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Abstract

We propose a game-theoretic model in which each firm chooses the level of economic activity
on the basis of its own financial conditions and of the financial conditions of rival firms. The model
generates the laws of motion of firms’ net worth which may determine convergence to a symmetric
steady state or more complex dynamical behaviors, periodic or chaotic, depending on the values of
the parameters.
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1. Introduction

In the theoretical literature, financial fragility and instability have been associated with
models of (sometimes vicious) interaction between financial and goods markets. This litera-
ture has been pioneered by Minsky (8#iasky, 1982 and recently revived in the new view
of the relationship between imperfect financial markets and the macroecoBamatgke
et al., 1999; Greenwald and Stiglitz, 1993; Kiyotaki and Moore, }987the presence
of asymmetric information, in fact, financing constraints are important in investment and
production decisions.

The more recent literature, however, is essentially concerned with the emergence of
financial fragility in a perfect competition setting. A remarkable example is the theoretical
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framework put forward by Greenwald and Stiglitz (GS hereaftergeenwald and Stiglitz,

1993. They assume that each firm faces an infinitely elastic demand function subject to a
random idiosyncratic shock. Firms are unable to raise external finance on the Stock market
because of equity rationingsfeenwald et al., 1984; Myers and Majluf, 198%herefore,

they rely first and foremost on internal funds in order to finance production and resort to bank
credit if internal funds are insufficient. As a consequence, firms run the risk of bankruptcy.
By assumption the probability of bankruptcy is a decreasing function of net worth (or equity
base), which is a measure of financial robustness: the higher net worth (the lower financial
fragility), the lower the probability of bankruptcy will be. Therefore, if bankruptcy is costly
the scale of production is increasing with net worth.

Assuming perfect competition (price taking firms), GS rule out strategic interaction. In
this paper we follow a different route, allowing for imperfect competition and strategic
interaction among firms which take financial conditions into account when deciding their
scale of production. In our framework, each firm faces a negatively sloped demand function
subject to a random idiosyncratic shock. The selling price of the firm, however, depends
also on the quantity produced by the competitors. In an oligopolistic setting, we can show
that in (Nash) equilibrium the scale of production of each firm is a function not only of its
own net worth but also of the net worth of rival firms.

In principle a firm can be either financially constrained (incomplete collateralization
regime) or unconstrained (full collateralization). If internal funds are insufficient to pay
for the wage bill, the firm is financially constrained, goes into debt and incurs bankruptcy
costs. If net worth is more than enough to fund the wage bill, the firms is unconstrained and
benefits from a financial solidity bonus which plays a role symmetrical to that of bankruptcy
costs for the constrained firm.

Each firm accumulates its own equity base according to a law of motion which can
be conceived of as an accounting identity: the absolute change in net worth is equal to
(expected) retained profits. This law captures the simple idea according to which each
firm accumulates net worth in as much as it retains profits instead of distributing them to
shareholders as dividends.

The Nash equilibrium level of output of each firm is driven by endogenous fluctuations
in the equity bases of the firm itself and of its competitors. Therefore the game-theoretic
framework is ideal for the study of composition and cascade effects which are crucial in the
development of financially driven fluctuations.

Itis worth noting that the endogenous dynamics implicitin our game-theoretic framework
are a consequence of the evolution over time of net worth. So far, endogenous dynamics in
a game-theoretic framework have been explored in the context of evolutionary game theory
where they depend on myopic learning processes, a controversial assumption in a context
of rationality and widespread information.

The paper is organized as follows. 8ection 2 we discuss the background assump-
tions. We borrow some of them fro@reenwald and Stiglitz (1993put we give up the
representative agent-perfect competition hypothesis on which their framework is based. In
our framework, firms operate in a simple oligopolistic set-up. The strategic variable is the
quantity produced (Cournot competition).

In Section 3 we examine the benchmark case in which constrained firms do not incur
bankruptcy costs and unconstrained firms do not benefit from the solidity bonus. In this case,
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the quantity produced in the Cournot—Nash equilibrium is the same for each oligopolist
(Symmetric Nash Equilibrium (SNE)) and is independent of the financial condition (i.e. the
level of the equity base) of the firm and of its rivals. As a consequence, the law of motion of
the equity base of each firm is independent of the accumulation of net worth on the part of
rival firms. In the benchmark case, therefore, there are two type=lgvanceof financial
conditions. First, financial conditions of the firms are irrelevant for the determination of
equilibrium output. Second, the accumulation of net worth on the part of rival firms does
not affect the accumulation of net worth on the part of the individual firm.

Inthe general case, when firms incur bankruptcy costs/solidity bonuses, these irrelevance
results do not hold true any more, as we shoBéttion 4 First, the quantity produced in
Nash equilibrium depends on the financial conditions (that is the equity bases) of the firm
and of its rivals. Second, the Nash equilibrium is not symmetric, i.e. the quantity is different
from one firm to the other. Third, it is only temporary, because the equity bases of the firms
are changing over time. Fourth, the accumulation of the equity base of each firm is affected
by the accumulation of net worth on the part of rival firms.

The evolution of the firms’ equity bases is represented by a discrete-time dynamical sys-
tem which can generate a wide range of dynamic patterns: convergence to a steady state,
periodic orbits or more complex evolutions, even chaotic. In other words, we obtain en-
dogenous fluctuations of the equity bases of the firms, which drive the dynamic pattern
of Cournot—Nash equilibrium. By analytical and numerical arguments we show that if the
retention ratios are not uniform across firms and “sufficiently low” the equity bases of the
firms will converge to the Symmetric Steady state Nash Equilibrium (SSNE), i.e. in the
long run firms become homogeneous as far as the equity ratio and the level of output are
concerned. Increasing the value of at least one retention ratio, the equity base of each firm
oscillates in a range which is different from one firm to the other. Further increases in at
least one of the retention ratios yield more complex, and consequently less predictable,
dynamics of the equity bases.

