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Abstract. The growth of a species feeding on a limiting nutrient supplied
at a constant rate is modelled by chemostat-type equations with a general
nutrient uptake function and delayed nutrient recycling. Conditions for
boundedness of the solutions and the existence of non-negative equilibria are
given for the integrodifferential equations with distributed time lags. When
the time lags are neglected conditions for the global stability of the positive
equilibrium and for the extinction of the species are provided. The positive
equilibrium continues to be locally stable when the time lag in recycling is
considered and this is proved for a wide class of memory functions. Com-
puter simulations suggest that even in this case the region of stability is very
large, but the solutions tend to the equilibrium through oscillations.

Key words: Chemostat equations — Recycling — Time lags — Stability

1. Introduction

Models based on chemostat-type equations to simulate the growth of planktonic
communities of unicellular algae in lakes and oceans have been studied by many
authors, e.g., Hsu et al. (1977), Waltman et al. (1980). An important difference
between a “‘chemostat™ situation and a “lake” situation appears to be in the fact
that lakes generally have residence time of nutrient and sediments measured in
years (Powell and Richerson 1985). This implies that in models of natural
systems a smaller wash-out rate constant and the regeneration of nutrient due to
bacterial decomposition of the dead biomass must be considered (Svirezhev and
Logofet 1983). The effect of material recycling on ecosystem stability has been
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mainly studied for closed systems (Nisbet and Gurney 1976; Nisbet et al. 1983,
Ulanowicz 1972).

Powell and Richerson (1985) and Nisbet and Gurney (1976) considered
nutrient recycling as an instantaneous term thus neglecting the time required to
regenerate nutrient from dead biomass by bacterial decomposition; such a delay
is always present in a natural system and increases for decreasing temperature
(Whittaker 1975).

In this paper we consider an open system with a single species feeding on a
limiting nutrient which is partially recycled after the death of the organisms and
we insert a distributed time lag in the recycling term in order to study its effect
on the stability of the positive equilibrium.

The population may be any planktonic community of unicellular algae, and
the nutrient in question may be phosphorous, nitrogen or even a vitamin such as
B,,.

We assume the following general hypotheses on the nutrient-uptake function
(Hale and Somolinos 1983):

(i) the function is non-negative, increasing, and vanishes when there is no
nutrient,
(ii) there is a saturation effect when the nutrient is very abundant.

This class of functions includes the Michaelis—Menten function which is usually
proposed to describe the nutrient uptake of phytoplankton in a chemostat, e.g.
Caperon (1968).

In Sect. 2 the integrodifferential model is described and conditions for the
boundedness of the solutions and the existence of non-negative equilibria are
given. In Sect. 3 it is proved that when the time delay is neglected the positive
equilibrium, if it exists, is asymptotically stable with respect to any positive initial
condition, whereas when it does not exist the species becomes extinct. In Sect. 4
the stability of the positive equilibrium is studied for the model with distributed
delay: we give a condition on the coefficients of the model to ensure local stability
with general non-negative and normalized memory functions. Then the memory
function is taken to be a gamma distribution of integer order and the stability of
the positive equilibrium is proved for any value of the coefficients. Furthermore
numerical solutions suggest that the region of stability is very large. Hence in this
case the time delays do not destabilize the positive equilibrium. However
computer simulations show that the trajectories approach the equilibrium
through oscillations, whereas oscillations do not occur in the instantaneous case.

2. The model

We consider the following model:

1

S =D(S°— S) —mU(S)N + bD, j F(t —t)N(1) dr,

. o (2.1)
N=N[—(D +D,) +m,U(S)]
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where S is the concentration of a limiting nutrient and N is a measure of the
population of some organism. S and N are the time derivatives of S and N.

The constant D > 0 is the input and output flow, and is referred to as the
wash-out rate. S° > 0 is the input concentration of the limiting nutrient, m > 0 is
the maximum uptake rate of nutrient, m, > 0 is the maximum specific growth
rate of the organism, D, >0 is the death rate and b € (0, 1) is the fraction of
nutrient recycled after the death of the species.

The constant 1/D has the physical dimension of a time and represents the
average time that nutrient and waste products spend in the system (Smith 1981).
The function U(S) describes the nutrient uptake rate of the species.

