg fdq eh uhzulwwhq dv=
�W_ @ d2[+eqv[ . 5�S,2 +e[ . �_,^e[ +eq +�q+4� v,� 5,, v[ � 5 +q+4� v, . 4,�S � 7 +eqv[ . �S,�_`2 � qv� +46,

dqg
�WS @ d2[+eqv[ . �S, +e[ . 5�_,2^e[ +eq +�q+4� v,� 5,, v[ � 5 +q+4� v, . 4, �S � 7 +eqv[ . �S, �_`2 � +4� v,q# +47,

uhvshfwlyho|1 Wkhvh h{suhvvlrqv vkrz wkdw/ dw wkh Qdvk htxloleulxp/ wkh sur�wv ri ghihfwruv +frrshud0wruv, duh srvlwlyh surylghg wkdw wkh dssolhg vdqfwlrqv +wkh frvwv wr dsso| vdqfwlrqv, duh qrw wrr khdy|1Iru h{dpsoh/ xqghu wkh dvvxpswlrq # @ 3 dqg � A 3/ wkdw zh vkdoo riwhq frqvlghu lq wkh iroorzlqj/zh kdyh �WS dozd|v srvlwlyh dqg �W_ srvlwlyh ru qhjdwlyh dffruglqj wr wkh vdqfwlrqv dssolhg dqg wr wkhqxpehu ri frrshudwruv1
ILJ1 4 DSSUR[LPDWHO\ KHUH

� A�i L?i�_�4i?t�L?@* _)?@4�Ut ��|� � i_ r
Zh qrz uhjdug [ dv d g|qdplf yduldeoh dqg v dv d sdudphwhu/ wkdw lv/ zh frqvlghu wkh wlph hyroxwlrqri wkh uhvrxufh vwrfn [+w,/ wkdw ghshqgv rq lwv qdwxudo jurzwk ixqfwlrq dqg rq wkh kduyhvwlqj dfwlylw|/dqg zh dvvxph d �{hg vkduh ri �vkhuphq srsxodwlrq ehwzhhq frrshudwruv dqg ghihfwruv1Ohw [+w, ghqrwh wkh �vk vwrfn dw wlph shulrg w1 Zh frqvlghu wkh iroorzlqj glvfuhwh wlph htxdwlrqwr ghvfuleh wkh wlph hyroxwlrq ri wkh �vk vwrfn

[+w. 4, @ I +[+w,, @ [+w, +4 . �� �[+w,,�KW+[+w,> v, +48,
wkdw lv/ zh dvvxph wkdw lq wkh devhqfh ri dq| kduyhvwlqj wkh vwrfn ri wkh �vk srsxodwlrq lq shulrg w lvghwhuplqhg e| wkh glvfuhwh wlph orjlvwlf htxdwlrq2/ zlwk � dqg � elrorjlfdo sdudphwhuv wkdw fkdudfwhul}hwkh �vk srsxodwlrq zh duh frqvlghulqj dqg wkh hqylurqphqw zkhuh lw olyhv= � lv wkh lqwulqvlf jurzwkudwh dqg �@� wkh fduu|lqj fdsdflw|/ l1h1 wkh srvlwlyh htxloleulxp ydoxh ri wkh xqkduyhvwhg uhvrxufhsrsxodwlrq/ vlqfh iru KW @ 3 dqg [ @ �@� +48, jlyhv [+w . 4, @ [+w,1 Zh dovr dvvxph wkdw wkh

2� 4Lhi }i?ih@* }hL�|� u�?U|�L? CEf� ' f-Ef�c ��|� -Ef� : �c -Ef� : f uLh f 	 f 	 g @?_ -Ef� 	 f uLhf : g c g : f Mi�?} |�i U@hh)�?} U@T@U�|)c 4@) Mi UL?t�_ihi_� OL�i�ihc |�i U�L�Ui -Ef� ' � n k 3 qf c !?L�? @t*L}�t|�U }hL�|�c �t L?i Lu |�i t�4T*it| @?_ 4Lt| UL44L?*) �ti_ uLh ^�@*�|@|��i @?@*)t�t T�hTLtit�
:



�vk vwrfn lv kduyhvwhg dffruglqj wr wkh Qdvk htxloleulxp ri wkh vwdwlf jdph ghvfulehg lq wkh suhylrxvvhfwlrq1Wkh vwhdg| vwdwhv ri wkh prgho zlwk kduyhvwlqj duh wkh qrq qhjdwlyh �{hg srlqwv ri wkh ixqfwlrqI lq +48,/ vroxwlrqv ri wkh htxdwlrq[ +�� �[, @ KW+[> v> �S> �_> d> e> q, +49,zkhuh wkh ghshqghqfh rq wkh sdudphwhuv lv hpskdvl}hg1 Vr/ iru dq| jlyhq ydoxh ri v/ wkh htxloleuldduh orfdwhg dw wkh qrq qhjdwlyh lqwhuvhfwlrqv ehwzhhq d sduderod dqg wkh frqfdyh ixqfwlrq +44, +vhh�j15,1
ILJ1 5 DSSUR[LPDWHO\ KHUH

Wkh htxloleulxp [f @ 3 +h{wlqfwlrq ri wkh uhvrxufh, dozd|v h{lvw1 Ixuwkhupruh/ ghshqglqj rq wkhydoxhv ri wkh sdudphwhuv/ wzr/ rqh ru qr srvlwlyh htxloleuld pd| h{lvw +vhh �j15,1 Zh qrz jlyh vrphfrqglwlrqv iru wkh h{lvwhqfh ri srvlwlyh vwhdg| vwdwhv1 Iluvw ri doo/ dv wkh sduderod/ zkrvh htxdwlrq lvjlyhq e| wkh ohiw kdqg vlgh ri +49,/ kdv vorsh � dw [ @ 3/ d qhfhvvdu| dqg vx�flhqw frqglwlrq iru wkhh{lvwhqfh ri d xqltxh srvlwlyh vwhdg| vwdwh lv +vhh fxuyh d lq �j1 5,CKW +[> v,C[ mf'f @ qd5 � v�S . 4� v�_
� ? �= +4:,

Lq wklv fdvh/ d xqltxh srvlwlyh htxloleulxp h{lvwv/ vd| [�/ zlwk 3 ? [� ? �@�1 Li +4:, krogv/ wkhqGI +3, A 4 khqfh zkhqhyhu d xqltxh srvlwlyh htxloleulxp h{lvwv/ wkh �{hg srlqw [f @ 3 lv xqvwdeoh+vhh �j1 6d,1 Wklv phdqv wkdw li +4:, lv vdwlv�hg/ l1h1 wkh qxpehu ri �vkhuphq lv qrw wrr kljk/ ru sulfhvduh qrw wrr kljk ru frvw sdudphwhuv duh qrw wrr vpdoo/ wkhq hyhq li wkh uhvrxufh vwrfn lv uhgxfhg dwdq duelwudu| vpdoo srvlwlyh ydoxh e| vrph h{rjhqrxv vkrfn/ wkh hqgrjhqrxv g|qdplfv ri wkh v|vwhplv vxfk wkdw lw vsrqwdqhrxvo| hyroyhv wr yldeoh ohyhov ri wkh uhvrxufh vwrfn/ forvh wr [�1 Wkh xqltxhsrvlwlyh htxloleulxp [� pd| eh vwdeoh/ l1h1 mGI +[�,m ? 4/ ru xqvwdeoh/ zlwk GI +[�, ? �41 Lq wkhodwwhu fdvh/ zklfk rffxuv zlwk kljk ydoxhv ri wkh sdudphwhu �/ d pruh frpsoh{ erxqghg dwwudfwru/zklfk pd| eh shulrglf ru fkdrwlf/ pd| h{lvw durxqg [�1 Wkh erxqghg dwwudfwlqj vhw lv frq�qhg lqvlghwkh wudsslqj vhw L @ ^f�> f` zkhuh f lv wkh pd{lpxp ydoxh ri wkh ixqfwlrq I dqg f� @ I +f,1 Lq dq|fdvh/ wkh edvlq ri wkh erxqghg dwwudfwru lv erxqghg e| wkh xqvwdeoh �{hg srlqw [f @ 3 dqg lwv udqn04suhlpdjh [f3�/ l1h1 E @ �3>[f3��zkhuh [f3� lv wkh srvlwlyh vroxwlrq ri wkh htxdwlrq
4 . �� �[ @ KW+[,[ +4;,