Section 5s devoted to the analysis of the impact of changes in the retention ratios on the
long run dynamical properties of the system by means of bifurcation diag&exaton 6
concludes.

2. Background assumptions

We focus on the behavior of firms. The pripg at which theith firm sells its good is
uncertaint Price uncertainty is captured by assuming fhaliffers from the general (aver-
age) price levelP because of a random idiosyncratic shaghkwith support (imin, Unax) dis-
tributed according to a density functigiiz;) with expected valu&(it;) = [ &; f(i;) dit; =
0. In symbols:

pi=1ui+ P
Therefore, the expected value gfwill be E(p;) = P.

1 Following a widely adopted convention, a tilde on a variable means that the variable is stochastic. For the sake
of notational simplicity, undated variables are referred to the current period (griod
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The average price level, in turn, is a function of total producti®n: P (Ziqi), where
q; is the quantity produced by thith firm andP(-) is a decreasing function. In the simplest
case in which the corporate sector consists only of two firms, assuming a linear functional
form, the inverse aggregate demand function is:

P=a—>b(q1+q2) (2.1)

wherea andb are positive parameters.

In order to simplify the argument, we assume that production is carried out by means of
one-to-one technology;; = n; wheren; is employment. Firms finance production costs,
i.e. the wage bill ¢q;), at least partially by means of internally generated funds, which will
be referred to amet worth or equity basé;). In the following we will keep the nominal
wage constant.

We can envisage two financial regimes according to the relative magnitude of the wage bill
and the equity base. The first regime—which we will lalnebmplete collateralizatior-
occurs when net worth is not sufficient to pay the wage bill, Ae.< wq;. In this case
the firm is financially constrained and has to resort to credit. The demand for loans is
B; = wq; — A;. The (gross) interest rafe = 1+ r is exogenous. At that interest rate, banks
extend credit on demand. Moreover, debt must be repaid completely in one period (there is
no accumulation of debt). In this ca$kB represent debt commitments for the firm and is
a cost component.

Bankruptcy occurs if the firm is unable to service its debt. In order to simplify the analysis,
in the following we will assume that the probability of bankruptcy is captured by the ratio
of debt to the wage bill:

P&:i:l—i (2.2)

According to (2.2) the probability of bankruptcy is increasing with output and decreasing
with net worth. (2.2) is a very simple way of linking the probability of bankruptcy to a
measure of financial fragility of the firr.

Finally, we assume that bankruptcy is costly and that bankruptcy costs are a quadratic
function of the scale of productich:

CB; = c¢f (2.3)

2 Defining leverage as the debt to equity ratio, we get

B _wa ,_ PB
TAT A T 1-PB

and rearranging

l;

PB; = .
l+l,‘

The probability of bankruptcy therefore is an increasing concave function of leverage such thag bfg; = 0
and lim,_, ;o PB; = 1 (as one would expect).
3 On bankruptcy cost, sedlfman, 1984; Gilson, 1990; Kaplan and Reishus, 1990
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In this regime, the objective function of the firm is equal to expected profit less bankruptcy
cost in case of default:

V; = E(IT;) — CB; - PB; (2.4)

The individual price being stochastic, also profit is a random variable:

IT; = piqi — RB = it;q; + Pg; — R(wq; — A;) = (it; + P — Rw)g; + RA (2.5)
Therefore, expected profit is:

E(MT;) = Pg; — RB = Pg; — R(wq; — A;) = (P — Rw)g; + RA (2.6)
whereP is given by (2.1). Substituting (2.2), (2.3) and (2.6) into (2.4) we end up with:

A;
Vi = (P — Rw)q; + RA —cc:,?+co,»E (2.7)

The second regime, characterizediycollateralization occurs when net worth is more
than enough to fund the wage bill, i.8; > wq;. In this case the firm has financial slack
S; = A; — wq; which it can invest at the going interest rate and get a retuRSfThis is
a revenue component.

The ratio of the financial slack to the wage bill captures the degree of financial robustness
of the firmMFR; = (A4; — wq;)/wQq;. We assume that in this regime the firm is granted a
solidity bonusequal tocq,2 times the degree of financial robustnesqz.FR,».

In this regime, the objective function of the firm is equal to expected profit plus the
solidity bonus:

Vi = E(T)) + cofFR; (2.8)
Expected profit is
E(IT;) = PG + RS = PG + R(A; — wq;) = (P — Rw)g; + RA

whereP is given by (2.1). Substituting this expression into (2.8) and taking into account
the definition of financial robustness we get:

A;
Vi = (P~ Rw)g; + RA — off +cg—

which is identical to the objective function of the firm in the incomplete collateralization
case (see (2.7) above).

In the end, the firm has the same quadratic objective function regardless of the financial
regime it is experiencing. This conclusion greatly simplifies the analytic structure of the
model. Of course this is a consequence of the assumptions made above, in particular of the
introduction of a solidity bonus in the full collateralization regime. The rationale for the so-
lidity bonus is symmetrical to that of the bankruptcy cost in the incomplete collateralization
regime.

Besides the legal and administrative costs of bankruptcy, accordivavie (1992, p. 46)
there are indirect costs due to the fact that “imminent bankruptcy may change the firm’s
stream of cash flow, owing to various factors, such as the inability to obtain trade credit,
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inability to retain key employees, declining faith among the customers in the product,
etc.” and wider costs, such as the “loss of reputation” that managers of a bankrupt firm
face. Symmetrically, we assume that financial solidity makes the firm's cash flow less
susceptible to sudden changes and boosts the reputation of the managers, showing up as a
revenue component in the objective function of the firm.

3. Thebenchmark case: ¢ =0

Let's assume, as a convenient special case, the absence of bankruptcy costs for the
financially constrained firm and of solidity bonuses for the unconstrained fien (). In
this case, the objective function of tité firm is equal to the expected profit.