From the hypotheses i) and ii) of Sect. 1 U(S) is a continuous function
defined on [0, 4+ c0) and

U(0) = 0; U 0 and lim Uu(s) =1. (2.2)
dS S—

In particular these hypotheses are satisfied by the Michaelis—Menten function:

S
U(s) =1+s (2.3)
where 4 > 0 is the half-saturation constant.
The delay-kernel F(u) is a non-negative bounded function defined on
[0, + o0) and describes the contribution of the biomass dead in the past to the
nutrient recycled at time ¢. The presence of the time lag must not affect the
equilibrium values, so

’ f F(u) du = 1. (2.4)
0
The average time lag is defined as
T= j‘ uF(u) du. (2.5)
0
The solutions of system (1), with initial conditions
S(tp) = So > 0,
(2.6)
N(7) = ¢(1),

¢ being a bounded continuous positive function defined on ( — 0, £,], exist for all
t 2 t, and remain non-negative for ¢ > ¢, (see, e.g., Cushing 1977; Gopalsamy
1983). Furthermore

Theorem 2.1. If the inequality

m(D + D,)

b
= m, D,

2.7

holds, then all the solutions are bounded.
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Proof. We prove that a Liapunov function exists whose derivative along the
trajectories of (2.1) is negative outside a bounded region of the positive orthant
of the plane (S, N) (see, e.g., Yoshizawa 1966). Let be

Vi1, S, N) = S(f) + ,-":'— N(f) + bD, r F(s)( J " N du) ds.
1 0 t—s

It is easy to see that ¥ >0 and ¥ > + oo when |(S, N)| - + 0. The derivative of
V along the trajectories of (2.1) is

V =D(S°— S) —mU(S)N + bD, r FN(t —u) du

+ 2 N[—(D + D,) + m, U(S)]
m

+ bD, on F(s) g; (ft N@) du) ds

= D(S° - S) + bD, J

0

" FO)N(t — u) du — 2. (D+DYN
1
+bD, J PN — Nt — ) ds
0

= D(S°— §) — (mﬂ (D + D)) —bD1> N.
1
From the hypothesis the coefficient of N is negative. Thus outside the region of
the positive orthant bounded by the axes and by the line
_ D(S*—9)
(D + D])m/ml - bDl

V is negative. This completes the proof.

System (2.1) has the non-negative equilibrium E, = (S°, 0) which exists for all
parameter values, and the equilibrium E;, =(S,, N,) with

D(S°-S.)

=U"! No=—"re——, 2.
Se=UT@+D)m),  Ne=mre—is (28)
which is positive provided that (2.7) is true and
D;D‘ <1 and S, <S° (2.9)
1

3. The instantaneous model
When the time lag in the recycling term is neglected, i.e. the delay-kernel is a
delta function F(u) = 6(u), the model becomes

S =D(S°— S) —mU(S)N + bD, N,

. (3.1)
N=N[—(D +D,) + m U(S)).
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This model has the same equilibria as (2.1). We shall prove that when the
positive equilibrium E, exists it is globally asymptotically stable, whereas if it
does not exist the equilibrium E; becomes globally stable, that is the species
becomes extinct. We first give the following:

Lemma 3.1. If b <m/m, then for each ¢ >0 a t exists such that
St <S°+¢ fort>t.
Proof. Let P(t):=S(t) + (m/m)N(z). Its time derivative is

P =D(S°—S) —mU(S)N+bD,N+mﬂN[—(D +D,) +m US)|

= —DP+DS°—D,(~’£-b)N.

m
From the hypothesis we obtain the differential inequality
P < —DP+DS°

which implies P(t) < S°+ 4 e ~?', where A is a constant. Then
lim S() +— N(7) < S°
t— + oo m,

and since N(?) is always positive if it starts positive, the thesis follows.
By the following theorem we give conditions for extinction of the species:

Theorem 3.1. If b <m/m, and

D+D,

m,

U(s® < (3.2)

then the equilibrium E,=(S° 0) is globally asymptotically stable in R’ =
{(S,N) e R*|S >0, N > 0}.
Proof. We prove the theorem by showing that
lim N()=0 and lim S(¢)=S°.
t— oo

t— o0

From the second of (3.1) we have

N() = N(0) exp [m, f ' (U(S(t’)) _D ; b ‘) dt’]. (3.3)