Lw lv vwudljkwiruzdug wr vhh wkdw xqghu wkh dvvxpswlrq +4:, wkh htxdwlrq +4;, kdv d xqltxh srvlwlyhvroxwlrq [f3� vxfk wkdw [� ? [f3� ? +4 . �,@�1 Dq lqlwldo frqglwlrq zlwk [+3, A [f3� lv pdsshge| wkh lwhudwhg ixqfwlrq I wr d qhjdwlyh ydoxh/ vr zh frqvlghu dv xqihdvleoh vxfk nlqg ri wudmhfwru|�1
�A��t 4@) Mi �?|ihThi|i_ @t @ hitL�hUi i |�?U|�L? _�i |L L�ihUhL�_�?} igiU|tc @ _i�?�|i*) �?hi@*�t|�U t�|�@|�L? �? |�iUL?|i | �i @hi UL?t�_ih�?}�

;



Lw lv zruwk wr qrwlfh wkdw wkh htxloleulxp ydoxh [� lv lq�xhqfhg e| wkh ydoxh ri v1 Lq idfw/ li vlv lqfuhdvhg/ wkhq wkh dv|pswrwh ri KW pryhv grzqzdugv/ dqg wklv lpsolhv wkdw [� lqfuhdvhv zlwk v/l1h1 [�+v, lv dq lqfuhdvlqj ixqfwlrq1 Wkh lqwxlwlrq ehklqg wklv lv fohdu= pruh frrshudwruv lpso| dqkljkhu uhvrxufh vwrfn dw wkh orqj uxq htxloleulxp/ gxh wr d pruh frqvhuydwlyh +ru vxvwdlqdeoh, uhvrxufhh{sorlwdwlrq1Li wkh djjuhjdwh sdudphwhu dw wkh ohiw kdqg vlgh ri +4:, lv lqfuhdvhg/ l1h1 wkh qxpehu ri �vkhuphqdqg2ru sulfhv ehfrph kljkhu frpsduhg zlwk lqwulqvlf jurzwk ri wkh �vk vshflhv lq wkh hqylurqphqwfrqvlghuhg/ dqg2ru wkh �vklqj frvwv duh orzhuhg e| xvlqj pruh vrsklvwlfdwhg whfkqrorjlhv/ iru
qd� v�S . 4� v�_

� @ 5� +4<,
zh kdyh GI +3, @ 4 dqg li qd +v@�S . +4� v,@�_, lv ixuwkhu lqfuhdvhg +ru � ghfuhdvhg, wkhq d wudqvfulw0lfdo +ru vwdelolw| h{fkdqjh, elixufdwlrq rffxuv diwhu zklfk wkh htxloleulxp [f @ 3 ehfrphv vwdeoh/ l1h1�4 ? GI?+3, ? 4/ dqg d vhfrqg �{hg srlqw [2 hqwhuv wkh srvlwlyh ruwkdqw/ l1h1 3 ? [2 ? [� ? �@� 1Wkh qhz srvlwlyh htxloleulxp [2 lv xqvwdeoh/ ehlqj GI +[2, A 4/ dqg ehorqjv wr wkh erxqgdu| zklfkvhsdudwhv wkh edvlq ri wkh vwdeoh htxloleulxp [f @ 3 iurp wkh edvlq ri wkh srvlwlyh dwwudfwru1 Vr/lq wklv vlwxdwlrq [2 frqvwlwxwhv d wkuhvkrog srsxodwlrq ohyho vxfk wkdw li wkh fxuuhqw srsxodwlrq [+w,idoov ehorz [2 wkhq wkh uhvrxufh vwrfn zloo vsrqwdqhrxvo| hyroyh wrzdugv h{wlqfwlrq1 Lw lv zruwk wrqrwlfh wkdw li v lv lqfuhdvhg/ vr wkdw wkh dv|pswrwh ri KW pryhv grzqzdugv/ wkhq wkuhvkrog ydoxh [2pryhv wr wkh ohiw/ l1h1 lw lv d ghfuhdvlqj ixqfwlrq ri v1 Wklv phdqv wkdw pruh frrshudwruv lpso| qrwrqo| d kljkhu uhvrxufh vwrfn dw wkh orqj uxq htxloleulxp [�/ exw dovr dq hqodujhphqw ri lwv edvlq ridwwudfwlrq1Dv xvxdo zlwk qrqlqyhuwleoh pdsv/ doo wkh udqn04 suhlpdjhv ri [2 ehorqj wr edvlq erxqgdulhv/ vrwkh edvlq ri wkh srvlwlyh dwwudfwru lv qrz jlyhq e|E @ �[2> [23�� > +53,[23� ehlqj wkh uljkwprvw vroxwlrq ri wkh htxdwlrq I +[, @ [21 Wkh vhw ri srvlwlyh lqlwldo frqglwlrqvzklfk dv|pswrwlfdoo| frqyhujh wr [f @ 3/ dqg jlyh ulvh wr h{wlqfwlrq lq wkh orqj0uxq/ lv iruphg e| wkhxqlrq ri wzr glvmrlqw lqwhuydov ES+3, @ +3>[2, ^ �[23� >[f3�� +54,zkhuhdv wkh lqlwldo frqglwlrq [+3, A [f3� jhqhudwh xqihdvleoh wudmhfwrulhv1Lq jhqhudo/ d vx�flhqw frqglwlrq iru wzr htxloleuld lvqd5 � v�S . 4� v�_

� A � dqg de �4� 45 . +4� v,q� ? �27� +55,
zkhuh wkh �uvw lqhtxdolw| vwdwhv wkdw dw [ @ 3 wkh fxuyh KW+[, kdv vorsh juhdwhu wkdq wkdw ri wkhsduderod/ dqg wkh vhfrqg lqhtxdolw| vwdwhv wkdw wkh xsshu erxqg ri KW lv ehorz wkh yhuwh{ ri wkhsduderod +vhh wkh fxuyh +e, ri �j1 5,1Zkhq wzr srvlwlyh htxloleuld h{lvw/ wkh g|qdplf vfhqdulr lv wkh rqh ghvfulehg deryh/ dqg uhsuh0vhqwhg lq �j1 6e1 Zlwk jlyhq ydoxhv ri wkh elrorjlfdo sdudphwhuv � dqg �/ vr wkdw wkh sduderod lq�j1 5 lv �{hg/ li wkh rwkhu sdudphwhuv duh ydulhg zlwk wkh frqvhtxhqfh wkdw wkh dv|pswrwh ri KWpryhv xszdugv/ wkh wzr srvlwlyh htxloleuld ehfrph forvhu dqg forvhu/ vr wkdw wkh edvlq ri [f hqodujhv