E(IT)) = Pg — R(wq; — A;) = (P — Rw)g; + RA

whereP is given by (2.1).
The output level is decided according to the following optimization problem

maxE (IT;) (3.1)
qi
The first-order conditions are:

AE(IT

a( Y _ 4~ 2bs — b — Rw = 0

q1

- (3.2)

J0E(IT

2) _ ,_ 2bgy — by — Rw = 0.

0q2

TheEg. (3.2)represent the Best Reply Functions (BRF) of the two firms. They are both
linear and negatively sloped, and they only depend on the paraneetecs the demand
function (2.1) and on the marginal cdRtw. These parameters are uniform across firms,
hence the players are symmetric.

From (3.2) we obtain a unique equilibriuat = (¢7, g5), whereg; andg; are given by:

1
ﬂ=ﬁ=§m—mo (3.3)
We will assume
a > Rw (3.4)

i.e. the maximum level of the average price is greater than the marginal cost in order to
assure thaj] andg; positive quantities. With such assumption (3.3) defines the Symmetric
Nash Equilibrium, at which the equilibrium level of output is identical for the two firms.

It is worth noting that the equilibrium level of output does not depend on the individ-
ual financial conditions. In principle, the two firms can differ in their degree of financial
fragility/robustness as captured by the individual net worth. This difference, however, plays
no role in the determination of the equilibrium level of output. In other words, the symmetry
between the players, which is evident from (3.2), leads to identical equilibrium levels of
output and makes the individual financial conditions “irrelevant” for output determination.
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The different degrees of financial robustness, however, play a role in the accumulation
of net worth. For each firm, in fact, the law of motion of net worth is described by the
difference equation:

Airs1= A +vEIT,) i=1,2 (3.5)

wherev; € [0, 1] is theretention ratig and (expected) profE(f‘[i,,) in periodt is given by
(2.6), i.e.

E(IT1;) = (a — Rw)q1, — b, — boh g2, + RAL,

and

E(ﬁz,t) = (a — Rw)qz; — bcé,; —basg2,: + RAp;

According to (3.5), the absolute change of net worth is equal to (expected) retained profits.
This captures the simple idea that each firm accumulates net worth in as much as it retains
profits instead of distributing them to shareholders as dividends.

At the Nash equilibriumE™ = (q7, g5) with g7 andg; given by (3.3), we have

- 1
E(T) = o (a— Rw)? + RA (3.6)

For each firm, profit “today” (and therefore net worth “tomorrow”, (see (3.5))) depends on
the individual net worth (the produ&A is a scale factor for the level of profit).

Assuming that both producers instantaneously move to the Nash equilibrium (3.3) in
each time period, so that (expected) profits are given by (3.6), the equation that governs the
evolution of the equity base of each firm becomes:

Vi
Airrr=gpa— Rw)?+ (1L + viR)A;, (3.7)

Therefore, the law of motion of the equity base of ttkefirm is independent of the accu-
mulation of its rivals’ net worth, and is expressed by a linear first-order difference equation
whose dynamical behavior is trivial. In fact, the graph of (3.7) on thg,(4;,+1) plane

is a straight line with interceptv; /95)(a — Rw)? > 0 and slopgl + v;R) > 1, so that

the time evolution of each net worth, i = 1, 2, is always characterized by an increasing
sequencdA,; ;, r > 0}. Notice that, according to (3.5), the conditidn, 1 = A;,, which
characterizes the steady states, is equivalent to the conditi@p = 0, that is, the steady
states are points of zero expected profit for each firm. From (3.7), however, it is clear that
this cannot happen at the Nash equilibrium. In other words, at the Nash equilibrium each
firm accumulates net worth at a pace equal to:

o
A1 = Aiy = g (a = Rw)® + uRA,

The rate of net worth accumulation is:

it+1 — Ai,t Vi

= — Rw)? 4+ v;R
Aj; 9bAi,t(a Wt

A
oA =
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The “long run” rate of net worth accumulation therefore is:

§A' — lim Ai,t+1 - Ai,z
1

= U,‘R
Am—)OO Ai,t

Notice that the expected profit of each firm is always positive. The long run rate of equity
accumulation is increasing with the individual retention ratio and the interest rate.

4. Thegeneral case: ¢ #0

4.1. Nash equilibrium
If there are bankruptcy costs and solidity bonuses, the objective functionitt fiven is:
A;
Vv, = (P—Rw)qi+RA~—cq?+cq-E (4.1)

whereP is given by (2.1).
The output level is decided according to the following optimization problem:

maxV; (4.2)

qi

The first-order conditions are:

V- A
L 4~ 2bh —bp — Rw — 2ctp +c—X =0 (4.3)
dq1 w
V- A
2 4~ 2bgp— b — Rw—2cp + =2 =0 (4.4)
aq2 w

These equations represent the Best Reply Functions of the two firms. They are linear and
negatively sloped, as in the case analyzed in the previous section. However, now the BRF
of each player does not depend only on the parameters of the demand function (2.1) and
on the marginal cofw, which are uniform across firms, but also on the equity base of the
player. In as much as the equity bases are different, the symmetry between players which
characterized the benchmark case is lost. In fact, the optimal level of output of each firm
is an increasing function of its own equity base in both regimes. In the incomplete collat-
eralization regime, the higher is net worth, the lower the probability of bankruptcy and the
associated cost for the firm and the higher the volume of output. In the full collateralization
regime, the higher is net worth, the higher the degree of financial robustness and the solidity
bonus for the firm and the higher the volume of output.

Solving (4.3) and (4.4) we obtain a unique Cournot-Nash equilibdiim= (7, g5).
whereg] andg; are given by the following linear functions of the equity badgsindA;:

1 2c(b+c) bc
1=g—=|a— 1- Az
3b+ 2 b+ 20)w (b+ 20)w

(4.5)

1 b 2c(b
g = |:a— c 4 c( +C)A}

3b+ 2¢ Y 200t T bt 20w
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For each firm, the Nash equilibrium level of output is an increasing function of its own
equity base and a decreasing function of the equity base of the rival. This result is an obvious
consequence of trerategic substitutabilitymplicit in Cournot competition: the higher the
net worth of the second firm, the higher its output, the lower the average price level and the
output of the first firm.