1

Since U(S) is a continuous function it follows from (3.2) that there is a constant
¢ > 0 such that U(S°+ &) < (D + D,) /m,. Then by Lemma 3.1 there exists 7 such
that if ¢ > ¢ then S(f) < S°+¢&. This implies that U(S(?)) < U(S° + ¢) because
U(S) is an increasing function. Thus

N(t) = N(0)C exp l:m1 J\t (U(S(t')) _ D ; Dl) dt']

r

< N(0)C exp [ml f ' (U(S" +e-2 ’: b ‘) dt’] (3.4)

1
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C=exp |:m1 f{(U(S(t’)) _ M) dt’:l >0.
0 m,

The exponent in (3.4) is negative, so lim, ,  N(¥) =0. Now lim,_  S(t)=S°
follows from the first of (3.1) with N(¢) =0.

Let us note that if m; < (D + D,), i.e. the mortality plus the wash-out rate is
greater than the maximum growth, the inequality (3.2) is true for each value of
the input concentration S°. When m, > (D + D,) and (3.2) holds true then the
extinction of the species is due to lack of nutrient. The following theorem states
the evolution of the system when the species does not become extinct:

with

Theorem 3.2. If the positive equilibrium E, = (S,, N,) exists then it is globally
asymptotically stable in R%. .

Proof. We define the Liapunov function

_ g() Nx—Ne
V(S,N)—wJ‘ U()d X + W Lﬂ i (3.5)

where g(x) =m, U(x) — (D + D,) is an increasing function such that g(S,) =0,
and w;,w,eR,. Then V=0 and V(S,N) =0 if and only if S=S,, N=N,.
The time derivative of V along the trajectories of (3.1) is

V ig]((:gg)) [D(SO_S) mU(S)N+bD1N] +W2(N—Ne)g(S)
B D(So _ S) bDlN D(SO - Se) bDl Ne
= ng(S)[T(Si_ —mN + Uus) UGS e U(Se)]

+ wy(N — N, )g(S)
where we have used the equilibrium condition for the first of (3.1).
We fix the positive constants w, and w,
bD,
U(S.)

w =1 Wy =m —

where w, > 0 if (2.7) holds true. Since
NU(S,) — N, U(S) = US)(N — N,) — N(U(S) — U(S.)),

we obtain

DS°+bD\N D

TEUG,) U(S) — U(S.)) —g(S) TEUG)

But, from (2.8), g(S) =m(U(S) — U(S.)). Then, since SU(S,) — S.U(S) =
—S(U(S) — U(S,)) + U(S,)(S — S.), we obtain

V=—g) (SU(S,) — 8. U(S)).

WDSO +bD,N ~ DS,)U(S) ~ U(S,)?

U( S) —~ U(S.). (3.6)
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The first term is negative because DS® > DS,. The second term is negative
because U(S) is an increasing function. Then ¥ <0, and ¥ =0 if and only if
S = S,. But the largest invariant subset of the set of the points where ¥ =0 is
(S., N,). Then the global stability of (S,, N,) follows from the La Salle extension
of Liapunov’s Theorem (La Salle and Lefschetz 1961).

Concerning the assumptions on the function U(S), remark that in the above
theorem we only use that it is an increasing function. The results stated in
Theorems 3.1 and 3.2 can also be applied when b = 0, thus extending the results
given in literature for chemostat equations with a Michaelis—Menten uptake
function, as in Waltman et al. (1980).

However from (3.6) we can see that the recycling (i.e. b # 0) has a stabilizing
role for the positive equilibrium.

4. The model with delayed recycling: stability and numerical solutions

We study here the local stability of the positive fixed point of model (2.1) in
order to see if the presence of the time lag in the recycling term can change its
stability.

Once linearized around the positive equilibrium E; the model (2.1) reads

Xx=—D +mU(S,)N,)x —mU(S.)y + bD, f F(t —t)y(t)de

— 0

4.1
J} = mlU/(Se)Nex ( )

where x = S(f) — S, and y = N(t) — N,. If we define the positive constant
k =U'(S,)N, (4.2)
and recall that U(S,) = (D + D,)/m, then the characteristic equation of (4.1) is
A2+ (D +mk)A + m(D + D)k —bDymk%(A) =0 (4.3)
where .#(4) is the Laplace transform of the delay kernel (MacDonald 1978)
L) = J:o F(u) e~ du.