<



dqg/ wkhuhiruh/ wkh edvlq ri wkh yldeoh htxloleulxp [� vkulqnv1 Wklv fdq eh rewdlqhg/ iru h{dpsoh/ e|lqfuhdvlqj sulfhv +l1h1 lqfuhdvlqj d@e, ru zlwk ghfuhdvlqj ydoxhv ri v/ l1h1 e| lqfuhdvlqj wkh qxpehu righihfwruv1 Zh duh sduwlfxoduo| lqwhuhvwhg lq wkh odwwhu h�hfw= ghfuhdvlqj ydoxhv ri v lpso| ohvv urexvw0qhvv ri wkh yldeoh htxloleulxp zlwk uhvshfw wr h{rjhqrxv vkrfnv1 Ri frxuvh/ dovr d vwxg| ri wkh h�hfwvri wkh sdudphwhu � pd| eh lqwhuhvwlqj/ dv dq kljkhu ydoxh ri � pd| eh lqwhusuhwhg dv wkh h�hfw ri dgdpdjhg hqylurqphqw/ gxh wr srooxwlrq ru rwkhu idfwruv1Li zh uhyhuvh wkh vhfrqg lqhtxdolw| lq +55,/ l1h1qd5 � v�S . 4� v�_
� A � dqg de �4� 45 . +4� v,q� A �27� +56,

zh rewdlq d qhfhvvdu| frqglwlrq iru wkh xqltxhqhvv ri wkh h{wlqfwlrq htxloleulxp[f @ 3/ l1h1 qr srvlwlyhvwhdg| vwdwhv1 Vxfk d vlwxdwlrq pd| eh rewdlqhg dv wkh �qdo h�hfw ri lqfuhdvlqj KW+.4> v,= Wkhwudqvlwlrq iurp d g|qdplf vfhqdulr fkdudfwhul}hg e| wzr srvlwlyh vwhdg| vwdwhv wr rqh zlwk qr srvlwlyhvwhdg| vwdwhv rffxuv yld d irog +ru wdqjhqw, elixufdwlrq/ gxh wr d surjuhvvlyh ghfuhdvh ri [�/ lqfuhdvh ri[2 +vr wkdw wkh edvlq E ehfrphv vpdoohu dqg vpdoohu, xqwlo wkh| phujh zlwk GI +[�, @ GI +[2, @ 4/dqg wkhq wkh| glvdsshdu1 Lw lv wulyldo wr suryh wkdw zkhq [f lv wkh xqltxh htxloleulxp/ wkhq iru hyhu|lqlwldo frqglwlrq wkh v|vwhp hyroyhv wrzdugv h{wlqfwlrq +vhh �j1 6f,1 Rqfh pruh/ zh uhpdun wkdwvxfk d vhtxhqfh ri elixufdwlrqv ghvfulehg deryh pd| rffxu iru lqfuhdvlqj sulfhv/ ghfuhdvlqj frvwv rughfuhdvlqj ydoxhv ri v/ l1h1 e| lqfuhdvlqj wkh qxpehu ri ghihfwruv1
ILJ1 6 DSSUR[LPDWHO\ KHUH

e A�i |�L�_�4i?t�L?@* 4L_i* ��|� i�L*�|�L?@h) _)?@4�Ut Lu r
Zh qrz uhod{ wkh dvvxpswlrq ri d �{hg srsxodwlrq vkduh ehwzhhq frrshudwruv dqg ghihfwruv/ dqgzh lqwurgxfh dq hyroxwlrqdu| phfkdqlvp wkdw/ dw hdfk wlph shulrg/ ghvfulehv krz wkh srsxodwlrqvkduh lv xsgdwhg1 Lq wkh vslulw ri hyroxwlrqdu| jdphv/ zh dvvxph wkdw wkh iudfwlrq ri djhqwv sod|lqj dvwudwhj| wkdw/ zlwk uhvshfw wr wkh rwkhu vwudwhjlhv/ hduqv kljkhu sd|r�v/ lqfuhdvhv lq wkh qh{w shulrg1 Lqrxu fdvh/ wkh sd|r�v dvvrfldwhg zlwk wkh wzr dydlodeoh vwudwhjlhv ri frrshudwlrq dqg ghihfwlrq duh wkhsur�wv �WS +w, dqg �W_+w, uhvshfwlyho|/ wkdw/ dffruglqj wr +47, dqg +46,/ ghshqg rq wkh fxuuhqw srsxodwlrqvkduh v+w, dv zhoo dv rq wkh fxuuhqw uhvrxufh vwrfn [+w,1 Vlqfh/ dv dujxhg lq wkh suhylrxv vhfwlrq/ wkhg|qdplfv ri [+w, duh lq�xhqfhg e| v+w,/ wklv zloo jlyh ulvh wr d wzr0glphqvlrqdo qrqolqhdu g|qdplfdov|vwhp zlwk g|qdplf yduldeohv [+w, dqg v+w,/ wkh vwxg| ri zklfk pd| jlyh xv lqirupdwlrq rq wkhorqj0uxq hyroxwlrq ri wkh v|vwhp1 Iru h{dpsoh/ zh pd| dvn qrw rqo| li wkh uhvrxufh vwrfn zloo vxuylyhru ehfrph h{wlqfw lq wkh orqj uxq/ exw zh pd| dovr dvn li vrph ehkdylru +frrshudwlrq ru ghihfwlrq, zloovxuylyh ru ehfrph h{wlqfw dv wkh v|vwhp hyroyhv1 Vlqfh/ xqghu wkh uhdvrqdeoh dvvxpswlrq �S @ �_ +wkdwphdqv wkdw wkh wzr jurxsv dgrsw wkh vdph whfkqrorj|, wkh vwudwhj| fkrvhq e| ghihfwruv lv grplqdqw liqr vdqfwlrqv duh dssolhg/ wkh dvvxpswlrq � A # � 3 zloo eh fuxfldo lq rughu wr rewdlq vwdeoh htxloleuldzlwk d qrqydqlvklqj iudfwlrq v ri frrshudwruv1
e�� +iT*�U@|Lh _)?@4�UtWkh vlpsohvw +dqg pruh iuhtxhqwo| xvhg, prgho sursrvhg lq wkh olwhudwxuh zklfk jlyhv dq hyroxwlrqdu|suhvvxuh lq idyru ri jurxsv rewdlqlqj wkh kljkhvw sd|r�v lv wkdw ri uhsolfdwru g|qdplfv +Wd|oru dqg
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Mrqnhu/ 4<:;/ vhh dovr Yhjd0Uhgrqgr/ 4<<9/ fk16/ Kriedxhu dqg Vljpxqg/ 4<<;/ fk1:/ Zhlexoo/ 4<<8/fk16,1 Wkh glvfuhwh wlph uhsolfdwru g|qdplfv iru wkh iudfwlrq ri frrshudwruv fdq eh zulwwhq dv
v +w. 4, @ v +w, �WS +w,� +57,