As expected, other things being equal, the firm with lower equity baseiftlader firm
for short) produces less, at the equilibrium, than the firm with higher equity badetier
firm). Therefore the Nash equilibrium (4.5) is not symmetric, unkess= A, by a fluke.

As in the benchmark case, we assume that both firms reach the Nash equilibrium (4.5)
at each time period. In other words, we assume that the payoffs are known with certainty
and they are common knowledge. This is tantamount to assuming that in each time pe-
riod both players know the parameters characterizing the demand function, the bankruptcy
cost/solidity bonus, the marginal cost and the equity bases. We rule out, therefore, the
learning process typical of evolutionary games.

Notice, however, that the equity base of each player is changing over time—as we will see
in the following section—so that (4.5) is temporary, i.e. bound to change with the passing of
time. Summing upthe Nash equilibriun4.5)is (generally nonsymmetricinstantaneous
and temporary

4.2. The equity base motion

For each firm, the accumulation of net worth is described by (3.5) and the expected profit
E(IT;) in periodt is given by (2.6) as in the previous section.
At the Nash equilibriumE™ = (g7, g5), the expected profit of each firm is:

E(IT}) = (a — bQ* — Rw)g] + RA (4.6)

where 0* = ¢7 + ¢5. Substitutingg] andg; given by (4.5) into (4.6) we can specify the
expected profit function of the two firms as follows:

E(IT1) = ho + h1A1 + haAg + h3A? + haA3 + hsA1Az (4.7)
where

ho = (32:—2”6)2@ ~ Rw)? 4.8)

hi=R+ (?fb(zj—;c)bz)w(a—Rw) (4.9

hy = —%(d — Rw) (4.10)

hs =07 itc))c(z?fz]j JJ: ;)c)ZwZ (4.11)

ha L (4.12)

= b+ 20)(3b + 20)2w?
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bc?
hs =h3 +hs=—2—— 4.13
5= 3 = S P2 (4.13)
and
E(IT2) = ho + h1A2 + haA1 + haA? + h3A3 + hsA1A2 (4.14)

hp andh, are positive parameters, wherdasandhs are negative. Furthermore, if (3.4)
holds, them; > 0 andhy < O.

Therefore, the expected profit of each firm depends in a complicated way on its own
equity base and on the equity base of the rival firm.

For instance, an increase in the equity base of firm 1 may increase or decrease its own
expected profit because:

sign ( 9E(ITy)

= sign(h1 + 2h3A1 + hs5A») (4.15)
0A1

is undecided. More precisely,

dE(ITy)
0A1

Inthis case, we have a positive feedback of an increase in the equity base of the firm on the ac-
cumulation of the equity base, which is consistent with our intuition. If (4.16) is not satisfied,
on the contrary, an increase of the equity base of the firm will have a negative feedback on
the accumulation of the equity base, which is a counterintuitive but perfectly possible result.

Analogously, anincrease inthe equity base of firm 2 may increase or decrease the expected
profit of firm 1, because:

>0 if hi1>—(2h3A1+ hsA)) (4.16)

_(AE(T _
sign (%) = sign(ha + 2hgaA2 + hsA1) (4.17)
2
is undecided. More precisely,
AE(IT
a(A Y 0 it hot 2haAs < —hsAy (4.18)
2

In this case, we have a negative feedback of an increase in the equity base of firm 2 on
the accumulation of equity base of firm 1. If (4.18) is violated, however, an increase of the
equity base of firm 2 will have a positive feedback on the accumulation of the equity base
of firm 1.

Assuming that the change in the equity base is equal to expected profit time the retention
ratio, the evolution of the equity bases of the two firms, governe&dpy(3.5) can be
obtained by the iteration of a two-dimensional map (A1, A2;) — (A1:+1, A2.1+1)
given by

- ! A} =viho+ (1 +vih1) A1 + vih2 Az + UthA% + v1h4A% + v1hsA1A2

Al = voho + (L + vph1) A2 + v2hoA1 + voh3AS + vohaAZ + vohsA1A
(4.19)
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where’ denotes the unit-time advancement operator. Starting from a given initial condition
Ao = (A10, A20) € R} (4.20)

the iteration of map (4.19) generates a trajectory
©(Ao) = {(A1s, A2) = T'(A1,0, A20). 1 = 0}

which may converge to a fixed point or to a periodic cycle or to a more complex attracting
set, such as a strange (or chaotic) attractor, as we shall see in the following. Endogenous
fluctuations of the equity basds (1) andA2(¢) can occur. Therefore also the Cournot—Nash
equilibriumE* fluctuates. In fact, the dynamic behaviorff andA; determines, through

(4.5), a sequence of Cournot—Nash equilibria. As we have emphasized above, each equilib-
rium pointE* can be thought of as a temporary equilibrium, i.e. an equilibrium point whose
position is driven by the dynamical behavior of net worth according to the law of motion
(4.19).

4.3. Characterization of the state space

Each point of the state space—i.e. the positive orthant of AheAp) plane—can be
characterized according to the financial regime of the firms. The first firm is incompletely
collateralized ifA1 < wq:. Recalling that

1 Rw + 2c(b+c)A bc A
= a— Rw —
3b+ 2 b+ 2c)w ! b+ 20)w 2

a1

(see (4.5)) the first firm is in the regime of incomplete collateralization it hg — h7A2
where

b+ 2c)w (@ — Rw) P bc
= 7 (d — w , =
= 3p(b + 20) + 22 " 3 + 20) + 22

MeasuringA; on the horizontal axis anél on the vertical axis, if the poin#, Ay) in the
space of equity bases is below (above) the negatively sloped line of equation

A1+ h7A2 = hg (4.22)

the first firm is incompletely (fully) collateralized. Following a symmetrical reasoning, if
the point A1, A2) lies below (above) the straight line of equation

h7A1+ Ao = hg (4.22)

the second firm is incompletely (fully) collateralized.