The positive fixed point is locally asymptotically stable if and only if all the roots
of (4.3) have negative real parts.

Without specifying any particular memory function F(u) we give the follow-
ing stability result:
Theorem 4.1. If

D? + m%k?

D f—, 44
i ok (4.4)

then the positive equilibrium of (2.1) is always locally asymptotically stable.
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Proof. We follow the argument given in MacDonald (1978), p. 27. Since each
root of (4.3) is a continuous function of the parameters and when T =0 all the
roots of the characteristic equation lie in the left hand half plane (we have
stability for zero delay) a necessary condition for a stability change is that the
characteristic equation has a pure imaginary solution A =iw, i.e. a pair of
conjugate complex roots cross the imaginary axis. It suffices to seek roots
with @ € R, since 4 =0 is not a root, because m(D + D)k — bD,mk >0 from
2.7.
Thus we substitute 4 = iw, w € R, in (4.3), and obtain

H(iw) = L(iw) (4.5)
where

mk(D + D) — w? + iv(D + mk)
bD mk

H(iw) ==
Since | Z(iw)| < [ F(u)|e ~**| du =1 we have that a necessary condition for the
existence of a solution of (4.5) is
|H(iw)| < 1. (4.6)
We study the function
[mk(D + D,) — 02> + 0*(D + mk)*

R(w) :=|H(iw)|* = 4,
() =|H(io)| DmIkID? 4.7
m*(D + D,)> mk*D(D +2D,)
= 1 4.
RO =—42pmp? bmiEDT (48)
because of (2.7). We also have lim,, _, ., R(w) = + oo and the derivative
3 2 252
R'(@) =4w +2w(D* + m’k 2mkD1)‘ (4.9)

b*m3k>D}

If D, <(D?+ m?k?)[2mk then R(w) is an increasing function of w and from
(4.8) it follows that R(w) > 1 for each ® >0. Thus |H(iw)| > 1 for w >0 and
this excludes the possibility of changes of stability. This completes the proof.

Let us note that Theorem 4.1 still holds for a discrete delay, i.e. when
Fr(u) =8(u — T). In fact the Laplace transform of the delta distribution is
e *T and | &(iw)| = 1.

In order to see what happens when D; > (D?+ m%k?)/2mk we restrict our
analysis to the class of memory functions:

a p+1

glu) = e (4.10)

where p is a non-negative integer and a € R, is linked to the mean time lag by

_p+1
.

T (4.11)
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These kernels are often used in literature, e.g., MacDonald (1978), Cushing
(1977). The Laplace transform is

a p+1
L) = (a - A) (4.12)

and the characteristic equation has the polynomial form:
Aa+ )Y+ (D +mk)Ma + AP +m(D + D,)k(a + 2)?+!
_ap+lbD1mlk=0. (4.13)

For p =0 the memory function (4.10) is a decreasing function, and Eq. (4.13)
becomes a third degree algebraic equation. By the Routh—Hurwitz criterion (see
Appendix) it is easy to prove that in this case the positive equilibrium is locally
asymptotically stable for each value of the parameters.

When p > 0 the kernels (4.10) have a single maximum occurring at u = p/a,
and the width of the peak decreases with increasing p. Usually the destabilizing
effect of distributed delays with kernels (4.10) increases with increasing p. For
our model we can give the following result.

Theorem 4.2. The positive equilibrium of the Eq. (2.1) with delay-kernels (4.10) is
locally asymptotically stable for each non-negative order p of the kernels.

Proof. We consider the characteristic equation (4.13) with A = iw
—w(a + iw)? ' + (D + mk)io(a + i0)? '+ m(D + D))k(a + iw)? !
—a?*'bD mk =0. (4.149)