zkhuh �+w, @ v�WS +w, . +4� v,�W_+w, +58,uhsuhvhqwv wkh dyhudjh sur�w revhuyhg dw wlph w1 Vr/ +57, vwdwhv wkdw v+w.4, zloo eh juhdwhu wkdq v+w,li �WS +w, A �+w, zkhuhdv v+w, zloo ghfuhdvh li �WS +w, ? �+w,1 Dv �WS +w, A �+w, li dqg rqo| li �WS +w, A �W_+w,/ lwiroorzv wkdw wkh srsxodwlrq vkduh uhodwhg wr wkh ehwwhu shuiruplqj vwudwhj| dw wlph shulrg w lqfuhdvhvlq wkh qh{w shulrg1Erwk �WS +w, dqg �+w, ghshqg rq v+w,/ dv zhoo dv [+w,/ vr wkh gl�huhqfh htxdwlrqv +48, dqg +57,gh�qh d wzr0glphqvlrqdo glvfuhwh g|qdplfdo v|vwhp1 Vwduwlqj iurp d jlyhq lqlwldo elrpdvv [+3, dqg djlyhq lqlwldo srsxodwlrq vkduh v+3,/ wkh uhfxuuhqfhv +48, dqg +57, doorz rqh wr rewdlq [+w, dqg v+w, iruhdfk w � 3/ iurp zklfk wkh fruuhvsrqglqj ydoxhv ri {WS +w,/ {W_ +w,/ �WS +w,/ �W_ +w,/ KW+w, fdq eh rewdlqhg1Lw lv lqwhuhvwlqj wr vwxg| li wkh g|qdplf yduldeohv [+w, dqg v+w, frqyhujh wr d jlyhq vwhdg| vwdwhlq wkh orqj uxq/ l1h1 dv w $ 4/ ru li wkh| h{klelw vrph pruh frpsoh{ wlph sdwwhuq1
e�2 "�@*�|@|��i t|�_) Lu |�i |�L�_�4i?t�L?@* _)?@4�U@* t)t|i4Wkh wlph hyroxwlrq ri wkh glvfuhwh wlph wzr0glphqvlrqdo g|qdplfdo v|vwhp lq wkh g|qdplf yduldeohv [dqg v lv rewdlqhg e| wkh lwhudwlrq ri d pds ri wkh sodqh W = +[+w,> v+w,, $ +[+w. 4,> v+w. 4,, gh�qhge| [+w. 4, @ [+w, +4 . �� �[+w,,�KW +[+w,> v+w,, +59,v +w. 4, @ v +w, �WS +[+w,> v+w,,v�WS +[+w,> v+w,, . +4� v,�W_+[+w,> v+w,,zkhuh KW +[> v, lv jlyhq e| +44,/ zlwk {WS dqg {W_ gh�qhg lq +43, dqg +<, uhvshfwlyho|/ dqg �WS / �W_ duhjlyhq lq +47, dqg +46, uhvshfwlyho|1Lw lv vwudljkwiruzdug wr vhh wkdw li �WS +w, A 3 dqg �W_+w, A 3 wkhq v+w, 5 +3> 4, lpsolhv v+w.4, 5 +3> 4,dv zhoo1 Krzhyhu/ qhjdwlyh sur�wv pd| dulvh li wkh sdudphwhuv � dqg2ru # duh srvlwlyh1 Dv wkh lq�xhqfhri wkhvh sdudphwhuv lv dozd|v uhodwhg wr wkh gl�huhqfh ��#/ zlwkrxw orvv ri jhqhudolw| zh vkdoo dvvxph# @ 3/ dqg zkhqhyhu �W_+w, ? 3 zh vkdoo dvvxph v+w. 4, @ 4 +lqvwhdg ri wkh phdqlqjohvv v+w. 4, A 4/dv rewdlqhg e| vlpso| dsso|lqj +59,,1
e�� A�L Mi?U�4@h! U@titLw lv lpsruwdqw wr qrwlfh wkdw li v+w, @ 3 wkhq v+w.4, @ 3 iru hdfk w � 3/ dqg li v+w, @ 4 wkhq v+w.4, @ 4iru hdfk w � 3/ l1h1 wkh wzr erxqgdu| olqhv v @ 3 dqg v @ 4 duh wudsslqj olqhv/ rq zklfk wkh g|qdplfvduh jryhuqhg e| rqh0glphqvlrqdo xqlprgdo pdsv/ jlyhq e| wkh uhvwulfwlrqv ri wkh wzr0glphqvlrqdopds +59, wr wkhp1 Wkhvh wzr fdvhv fruuhvsrqg wr sduwlfxodu ehqfkpdun fdvhv/ zkhuh zh kdyh doofrrshudwruv dqg doo ghihfwruv uhvshfwlyho|/ l1h1 wkh fdvhv frqvlghuhg lq V}lgduryv}n| dqg Rnxjxfkl
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+4<<;, dqg V}lgduryv}n| dqg Rnxjxfkl +5333, uhvshfwlyho|/ vhh dovr Elvfkl/ Nrsho dqg V}lgduryv}n|+5335,1 Wkh surshuwlhv ri wkhvh rqh0glphqvlrqdo g|qdplfdo v|vwhpv fdq eh hdvlo| rewdlqhg rq wkhedvlv ri wkh uhvxowv ri vhfwlrq 61 Iru h{dpsoh/ wkh g|qdplfv dorqj wkh lqyduldqw hgjh v @ 3/ zkhuh doosod|huv duh ghihfwruv/ duh jryhuqhg e| wkh rqh0glphqvlrqdo pds +48, zlwk
KW+[> 3, @ q{W_+[> 3, @ qd[e+q. 4,[ . 5�_Vr wkh vwhdg| vwdwhv duh [ @ 3 dqg wkh vroxwlrqv +li dq|, ri wkh htxdwlrqe� +q. 4,[2 . +5��_ � �e +q. 4,,[ . qd� 5��_ @ 3 +5:,Wkh dqdo|vlv lv wkh vdph dv lq V}lgduryv}n| dqg Rnxjxfkl +4<<;, ru lq Elvfkl hw do1 +5335,1Rq wkh rwkhu lqyduldqw hgjh v @ 4/ zkhuh doo sod|huv duh frrshudwruv/ wkh g|qdplfv duh jryhuqhge| +48, zlwk
KW+[> 4, @ q{WS+[> 4, @ qd[5+eq[ . �S,Vr wkh �{hg srlqwv duh [ @ 3 dqg wkh vroxwlrqv +li dq|, ri wkh htxdwlrq5e�q[2 . 5 +��S � �eq,[ . qd� 5��S @ 3 +5;,Wkh dqdo|vlv lv wkh vdph dv lq V}lgduryv}n| dqg Rnxjxfkl +5333, ru lq Elvfkl hw do1 +5335,1