In the end, tracing the two straight lines (4.21) and (4.22) we can partition the space of
equity bases in four regions (seg. 1). When the equity base is “small” (“large”) for both
firms—i.e. when the point of the state space lies below (above) both lines—both firms are
incompletely (fully) collateralized. In these two cases the firms happen to be in the same
financial regime. The two “mixed” cases where one firm is financially constrained and the
other is not can be derived straightforwardly.
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Fig. 1. The two straight lines (4.21) and (4.22) divide the space of equity bageés] into four regions, according

to the firm(s) which are incompletely or fully collaterized. This figure is obtained with parameters’ vaii @9,
b=02,R=105w=1c=1.

Each point on the state space can be characterized also by the total quantity produced in
the economyQ = g1 + g2 and consequently by the price levek= a — bQ. The price level
is non-negative i < O whereQ = a/b is the maximum amount which can be absorbed
by market demand. In the Nash equilibrium, total quantity is
1 c(b+ 2¢)
3b+ 2c b+ 20)w

If, given A1 andAy, the amount the two firms jointly produce according to (4.23) happens
to be greater tha®, we assume that they will be forced to pay an extra-wage equal to
0(Q* — Q), whereg is a positive constant. We can think ofas potential output, i.e. the
amount producible in full employment at the going working schedule (working hours per
day). If firms want to produce more thgh they have to pay an extra-wage to induce people
to work extra-hours.

We can distinguish two regimes. In the underemployment regifies O, the nominal
wage is constant ab and the price level ia — bQ* > 0. In the full employment regime
0* > (0, the nominal wage i +0(Q* — 0), the firms produc®* but they will be able to

sell only O at the pricez — bQ = 0. In other words, the nominal wage obeys the following
schedule:

0 =qi+q5= [2(61 — Rw) + (A1 + Az)} (4.23)

w if 0* < 0
wage= A .
w+60(Q*— Q) if 0*>0
which is reminiscent of a Philips curve in wage-output space.
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When 0* < O (underemployment regime), the expected profit of each firm, which
governs the evolution over time of the equity base, is (4.6). Wiher Q, (full employment
regime), the expected profit is:

E(IT;) = (a — bQ)q — R{[w +6(Q* — O))g} — A;} =
RA — Rlw + 6(0* — Qg

If we make the technical assumption tidat b/ R, the expression above becomes:

E(IT) = (a — bQ)q} — Rwq — b(Q* — 0)qf + RA = (a — bQ* — Rw)g} + RA

which is identical to (4.6). In the end, in our model the firm has the same expected profit
function regardless of the employment regime it is experiencing. This conclusion greatly
simplifies the analytic structure of the model.

Given the characterization discussed above, the dynamics of the equity bases are governed
by the system (4.19) in all the points of the state space, regardless of the financial or
employment regime. The trajectories generated by (4.19), however, may cross areas of the
state space characterized by different financial or employment regimes.

4.4. General dynamical properties

The first step in the study of the properties of a dynamical system is the computation
of the steady states, i.e. the trajectories characterized;py; = A;;, i = 1, 2, for
eacht. The steady states are the fixed points of rmiape. the solutions of the algebraic
system obtained from (4.19) with] = A; and A/, = A». We recall that, according to
(3.5), the fixed points of (4.19) are points of zero expected profit for both firms. From
(4.7) and (4.14) it is straightforward to conclude that each equaidf;) = O represents
an hyperbola in the planéA{, Az). The fixed points ofT therefore are located on the
intersections of the two hyperbol@ 1) = 0,/ = 1, 2. The existence and the stability
properties of the fixed points are stated in the following proposition, which is proved in
Appendix A

Proposition 1. The map T defined k¢#.19)has two and only two fixed pointscated on
the diagonalA of equationAl = A2, given by

. —(h1 + h2) — /(i + h2)2 — Bholh
S=(ss), with 5= —1th2) ‘/‘(m” 2)7 = Bhohs _ (4.24)
5

and

L it ho)+ V(h1 + h2)2 — 8hohs
N Ahs

N = (n,n), with <0 (4.25)

The negative fixed point N is a repelling noaéth eigenvalues.>(n) > A1(n) > 1; the
positive fixed point S is an attracting node for sufficiently low values, afr v, and it
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may lose stability through a period doublirfgr flip) bifurcatiorf* at which S becomes a
saddle pointwith A1(s) < —1 < A2(s) < 1, and a stable cycle of period is created
near S

The coordinates of the fixed points are functions oftthgarameters which in turn are
polynomials of the parameters characterizing the aggregate demand functiora@nat) (

b), the bankruptcy cost/solidity bonus) (and the interest rate augmented nominal wage
(Rw). Notice that the coordinates of the fixed points are independent of the retention ratios.
In other words, the fact that the two firms can differ in terms of their dividend policy is
irrelevant for the determination of the steady state equity bases.

Of course, only the positive fixed poiit= (s, s) is economically meaningful. Since it
belongs to the bisectat, in the steady state the financial conditions of the two firms, as
well as their equilibrium output levels, are identical. In fact, according to (4.5), at the steady
stateSwe have a Symmetric Steady state Nash Equilibrium (SSNEE: (¢*, ¢*), with

1
*
q = T 2c(a Rw + c9) (4.26)
The steady stat8is stable if, starting from an initial configuration characterized by hetero-
geneous financial conditions, i.41 0 # A2,0, the endogenous dynamics lead to identical
equity bases and outputs (4.26), provided that the initial condition (4.20) belongs to the basin
of attraction3(S) of the stable fixed poin. Thebasinof Sis the set of initial conditions
that generate a trajectory convergingga

B(S) = {(A1,A2)|(A1y, A2y) = T'(A10, A20) > S a@s t— +oo}

In order to explore the dynamic behavior of the model we have to determine the domain,
in the parameters’ space, for which the steady ssasdocally stable. Moreover, for a set

of parameters for whicBis stable, we must detect the boundaries of the bd&sh in the
phase A1, A2).