We introduce an auxiliary angle variable § with
tanf =2, 0<f<= (4.15)
a 2

and (4.14) reads:
—w?*(cos 0 + i sin 6)? T ! + jw(D + mk)(cos 0 + i sin )7 *!
+ m(D + D))k(cos 8 + i sin 0)?* ' = bD,m,k(cos 6)?* 1,
ie.
e’ P+ — 0?2 + m(D + D))k + io(D + mk)] = bD,m,k(cos 6)?*!.
By taking the square modulus of both the sides we obtain
R(w) = (cos )P+ D (4.16)

where R(w) is the function defined in (4.7). The Routh—Hurwitz critical values
must correspond to solutions of Eq. (4.16). We have already proved (see
Appendix) that for p =0 there are no such critical values and R(w) > 1 for
@ >0. As p increases the right hand side of (4.16) becomes smaller because
0 <cos 6 <1 and this implies that (4.16) has no solutions.
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Fig. 1a—c. Numerical solutions of the instantaneous model (3.1) and the model (2.1) with time lag
and delay-kernel (4.10) and with Michaelis—Menten uptake function (2.3) are represented on the
plane (S, N) and versus time. They are obtained with the same fixed set of parameters D =0.1,
S§°=20, D,=4, m=10, m; =9, A =6, b =0.8. a Instantaneous model (3.1); b model (2.1) with
exponentially decreasing delay-kernel (4.10) with p = 0. The average time lag is T = 5. The trajectory
is obtained by a numerical solution of the expanded system (4.17). The region of stability of the
positive equilibrium appears to be very large; ¢ model (2.1) with delay-kernel (4.10) with a maximum
in the past, i.e. p =1, and the same average time lag 7' =5
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We only proved the local stability of the positive equilibrium of the model
with time lags whereas we proved its global stability for the instantaneous case.
However numerical solutions of the system (2.1) with an uptake function of
Michaelis—Menten type (2.3) and kernels (4.10) with p =0 and p =1 suggest
that the positive equilibrium is practically globally stable.

In Fig. 1 numerical solutions of the instantaneous model (3.1) and of
system (2.1) with delay-kernels (4.10) with p =0 and p =1 respectively are
plotted on the plane (S, N). These trajectories are the projections on the plane
(S, N) of the solutions of the expanded system of ordinary differential equa-
tions obtained by the “linear chain trick technique” (MacDonald 1978). For
example when p =0 we define the new variable

t
y= f ae ““IN(MDdt

— 0

and the integrodifferential system (2.1) is transformed into an equivalent system
of three ordinary differential equations:

S =D(S° — S) —mU(S)N + bD, y,
N=N[— (D + D)) + mU(S)), (4.17)
y=aN —ay

where the variable y(¢) can be interpreted as an intermediate component which
causes the delay, such as the dead biomass in the sediments.

From a comparison of these numerical simulations we can see that the
oscillations are more evident in the model with a delay-kernel with a maxi-
mum in the past (Fig. 1c) whereas they are absent in the instantaneous model
(Fig. la).

5. Conclusions

We have studied the growth of a population depending on a limiting nutrient
which is partially recycled after the death of organisms. The population in
question may be a planktonic community of unicellular algae and the nutrient
may be phosphorous, nitrogen or even a vitamin such as B,,.

We have considered generalized chemostat equations with a fairly general
nutrient uptake function and a nutrient recycling term with distributed delay,
and we have given conditions for boundedness of the solutions.

We have also considered the model with instantaneous recycling and we
have stated conditions for the global stability of the positive equilibrium and
conditions for the extinction of the species. Then we have studied the effect of
time delays in nutrient recycling and, with a fairly general class of memory-
functions we have proved that the positive equilibrium continues to be locally
stable, independently of the value of the time lag. Numerical solutions have



110 E. Beretta et al.

shown that the region of stability of the positive equilibrium is large, but the
trajectories approach the equilibrium through oscillations when time lags are
considered.

Appendix

By the Routh—Hurwitz criterion we prove that all the roots of the characteristic
equation (4.13) have negative real parts when p = 0. If p = 0 Eq. (4.13) becomes
A3+ a,A? + a,A + a; = 0 with
a=a+D+mN,U(S,) >0,
ay=aD + amN,U'(S,) +mm,N,U(S,)U'(S,) >0,
a;=am N, U'(S,)[mU(S,) —bD;1>0
where the last inequality follows from (2.7):
D+D, bD
U,y =2+ 00
m, m

The Routh—~Hurwitz criterion says that Re(4,} <0, i=1,...,3 if and only if
a,a,—ay;>0.
In our case
(@a+ D +mN,U(S)NaD + amN,U’'(S,) + mm,N,U(S,)U'(S.)
>am, N, U'(S,)[mU(S,) — bD,]
because
amn, N, U(S,)U'(S.) + (positive terms) > amn, N,U(S,)U’(S,)
—bD,am N, U'(S,).
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