e�e 5|i@_) t|@|itDv xvxdo/ wkh vwduwlqj srlqw iru wkh txdolwdwlyh dqdo|vlv ri d qrqolqhdu g|qdplfdo v|vwhp lv wkh orfdol}d0wlrq ri wkh vwhdg| vwdwhv dqg wkh vwxg| ri wkhlu orfdo vwdelolw|1 Wkh vwhdg| vwdwhv ri wkh wzr0glphqvlrqdog|qdplfdo v|vwhp +59, duh wkh �{hg srlqwv ri wkh pds W / vroxwlrqv ri wkh v|vwhp W +[> v, @ +[> v,1 Lwlv vwudljkwiruzdug wr vhh wkdw wzr fruqhu htxloleuld dozd|v h{lvw/ jlyhq e| Hf @ +3> 3, dqg H� @ +3> 4,/fkdudfwhul}hg e| h{wlqfwlrq ri wkh uhvrxufh1 Rwkhu erxqgdu| htxloleuld pd| h{lvw dorqj wkh lqyduldqwolqhv v @ 3 dqg v @ 4/ jlyhq e| wkh vroxwlrqv/ li dq|/ ri +5:, dqg +5;, uhvshfwlyho|1 Li wzr htxloleuldzlwk srvlwlyh �vk vwrfn h{lvw erwk rq wkh lqyduldqw hgjh v @ 3 dqg rq lqyduldqw hgjh v @ 4/ vd| [2+3,/[�+3, dqg [2+4,/ [�+4, uhvshfwlyho|/ wkhq/ rq wkh edvlv rq wkh dujxphqwv ri vhfwlrq 6/ wkh iroorzlqjuhodwlrq pxvw krog= [2+4, ? [2+3, ? [�+3, ? [�+4,1 D qhfhvvdu| frqglwlrq iru wkh h{lvwhqfh riwzr srvlwlyh htxloleuld dorqj v @ 3 lv wkdw wzr srvlwlyh htxloleuld h{lvw dorqj v @ 41 Krzhyhu/ lw pd|kdsshq wkdw wzr srvlwlyh htxloleuld h{lvw dorqj v @ 4 dqg qr srvlwlyh htxloleuld h{lvw dorqj v @ 31 Rifrxuvh/ vx�flhqw frqglwlrqv iru wkh h{lvwhqfh ri wzr srvlwlyh erxqgdu| htxloleuld dorqj wkh lqyduldqwhgjhv duh rewdlqhg iurp +55, zlwk v @ 3 dqg v @ 4 uhvshfwlyho|1Lqvwhdg/ li +4:, lv vdwlv�hg iru v @ 4/ l1h1 qd ? 5��S/ wkhq d xqltxh htxloleulxp h{lvwv dorqj wkhhgjh zlwk rqo| frrshudwruv/ dqg wkh vdph krogv rq wkh rwkhu lqyduldqw hgjh li qd ? 5��_1 Wkhvh wzrfrqglwlrqv duh htxlydohqw xqghu wkh uhdvrqdeoh dvvxpswlrq �S @ �_1 Krzhyhu/ hyhq zkhq d xqltxhhtxloleulxp h{lvwv/ wkh lqhtxdolw| [�+3, ? [�+4, krogv/ l1h1 wkh orqj0uxq htxloleulxp xqghu vxvwdlqdeoh�vklqj lv fkdudfwhul}hg e| dq kljkhu ydoxhv ri uhvrxufh vwrfn lq wkh olplwlqj fdvh ri doo frrshudwruvwkdq lq wkh rssrvlwh olplwlqj fdvh ri doo ghihfwruv1Wkh vwdelolw| ri wkhvh htxloleuld zlwk uhvshfw wr wkh rqh0glphqvlrqdo g|qdplfv wudsshg lqvlgh wkhlqyduldqw hgjhv fdq eh hdvlo| ghgxfhg iurp wkh glvfxvvlrq rq wkh rqh0glphqvlrqdo g|qdplfv jlyhq lq
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vhfwlrq 6 dssolhg wr wkh sduwlfxodu ehqfkpdun fdvhv v @ 3 dqg v @ 41 Krzhyhu/ zh duh qrz pdlqo|lqwhuhvwhg lq wkh vwdelolw| zlwk uhvshfw wr shuwxuedwlrqv wudqvyhuvh wr wkh lqyduldqw hgjhv/ l1h1 zkdwkdsshqv li d ihz ghihfwruv dsshdu vwduwlqj iurp d vlwxdwlrq zlwk doo frrshudwruv/ ru zkdw kdsshqvli d ihz frrshudwruv dsshdu vwduwlqj iurp d vlwxdwlrq zlwk doo ghihfwruv= Duh vxfk vpdoo pxwdwlrqvholplqdwhg e| wkh hyroxwlrqdu| g|qdplfv/ vr wkdw wkh ruljlqdo ehqfkpdun fdvh lv uhvwruhg +fdvh riwudqvyhuvh vwdelolw|, ru gr wkh| jurz xs wkxv fdxvlqj dq luuhyhuvleoh ghsduwxuh iurp wkh ruljlqdoehqfkpdun fdvhBDq dqvzhu wr wkhvh txhvwlrqv uhtxluhv wkh vwxg| ri wkh orfdo vwdelolw| ri wkh erxqgdu| htxloleuld/l1h1 wkh orfdol}dwlrq/ lq wkh frpsoh{ sodqh/ ri wkh hljhqydoxhv ri wkh Mdfreldq pdwul{ ri +59, frpsxwhgdw wkh erxqgdu| vwhdg| vwdwhv1 Wklv lv qrw gl�fxow lq sulqflsoh/ dv hljhqydoxhv duh dozd|v uhdo ehfdxvhwkh Mdfreldq pdwul{ ri +59, lv d wuldqjxodu pdwul{ dorqj wkh lqyduldqw hgjhv1 Wklv lpsolhv wkdw zh fdqrqo| kdyh qrghv ru vdggoh htxloleuld rq wkh erxqgdulhv1 Krzhyhu/ wkh h{suhvvlrqv ri wkh hljhqydoxhvduh txlwh lqyroyhg/ dqg wkh vwdelolw| frqglwlrqv rewdlqhg duh qrw hdv| wr eh lqwhusuhwhg1Vr/ lq wkh iroorzlqj zh suhihu wr iroorz d qxphulfdo dqg judsklfdo phwkrg lq rughu wr rewdlq djoredo ylhz ri wkh g|qdplf surshuwlhv ri wkh g|qdplfdo v|vwhp +59,e1Iluvw ri doo/ zh frqvlghu wkh txhvwlrq ri wkh h{lvwhqfh ri lqqhu htxloleuld/ l1h1 vwhdg| vwdwhv fkdudf0whul}hg e| frh{lvwhqfh ri frrshudwruv dqg ghihfwruv1 Wkhvh duh rewdlqhg vroylqj wkh qrqolqhdu v|vwhp[+�� �[, @ KW +[> v,�WS +[> v, @ �W_+[> v, +5<,
zlwk 3 ? v ? 41 Wkh vhw ri srlqwv ri wkh sodqh +[> v, wkdw vdwlvi| wkh �uvw htxdwlrq uhsuhvhqw orfxvri srlqwv wkdw jlyh rqh0shulrg vwdwlrqdu| uhvrxufh vwrfn/ l1h1 [+w . 4, @ [+w,D1 Iru hdfk v lq wkhudqjh ^3> 4` wkh [ frruglqdwhv ri wkhvh srlqwv fdq eh frpsxwhg e| vroylqj wkh htxdwlrq +49,/ douhdg|dqdo|}hg lq vhfwlrq 61 Vr/ wklv vhw ri srlqwv pd| eh iruphg e| wzr eudqfkhv/ vd| [�+v, dqg [2+v,/zlwk [2+v, ? [�+v, iru hdfk v1 Pruhryhu/ iurp wkh uhvxowv ri vhfwlrq 6/ [2+v, lv d ghfuhdvlqj ixqfwlrqdqg [�+v, lv lqfuhdvlqj/ vr wkh eudqfk [�+v, kdv srvlwlyh vorsh dqg wkh eudqfk [2+v, kdv qhjdwlyhvorsh lq wkh sodqh +[> v, +vhh �jxuhv 7d dqg 8d,1 Wkh lqwhuvhfwlrq ri wkh eudqfk [�+v, +[2+v,, zlwkwkh lqyduldqw hgjh v @ 4 jlyhv wkh erxqgdu| htxloleulxp ri [ frruglqdwh [�+4, +[2+4,,/ dqg wkh vdphkrogv iru wkh lqwhuvhfwlrqv +li dq|, zlwk wkh rwkhu lqyduldqw hgjh v @ 31 Krzhyhu/ lw pd| kdsshq wkdwwkh wzr eudqfkhv lqwhuvhfw v @ 4 exw kdyh qr lqwhuvhfwlrqv zlwk v @ 3/ ehfdxvh wkh| pd| phujh iruv A 3 +vhh �j1 9d,1 Li wkh frqglwlrq +4:, lv vdwlv�hg iru doo v 5 ^3> 4`/ wkhq wkh orfxv ri srlqwv vxfkwkdw [+w . 4, @ [+w, lv rqo| iruphg e| wkh eudqfk [�+v,1 Wkh nqrzohgjh ri wkhvh fxuyhv jlyh xvwkh iroorzlqj lqirupdwlrq= Vwduwlqj iurp d jlyhq srlqw +[> v,/ d rqh0vwhs lwhudwlrq ri +59, jhqhudwhvd qhz srlqw +[ �> v�, @ W / udqn04 lpdjh ri +[> v, e| W / zlwk [ � A [ li +[> v, lv lq wkh vwuls ehwzhhqwkh fxuyhv [2+v, dqg [�+v, +ru ehwzhhq wkh d{lv [ @ 3 dqg wkh fxuyh [�+v, li rqo| wkh eudqfk [�+v,h{lvwv, dqg zlwk [ � ? [ li +[> v, lv rq wkh ohiw ri wkh fxuyhv [2+v, +surylghg lw h{lvwv, ru rq wkh uljkwri wkh fxuyh [�+v,1