Dueto the high number of parameters of the model, and the complicated dependence ofthe
eigenvalues of the Jacobian matrix ((A.2)Appendix A on these parameters, a complete
study of the local stability o6 as the parameters are varied is not an easy task. Thus in the
following we run some numerical simulations, based on the local stability analysis given
in Appendix A in order to explore the dynamic patterns of the model. A more complete
numerical exploration of the influence of the retention ratios on the dynamical behavior
of the equity bases (and consequently of the temporary Nash equilibrium) is performed in
Section 5

Setting the parameter valuesat= 10,6 = 0.2, R = 105w = 1,¢c = 1,v; =
0.3, v2 = 0.6 we obtain the steady state = (64.82...,64.82...), which is repre-
sented inFig. 2aon the phase pland\{, Ay) together with a typical trajectory converging

4 A period doubling bifurcation occurs when, by varying a parameter, an eigenvalue of a fixed point crosses the
unit circle with value. = —1. At such bifurcation a cycle of period 2 is created near the fixed point. The bifurcation
is supercriticalif a stable two-cycle is created around the unstable fixed pmilbriticalif an unstable two-cycle
exists around the stable fixed point (de@enz, 1993p. 111;Guckenheimer and Holmes, 1988 158).
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Fig. 2. (a) For the parameters’ values= 10, = 0.2, R = 1.05,w = 1,¢ = 1, v; = 0.3, v2 = 0.6, the tra-

jectory starting with the initial conditioA1,0, A2,0) = (20, 120) is represented on the phase plaAg, (A).

The white region represents the set of points which generate trajectories converging to the steady state
S = (64.82...,64.82...), i.e. the basir3(S), whereas the grey region represents the basin of infiiity),

defined as the set of points that generate diverging trajectories. (b) The same trajectory represégidcis

plotted vs. time. (c) For the same trajectory (1), A2(¢)) shown in figures (a) and (b) the time evolution of the

temporary Nash equilibriumyg (¢), ¢5(¢)), driven by the corresponding evolution of the equity bases according to
(4.5), is represented.
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to it. For this set of parameters the fixed pdiis locally stable, with eigenvalues (s) =
—0.91...,22(s) = 0.98. ... Its basinB(S) is represented by the white region, whereas the
grey region represents the basin of infinii{oo), defined as the set of points that generate
diverging trajectories. Even if only pointg{, Ay) with positive coordinates are meaning-
ful, in Fig. 2awe have also represented a portion of negative orthants in order to show that
the unstable (and negative) fixed polbelongs to the boundary that separates the grey
basin of infinity from the white basin of bounded trajectories. The trajectory represented
in Fig. 2astarts from the initial conditioiA1 0, A2,0) = (20, 120) € B(S) (the black dot
labelled by 0) and then converges to the steady Sa#teough oscillations of decreasing
amplitude (becausel < 11(s) < 0). This can be more easily seenfiiy. 2h where the
same trajectory is plotted versus time. Of course, the same kind of evolution holds for the
outputs of the two firms, computed according to (4.5). The time evolution of the temporary
Nash equilibrium (4.5), driven by the corresponding evolution of the equity bases, is shown
in Fig. 2c

In the situation shown irFig. 2 even if the initial conditionsA; o and Az o are dif-
ferent (i.e. the two firms arbeterogeneouwith respect to the equity bases), the system
spontaneously evolves towards a steady state characterized by long run homogeneity of
the equity base and output, provided the initial conditiémd, A20) is in the basin of
attraction ofS. This conclusion only applies wheis stable. In fact if the parameters
are changed until the fixed poiftloses stability (via a period doubling bifurcation, ac-
cording toProposition } then the system tends to long run heterogeneity provided the
retention ratios are different; # v». In order to see this, we consider the same set of

parameters, b, R, w, ¢ andv, as inFig. 2, and we increase the retention ratip For

this set of parameters the flip bifurcation at whigtoses stability occurs at; = v{ =

0.34..., and forvq slightly greater than;{ a stable cycle of period 2 occurs, s@y =

(a1, &), with periodic pointse; andey very close toS As v; is further increased, the
cycle C2 moves far fromS numerical simulations show that iff < vy (respectively:

vy > vp) then Cy belongs to the region of the phase space below (above) the diago-
nal A, i.e. its periodic points are characterized Ay > Az(A1 < Ap); if v1 = vz

then C, belongs toA, i.e. its periodic points are characterized &y = A,. For exam-

ple, Fig. 3ais obtained withvy = 0.4 > v{, so Sis a saddle point with eigenvalues

r1(s) = —1.12... andis(s) = 0.98..., and the generic bounded traject8rgptained

by an initial condition in the white region, converges to the stable cycle of period two
Cy = (a1, a2) >~ ((69.8,45.8), (82.7,58.6)). Beingvy = 0.4 < vy = 0.6, Cy is char-
acterized byA; > A». In other words, starting from a generic initial condition in the
basin of attractior3(C,) of the cycle of period 2 (the white region Kig. 39, even with

an homogeneous initial situation, i.€410, A20) = (A, A) € A, the equity bases of

the two firms become heterogeneous “in the long run”. The same will be true, of course,
for the output levels. A typical trajectory is plotted against timerig. 3h It is worth
noting that even starting from an initial condition of equity bases uniform across firms
and very close to the steady state, namélyo = A20 = 64.82, in the long run the

5 By the term “generic” we mean the trajectories starting from almost all the points of the white region (i.e.
excluded a subset of zero measure). The zero-measure subset includes, for example, the unstable fixed point



G.l. Bischi et al./J. of Economic Behavior & Org. 53 (2004) 145-171 161

150

@ 20 0 A, 150

0
0 time 100
100
B
O .
(b) 0 time 100
Fig. 3. (a) For the same set of parametexrsb, R, w, ¢ and v, as in Fig. laand vy = 04 a

generic trajectory starting from a point of the white region converges to the stable cycle of period 2
Cy = (a1, a2) =~ ((69.8,45.8), (82.7,58.6)). (b) A typical trajectory is plotted against time starting from the
homogeneous initial conditioA1 0 = A20 = 64.8.

equity base of the first firm oscillates in the range (69.8, 82.7) while that of the second
firm oscillates in the range (45.8, 58.6). Therefore, in the long run the first firm is bigger
(its average equity base is about 76) than the second firm (whose average equity base is
about 52).
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The situation is reversed if the stable cy€leoccurs whemw, > v, due to the symmetric
form of map (4.19), that remains the same swapping both the paramgteits v, and the
dynamic variableg\; andAy. This implies that if we exchangg with vo the trajectories
of the new dynamical system are simply obtained from the previous ones by exchanging
Az with Ao.

Numerical simulations show that if (at least) one of the retention ratios is increased,
the first period doubling bifurcation is followed by a sequence of other period doubling
bifurcations that create stable cycles of periédi2= 2, 3, ... (similar to the well known
Feigenbaum period doubling route to chaos occurring in one-dimensional maps). Such
a sequence of period doublings leads to chaotic attractors, i.e. invariant two-dimensional
sets inside which the trajectories of map (4.19) exhibit sensitive dependence on initial
conditions.Fig. 4ashows the attracting set obtained with the same paramajdzsR,
¢, andvy as inFigs. 2 and 3andv, = 0.67. The dynamic behavior of a trajectory like
that of Fig. 4a a part of which is plotted versus time Fig. 4b appears to be rather
irregular, apparently chaotic. It can be noticed, however, that the attracting set consists
of two disjoint pieces. A trajectory moving on it cyclically visits these two pieces as
shown inFig. 4h where it is evident that a sort of cyclicality of period 2 occurs in the
long run. Such an attractor is also calledo-cyclic chaotic attractor We notice that
in this case the average value Af is greater than the average value Af, because
v1 > V2.

If v1 is further increased the two pieces of the chaotic area expand until they merge into
a one-piece chaotic area, as showfii. 5, obtained withw1 = 0.75. This is a remarkable
global bifurcatiorf after which the generic bounded trajectory moves erratically along the
bigger chaotic area, so that no cyclic pattern can be detected. Another consequence of the
global bifurcation at which the two pieces form a one-piece chaotic area is that the boundary
of the chaotic area is more “fuzzy”, in the sense that “rare points” appear around a more
densely covered central part. In the versus time representation of the trajectory, the existence
of such rare points implies that some sudden jumps occur, which are of greater amplitude
with respect to the majority of the irregular oscillations. This kind of attracting set is called
mixed chaotic are@n Mira et al. (1996)

In Fig. 5we also notice that the boundary which separates the basin of bounded trajectories
from the basin of infinity is rather complex. This kind of complexity is another sources of
unpredictability, related to the fact that small changes in the initial conditions may yield
a completely different asymptotic evolution if such changes cause a crossing of the basin
boundaries. In fact, if a point is very close to a basin boundary (and many points are in such
a situation in the presence of complex basin boundaries) a small perturbation has a high
probability to cause a crossing of the boundary.

If v1 is further increased, the chaotic area expands until it has a contact with the bound-
ary of the basin. This contact marks the occurrence of a global bifurcation, ¢alédd
bifurcationin Mira et al. (1996)andAbraham et al. (1997pr boundary crisesn Grebogi
et al. (1983) which makes the chaotic area disappear. After this bifurcation, the chaotic

6 We call “global” the bifurcations which cannot be explained in terms of the linear approximation of the
dynamical system, as opposed to the local bifurcations, which are revealed through the study of the eigenvalues
of the Jacobian matrix (used to represent the linearization of the dynamical system).
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Fig. 4. With the same parameteasb, R, w, ¢, andv, as inFigs. 1 and 2andv; = 0.67, the generic bounded
trajectory converges to a two-cyclic chaotic attractor. In (a) such attracting set is represented by plotting a typical
trajectory in the plane4;, Az), in (b) a part of the same trajectory is plotted vs. time.

attractor is transformed into a chaotic repellor, whose “skeleton” is formed by the dense
set of repelling periodic points which where inside the chaotic area that just disappeared
Grebogi et al. (1983nnd the generic initial condition generates a trajectory which diverges
after a chaotic transient.
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Fig. 5. With the same parameteasb, R, w, ¢, andv; as inFigs. 1 and 2andv; = 0.75, the generic bounded
trajectory converges to a one-piece chaotic attractor.

5. Changes of retention ratios

In order to explore the effects of increasing retention ratios on the dynamics of the equity
bases of the two firms, we consider a fixed set of values of the paranaeter®, w, c,
andvy, namelya = 10,6 = 0.2, R = 1.05,w = 1,¢ = 1 andvz = 0.6 and vary the
retention ratiov; in the range (0, 1). Due to the symmetry in the rolespandv,, we
would obtain analogous results with a fixed valuepby varying the other retention ratio
v2. The impact on long run dynamics can be evaluated by means of a bifurcation diagram
in whichvq is measured on the horizontal axis, and a given number of asymptotic values of
a dynamic variable are plotted on the vertical line. For example, the bifurcation diagram of
Fig. 6ais obtained as follows: for each valuewafin the range (0, 1) we generate a trajectory
starting with an initial condition neg® we discard a transient of the early 300 iterations
and plot the subsequent 700 valuesfafon the vertical line through. In Fig. 6bwe
adopt the same procedure to represent the asymptotic valdes Dfiese two bifurcation
diagrams show that the steady st&tes stable for small values af; and the values of
both equity bases are independenweof(we recall that, inS A1 = A> = s, wheresis
given in (4.24)). Asv; is increased, the steady st&@doses stability atvy = 0.4 via a
period doubling bifurcation at which a stable cycle of period 2 occurs. It can be noticed
that the amplitude of the oscillations increases withMoreover, forvy < v, = 0.6 the
values ofA; are greater than the valuesAf, and the opposite holds true for > vo. The
sequence of period doubling bifurcations which occurs increasing clearly visible in
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Fig. 6. Bifurcation diagram obtained with increasing values of the parametend fixed values of the other
parametersz = 10,6 = 0.2, R = 1.05,w = 1,¢ = 1 andv, = 0.6. (a) In the vertical axis the asymptotic values
of the equity basé; are reported. (b) In the vertical axis the asymptotic values of the equity®ase reported.
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Fig. 7. Bifurcation diagram obtained with increasing values of the parametend fixed values of the other
parametersz = 10,6 = 0.2, R = 1.05,w = 1,¢ = 1 andv; = 0.4. In the vertical axis the asymptotic values of
the equity basé; are reported.