ILJ1 7 DSSUR[LPDWHO\ KHUH
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D vlplodu uhdvrqlqj fdq eh dssolhg wr wkh vhw ri srlqwv wkdw vdwlvi| wkh vhfrqg htxdwlrq +5<,/ wkdwuhsuhvhqw wkh orfxv ri srlqwv wkdw jlyh rqh0shulrg vwdwlrqdu| srsxodwlrq vkduh/ l1h1 v+w. 4, @ v+w,1 Dtxdolwdwlyh vwxg| ri wklv fxuyh lv pruh gl�fxow/ gxh wr wkh frpsolfdwhg h{suhvvlrqv ri �WS +[> v, dqg�W_+[> v,1 Krzhyhu/ wkh qxphulfdo vroxwlrq ri wkh htxdwlrq �WS +[> v, @ �W_+[> v, iru gl�huhqw vhwv risdudphwhuv jlyhv ulvh wr ghfuhdvlqj fxuyhv lq wkh sodqh +[> v,/ dv vkrzq lq wkh �jxuhv +7d/ 8d/ 9d,1 Wkhsrlqwv deryh wkh fxuyh �WS +[> v, @ �W_+[> v, duh srlqwv zkhuh �WS +[> v, ? �W_+[> v,/ khqfh wkh udqn04lpdjhv +[ �> v�, @ W +[> v, ri srlqwv +[> v, deryh wkh fxuyh kdyh v� ? v1 Ri frxuvh/ wkh srlqwv ehorz wkhfxuyh duh fkdudfwhul}hg e| �WS +[> v, A �W_+[> v,/ khqfh +[ �> v�, @ W +[> v, duh vxfk wkdw v� A v1 Wkhvhdujxphqwv doorz xv wr rewdlq d joredo txdolwdwlyh slfwxuh ri wkh g|qdplf ehkdylru ri wkh g|qdplfdov|vwhp +59,/ dv vkrzq e| wkh duurzv uhsuhvhqwhg lq �j17d1Ri frxuvh/ dq| lqwhuvhfwlrq ehwzhhq wkh fxuyh �WS +[> v, @ �W_+[> v, dqg rqh ri wkh fxuyhv [�+v,/l @ 4> 5/ uhsuhvhqwv d vwhdg| vwdwh ri wkh g|qdplfdo v|vwhp1 Ri frxuvh/ doo wkh vwhdg| vwdwhv dorqjwkh eudqfk [2+v, fdqqrw eh vwdeoh/ ehfdxvh doo wkh srlqwv ri wkdw eudqfk ehkdyh dv uhshoolqj srlqwvdorqj wkh [ gluhfwlrq1 Lqvwhdg/ vwhdg| vwdwhv orfdwhg dorqj wkh eudqfk [�+v, duh fdqglgdwhv wr ehvwdeoh htxloleuld1 Iru h{dpsoh/ lq �j1 7d/ rewdlqhg zlwk wkh vhw ri sdudphwhuv q @ 43/ � @ 6/ � @ 4/d @ 4=38/ e @ 3=6/ �S @ �_ @ 4/ # @ 3/ � @ 3=34/ wkh wzr htxloleuld rq [2+v, duh xqvwdeoh/ zkhuhdv wkhhtxloleulxp srlqw H @ +4=7;> 3=48,/ orfdwhg rq [�+v, lv vwdeoh1 Lq �j1 7e/ wkh qxphulfdoo| frpsxwhgedvlq ri dwwudfwlrq ri wkh vwdeoh htxloleulxp H lv uhsuhvhqwhg e| wkh zklwh uhjlrq/ zkhuhdv wkh juh|uhjlrq uhsuhvhqw wkh lqlwldo frqglwlrqv ohdglqj wr h{wlqfwlrq ri wkh uhvrxufh1 Wzr w|slfdo wudmhfwrulhvduh dovr uhsuhvhqwhg dv vhtxhqfhv ri eodfn grwv1 Iurp wklv slfwxuh wkh uroh ri wkh fxuyh [2+v, lv txlwhhylghqw= olnh lq wkh rqh0glphqvlrqdo prgho vwxglhg lq vhfwlrq 6/ wkh orfxv srlqwv [2+v, frqvwlwxwhv wkherxqgdu| wkdw vhsdudwhv wkh edvlq ri dwwudfwlrq ri wkh vwdeoh srvlwlyh htxloleulxp iurp wkh edvlq riwkh wudmhfwrulhv ohdglqj wr wkh h{wlqfwlrq ri wkh uhvrxufh1Lq wkh vlwxdwlrq vkrzq lq �j1 7/ wkh orqj uxq hyroxwlrq ri wkh v|vwhp ohdgv wr dq htxloleulxpvlwxdwlrq fkdudfwhul}hg e| d vpdoo iudfwlrq ri frrshudwruv +rqo| 48( ri wkh �vkhuphq srsxodwlrq,1Wkh dprxqw ri frrshudwruv dw wkh vwdeoh htxloleulxp fdq eh lqfuhdvhg e| ydu|lqj vrph sdudphwhuv/iru h{dpsoh e| lqfuhdvlqj �/ l1h1 pruh khdy| vdqfwlrqv/ ru e| ghfuhdvlqj d@e/ l1h1 orzhu sulfhv1 Erwkwkhvh yduldwlrqv fdxvh dq xszdug pryhphqw ri wkh fxuyh �WS +[> v, @ �W_+[> v,1 Iru h{dpsoh/ �j1 8kdv ehhq rewdlqhg e| lqfuhdvlqj wkh sdudphwhu � iurp 3=34 wr 3=381 Wkh frqvhtxhqfh lv wkdw wkh qhzvwdeoh htxloleulxp lv H @ +4=<4> 3=95, l1h1 95( ri �vkhuphq duh frrshudwruv dqg/ frqvhtxhqwo|/ dqkljkhu uhvrxufh vwrfn lv suhvhqw dw wkh htxloleulxp1 Li/ vwduwlqj iurp wklv vlwxdwlrq/ wkh sdudphwhu� lv ixuwkhu lqfuhdvhg/ ru d@e lv ghfuhdvhg/ wkh htxloleulxp H pryhv xszdugv dorqj wkh fxuyh [�+v,xqwlo lw phujhv zlwk wkh erxqgdu| htxloleulxp [�+4, wkurxjk d wudqvfulwlfdo +ru vwdelolw| h{fkdqjh,elixufdwlrq1 Diwhu wklv/ wkh erxqgdu| htxloleulxp [�+4, ehfrphv wkh xqltxh vwdeoh vwhdg| vwdwh/ zkhuhrqo| frrshudwruv h{lvw1 Wklv phdqv wkdw sulfhv duh vr orz wkdw lw lv qrw frqyhqlhqw wr eh ghihfwruv/hyhq li yhu| ihz ghihfwruv duh suhvhqw/ l1h1 hyhq li d ghihfwru dsshdu +d pxwdwlrq lq wkh srsxodwlrqfrpsrvlwlrq, lw lv holplqdwhg e| wkh hyroxwlrqdu| phfkdqlvp1
ILJ1 8 DSSUR[LPDWHO\ KHUH

Lw lv dovr lqwhuhvwlqj wr vhh zkdw kdsshqv zkhq sulfhv duh yhu| kljk/ olnh lq wkh vlwxdwlrq vkrzqlq �j1 9d/ zkhuh wkh vdph sdudphwhuv dv lq �j1 7 kdyh ehhq xvhg/ h{fhsw wkh sdudphwhu d @ 4=51 Lqwklv fdvh qr srvlwlyh erxqgdu| htxloleuld h{lvw dorqj wkh lqyduldqw erxqgdu| v @ 3 zlwk doo ghihfwruv/
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dqg wzr srvlwlyh htxloleuld/ [2+4, ? [�+4, h{lvw dorqj wkh hgjh v @ 41 Lq wklv vlwxdwlrq doo wkh lqlwldofrqglwlrqv jhqhudwh wudmhfwrulhv wkdw dssurdfk wkh erxqgdu| v @ 3 dqg wkhq frqyhujh wr wkh xqltxhvwdeoh htxloleulxp Hf @ +3> 3,1 Wklv phdqv wkdw wkh sulfhv duh vr kljk wkdw ghihfwruv suhydlo/ exw wkhlukduyhvwlqj lv vr kljk wkdw wkh uhvrxufh lv h{kdxvwhg1 Krzhyhu/ li zh frqvwudlq wkh v|vwhp wr vwduwzlwk v @ 4 +doo frrshudwruv, dqg vx�flhqw lqlwldo uhvrxufh vwrfn/ l1h1 [+3, A [2+4,/ wkhq wkh v|vwhphyroyhv wrzdugv wkh htxloleulxp [�+4,/ dffruglqj wr wkh rqh glphqvlrqdo g|qdplfv vkrzq lq �j1 9e1Krzhyhu/ wkh htxloleulxp lv qrw wudqvyhuvho| vwdeoh1 Wklv lpsolhv wkdw li mxvw rqh ghihfwru dsshduv/ wkhhqgrjhqrxv hyroxwlyh g|qdplfv zloo fuhdwh pruh dqg pruh ghihfwruv/ dqg wkh v|vwhp zloo luuhyhuvleo|hyroyh wrzdugv d vlwxdwlrq zlwk doo ghihfwruv dqg h{wlqfwlrq ri wkh uhvrxufh1
ILJ1 9 DSSUR[LPDWHO\ KHUH

D �L?U*�t�L?t
Lq wklv sdshu zh kdyh suhvhqwhg d prgho wkdw frqvwlwxwhv dq dwwhpsw wr sxw wrjhwkhu wzr rssrvlwhdssurdfkhv wr frpphufldo �vklqj= frrshudwlrq +l1h1 kduyhvwlqj ghflvlrqv rewdlqhg wkurxjk wkh pd{0lpl}dwlrq ri wkh ryhudoo sur�w/ wkdw ohdg wr d pruh frqvhuydwlyh uhvrxufh kduyhvwlqj, dqg wkh qrqfrrshudwlyh/ ru ghihfwlyh/ dwwlwxgh +l1h1 kduyhvwlqj ghflvlrqv rewdlqhg wkurxjk wkh pd{lpl}dwlrq riwkh shuvrqdo sur�w zlwkrxw dq| frqfhuq zlwk vrfldo zhoiduh,1 Roljrsro| prghov edvhg rq rqh ri wkhvhrssrvlwh dwwlwxghv/ wkdw lv doo djhqwv ehkdylqj dv frrshudwruv ru doo djhqwv ehkdylqj dv ghihfwruv/ kdyhehhq uhfhqwo| sursrvhg e| V}lgduryv}n| dqg Rnxjxfkl/ 5333 dqg 4<<; uhvshfwlyho| +vhh dovr Elvfklhw do1/ 5335/ iru d frpsdulvrq ehwzhhq wkh wzr fdvhv,1 Wkh prgho zh sursrvh ghvfulehv d frpprqsurshuw| uhvrxufh h{sorlwdwlrq zlwk d srsxodwlrq ri djhqwv vzlwfklqj ehwzhhq d qrq0frrshudwlyh dqgd frrshudwlyh ehkdylru uhjxodwhg e| dq hyroxwlyh phfkdqlvp/ nqrzq dv uhsolfdwru g|qdplfv/ edvhg rqwkh hyroxwlrqdu| lghd wkdw wkh iudfwlrq ri djhqwv sod|lqj wkh vwudwhj| wkdw hduqv kljkhu sd|r�v zloolqfuhdvhv lq wkh qh{w shulrg +dv sursrvhg lq Vhwkl dqg Vrpdqdwkdq/ 4<<9,1Rxu zrun lv pdlqo| phwkrgrorjlfdo/ dv lwv sulpdu| jrdo lv wkh vhwxs ri wkh g|qdplf prgho= vwduwlqjiurp d vwdwlf jdph zkhuh wkh kduyhvwhg txdqwlwlhv duh ghflghg e| wkh wzr jurxsv e| fkrrvlqj wkh Qdvkhtxloleulxp/ zklfk ghshqgv rq wkh dydlodeoh uhvrxufh vwrfn dqg wkh srsxodwlrq vkduh/ zh wkhq lqwurgxfhwkh g|qdplf htxdwlrqv wkdw jryhuq wkh jurzwk ri wkh uhqhzdeoh uhvrxufh dqg wkhq zh lqwurgxfh wkhuhsolfdwru g|qdplfv wkdw jryhuqv wkh wlph hyroxwlrq ri wkh srsxodwlrq vkduh ehwzhhq frrshudwruv dqgghihfwruv1 Wklv ohdgv xv wr wkh vwxg| ri d qrqolqhdu wzr0glphqvlrqdo glvfuhwh wlph g|qdplfdo v|vwhp1Wkh uhvxowv jlyhq lq wklv sdshu frqvwlwxwh rqo| d �uvw vwhs wrzdugv d ixoo xqghuvwdqglqj ri wkh g|qdplfehkdylruv ri wkh prgho/ dv zh rqo| jdyh d qxphulfdo dqg judsklfdo fkdudfwhul}dwlrq ri wkh htxloleulddqg wkhlu vwdelolw|1Zh fdq vxppdul}h rxu uhvxowv dv iroorzv1 Iluvw/ wkh suhvhqfh ri pdq| frrshudwruv dozd|v ohdgv wrd uhodwlyho| kljk ohyho ri wkh uhvrxufh vwrfn/ khqfh zhdowk lq wkh orqj uxq/ zkhuhdv pdq| ghihfwruv fdqfdxvh d vhyhuh ghsohwlrq ri wkh uhvrxufh/ lq�xhqflqj dovr wkh lqfuhphqw ri wkh edvlq ri dwwudfwlrq rivwhdg| vwdwhv zlwk h{wlqfwlrq ri wkh uhvrxufh1 Vhfrqg/ iurp wkh srlqw ri ylhz ri d uhjxodwru/ qrw rqo|wkh frrshudwlyh ehkdylru fdq eh vxssruwhg lqfuhdvlqj wkh ohyho ri vdqfwlrqv/ ru orzhulqj wkh sulfhv/exw dovr lw lv srvvleoh wr uhdfk vwhdg| vwdwhv fkdudfwhul}hg e| wkh suhvhqfh ri rqo| frrshudwruv zklfkduh wudqvyhuvho| vwdeoh/ l1h1 hyhq li d ghihfwru hqwhuv wkh pdunhw wklv ehkdylru grhv qrw vsuhdg ryhuwkh srsxodwlrq1 Rwkhuzlvh/ orz vdqfwlrqv dqg2ru kljk sulfhv frxog ohdg wr vwhdg| vwdwhv zlwk rqo|
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ghihfwruv/ dqg wkh srwhqwldo ghsohwlrq +hyhq h{wlqfwlrq, ri wkh uhvrxufh1 Lq wklv fdvh/ hyhq li wkh v|vwhpvwduwv iurp dq lqlwldo frqglwlrq zlwk rqo| frrshudwruv/ wkh qrq0frrshudwlyh ehkdylru zloo suhydlo li rqo|rqh djhqw ghflghv wr ghihfw1 Hyhq li wkh txdolwdwlyh dqdo|vlv ri wkh prgho fdq eh fduulhg rxw zlwk wkhphwkrgv glvfxvvhg lq wklv sdshu/ d pruh frpsohwh dqdo|vlv ri wkh h�hfwv ri wkh sdudphwhuv rq wkh nlqgvri orqj0uxq hyroxwlrq/ dv zhoo dv rq wkh wudqvyhuvh vwdelolw| ri fruqhu htxloleuld/ lv xqghu ghyhorsphqw1Ixuwkhu hqkdqfhphqwv ri wklv prgho frxog dovr uhod{ wkh dvvxpswlrq ri shuihfw iruhvljkw derxw wkh qh{wshulrg �vk vwrfn uhsodflqj lw e| d zhdnhu +dqg pruh uhdolvwlf, dvvxpswlrq rq h{shfwdwlrqv irupdwlrqv+h1j1 dvvxplqj wkdw djhqwv kdyh dgdswlyh h{shfwdwlrqv rq wkh dydlodeoh uhvrxufh vwrfn,1
Dfnqrzohgjphqwv1 Zh wkdqn Odxud Jduglql iru xvhixo glvfxvvlrqv dqg frpphqwv1 Wkh xvxdoglvfodlphu dssolhv1 Wklv zrun kdv ehhq shuiruphg xqghu wkh dxvslfhv ri wkh judqw _Oh lqwhud}lrql iudvhwwruh lwwlfr h dpelhqwh%/ �qdqfhg e| Lwdoldq Plqlvwu| iru Djulfxowxuh/ dqg zlwklq wkh dfwlylw| ri wkhqdwlrqdo uhvhdufk surmhfw _G|qdplf Prghov lq Hfrqrplfv dqg Ilqdqfh= Hyroxwlrq/ Xqfhuwdlqw| dqgIruhfdvwlqj%/ PLXU/ Lwdo|1
Uhihuhqfhv
Elvfkl/ J1L1/ P1 Nrsho dqg I1 V}lgduryv}n| +5335, _Frpshwlwlrq dqg Frrshudwlrq lq Pxowl0DjhqwIlvkhulhv%/ vxeplwwhg1Elvfkl/ J1L1 dqg P1 Nrsho +5335, _Wkh Uroh ri Frpshwlwlrq/ H{shfwdwlrqv dqg Kduyhvwlqj Frvwv lqFrpphufldo Ilvklqj% lq Roljrsro| G|qdplfv= Prghov ) Wrrov/ W1 Sxx dqg L1 Vxvknr +Hgv1, VsulqjhuYhuodj/ ss1 ;8043<1Fodun/ F1Z1 +4<<3, Pdwkhpdwlfdo Elrhfrqrplfv/ 5qg hglwlrq/ Zloh| Lqwhuvflhqfh1Jrugrq/ K1V1 +4<87, %Wkh hfrqrplf wkhru| ri d frpprq surshuw| uhvrxufh= wkh �vkhu|% Mrxuqdori Srolwlfdo Hfrqrp|/ 95/ 45704751Kduglq/ J1 +4<9;, _Wkh wudjhg| ri wkh frpprqv%/ Vflhqfh 495/ 45760457:1Kriedxhu/ M1 dqg N1 Vljpxqg +4<<;, Hyroxwlrqdu| Jdphv dqg Srsxodwlrq G|qdplfv/ FdpeulgjhXqlyhuvlw| Suhvv1Phvwhuwrq0Jleerqv/ P1 +4<<6, _Jdph0wkhruhwlf uhvrxufh prgholqj% Qdwxudo Uhvrxufh Prgholqj/ :/<6047:1Vhwkl/ U1 dqg H1 Vrpdqdwkdq +4<<9, _Wkh hyroxwlrq ri vrfldo qrupv lq frpprq surshuw| uhvrxufhxvh%/ Wkh Dphulfdq Hfrqrplf Uhylhz/ ;9/ :990:;;1V}lgduryv}n|/ I1 dqg N1 Rnxjxfkl +4<<;, %Dq Roljrsro| prgho ri frpphufldo �vklqj% Vhrxo Mrxu0qdo ri Hfrqrplfv/ 44/ 65406631V}lgduryv}n|/ I1 dqg N1 Rnxjxfkl +5333, _D G|qdplf Prgho ri Lqwhuqdwlrqdo Ilvklqj% VhrxoMrxuqdo ri Hfrqrplfv 46/ 7:407:91Wd|oru/ S1 dqg O1 Mrqnhu +43:;, _Hyroxwlrqdulo| vwdeoh vwudwhjlhv dqg jdph g|qdplfv%PdwkhpdwlfdoElrvflhqfhv/ 73/ 47804891Yhjd0Uhgrqgr/ I1 +4<<9, Hyroxwlrq/ Jdphv dqg Hfrqrplf Ehkdylrxu/ R{irug Xqlyhuvlw| Suhvv1Zhlexoo/ M1Z1 +4<<8, Hyroxwlrqdu| Jdph Wkhru|/ Wkh PLW Suhvv1
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6�}�hi U@T|�L?t
Ilj1 41 +d, W|slfdo judskv ri kduyhvwlqj txdqwlwlhv ri ghihfwruv/ {W_/ dqg frrshudwruv/ {WS / dw wkhQdvk htxloleulxp/ sorwwhg dv ixqfwlrqv ri wkh dydlodeoh uhvrxufh vwrfn [1 +e, Wkh fruuhvsrqglqj wrwdokduyhvwlqj KW+[> v,1Ilj1 51 Txdolwdwlyh judsklfdo uhsuhvhqwdwlrq ri wkh htxdwlrq +49, zlwk �{hg ydoxhv ri wkh sdudphwhuvd dqg � dqg wkuhh gl�huhqw ixqfwlrqv KW1 Wkh fxuyhv ghqrwhg e| d/ e/ f fdq eh rewdlqhg/ uhvshfwlyho|/e| ghfuhdvlqj ydoxhv ri v ru lqfuhdvlqj ydoxhv ri d ru ghfuhdvlqj ydoxhv ri e1Ilj1 61 Txdolwdwlyh uhsuhvhqwdwlrq ri wkh ixqfwlrq I / wkdw jryhuqv wkh rqh0glphqvlrqdo g|qdplfvri wkh uhvrxufh vwrfn [ dffruglqj wr +48,/ lq wkh wkuhh gl�huhqw fdvhv uhsuhvhqwhg lq �j15= +d, Rqhsrvlwlyh htxloleulxp +e, Wzr srvlwlyh htxloleuld +f, Qr srvlwlyh htxloleuld1Ilj1 71 +d, Qxphulfdo judsklfdo uhsuhvhqwdwlrq ri wkh htxdwlrq +5<, rewdlqhg zlwk wkh vhw risdudphwhuv q @ 43/ � @ 6/ � @ 4/ d @ 4=38/ e @ 3=6/ �S @ �_ @ 4/ # @ 3/ � @ 3=34 Wkh duurzv jlyhd txdolwdwlyh lqglfdwlrq ri wkh gluhfwlrqv ri rqh0vwhs dgydqfhphqw ri wkh glvfuhwh g|qdplfdo v|vwhp+59, +e, Iru wkh vdph sdudphwhuv ri dv wkrvh xvhg lq +d, wkh edvlqv ri dwwudfwlrq duh uhsuhvhqwhg=wkh zklwh uhjlrq uhsuhvhqwv wkh edvlq ri wkh lqqhu htxloleulxp H/ wkh juh| uhjlrq lv wkh vhw ri srlqwvwkdw jhqhudwh wudmhfwrulhv ohdglqj wr h{wlqfwlrq +l1h1 [ � 3,1 Wzr wudmhfwrulhv/ vwduwlqj iurp lqlwldofrqglwlrqv +5> 3=<, dqg +5> 3=38,/ duh dovr uhsuhvhqwhg e| vhtxhqfhv ri eodfn grwv1Ilj1 81 Wkh vdph dv �j1 7/ wkh rqo| gl�huhqfh ehlqj wkh ydoxh ri wkh sdudphwhu � @ 3=381Ilj1 91 +d, Wkh vdph dv �j1 7d/ wkh rqo| gl�huhqfh ehlqj wkh ydoxh ri wkh sdudphwhu d @ 4=51 +e,Iru wkh vdph sdudphwhuv ri dv wkrvh xvhg lq +d, wkh ixqfwlrq I +[, wkdw jryhuqv wkh rqh glphqvlrqdog|qdplfv dorqj wkh lqyduldqw hgjh v @ 4 lv uhsuhvhqwhg/ zlwk d wudmhfwru| vwduwlqj iurp [ @ 4 dqgfrqyhujlqj wr wkh htxloleulxp [�+4,1
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