Fig. 6. It is similar to the well known period doubling cascade that marks the route to chaos
in one-dimensional maps. A noticeable global bifurcation occurs at v, = 0.8. Before
this bifurcation the attractor is two-cyclic, i.e. the periodic or chaotic attractors observed
for v1 < v, are located inside a trapping region formed by two disjoint portions, whereas
for v1 > vy the trajectories move inside a unique larger region E&gs. 4 and b Such
bifurcation increases the complexity in dynamic behavior of the equity bases and leads to
a loss of predictability, since no cyclicality can be revealed after it. Moreovevsfor v,
the attracting set is given by a mixed chaotic area kéiea et al., 1998, i.e. the boundaries
of the region inside which the two-dimensional chaotic attractors are included are not well
defined, in the sense that a cloud of “rare points” surrounds the more dense part of the
chaotic area (see algdig. 5). At v1 >~ 0.9 thefinal bifurcationoccurs, due to a contact
between the chaotic attractor and the boundary of its basin, after which the chaotic attractor
disappears and the generic trajectory goes to infinity.

Inthe bifurcation diagram shownkig. 7, obtained with the same values of the parameters
a, b, R, w, andc as inFig. 5aandv, = 0.4 instead of, = 0.6 we have no chaos whatever
the value ofv; in the range (0, 1). For lower values of the fixed pointSremains stable
for eachvy € (0, 1), i.e. complex dynamics are lost if at least one of the retention ratios is
sufficiently small.

Onthe basis of the analytical and numerical results of the present sectioreuatioh 4.4
we can sum up the discussion on the effects of changes in retention ratios on dynamics as
follows:
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1. If the retention ratios are “sufficiently low”, the positive fixed pdBits stable. Even if
the initial (financial) conditions and the dividend policy of the two firms are different
(i.e. A10 # A20 andvy # v2), the equity bases of the two firms will converge to the
SSNE characterized by, = Ay, provided that the initial conditions are inside the basin
of attraction ofS. In the steady state, the two firms become homogeneous as far as the
equity base and the level of output are concerned.

2. Increasing the value of at least one retention ratio, the fixed fbietomes unstable, the
long run dynamics is characterized by oscillations of period 2 suchithat A, (A1 <
A») on average, as long ag < vz (v1 > v2). In this case homogeneity is lost in the
long run, since the equity base oscillates in a range which is different from on firm to the
other.

3. Only if the retention ratio is uniform across firms, ivg@.= vy, the long run dynamics
is characterized by oscillations such that = A2, on average. In fact, if the reten-
tion ratios are uniform across firms the attractors are located on thdidgonal. In
this case, and only in this case, long run homogeneity is preserved also in the case
of dynamics which are more complex than the simple convergence to a stable steady
state.

4. An increase of the retention ratios yields more complex, and consequently less pre-
dictable, dynamics of the equity bases. Moreover, also the boundary that separates
the set of points that generate bounded trajectories from the basin of infinity becomes
more complex, thus generating a greater uncertainty also with respect to the choice
of initial conditions, or, equivalently, with respect to the possible effects of random
shocks.

Therefore, the firms are heterogeneous in the long run if the retention ratios are not
uniform across firms and not too small. Moreover, when heterogenous long run dynamics
occur, the firm with the higher retention ratio ends up with the lower equity base (on average).
This is broadly consistent with the stylized facts. In the real world, in fact, the corporate
sector is heterogeneous, the retention ratios are different from one class of firms to the other
and the average retention ratio is relatively high. Moreover, “small” firms usually retain
a higher proportion of their profits than “large” ones. For example, accordif@zaari
et al. (1988, p. 147)on average the retention ratio of the US manufacturing firms in the
1970-1984 period has been 60%, with “small” firms retaining up to 80% of their profits
while the retention ratio of “big” firms was approximately 50%.

The standard theoretical explanation of this stylized fact is basekeofinancing hier-
archy (or pecking ordey assumptionWhen capital markets are affected by informational
imperfections such as asymmetric information, a financing hierarchy can be envisaged:
internal finance is the most preferred source of finance while credit has a cost advantage
over the issue of new equities as far as external sources of finance are concerned. Small
firms, which have limited access to the credit and equity markets, rely first and foremost on
retentions to fill their financing gap while large firms are less financially constrained and
therefore have a lower retention ratio.

The theoretical explanation of the same stylized fact in the present model is different.
Let’s start from a benchmark case in which both firms have the same retention ratio. The
equity bases of the two firms therefore converge to the SSNE or—if they are not too low—to
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a uniform two-period cycle. Therefore they are homogeneous. Assume now that one of the
two firms increases its retention ratio. The direct effect of an increase of the retention ratio
on the accumulation of the firm’s net worth is necessarily positive. However, the more rapid
increase of the equity base may have a negative impact on the expected profit of the firm
and therefore may depress the accumulation of net worth (see the discusSémtiam 4.2
in the subsequent rounds of the time evolution of the equity base. If this is the case, the firm
which tries to accumulate more rapidly ends up with a lower level of the equity base in the
long run.

Increasing the retention ratios, the corporate sector remains heterogeneous (small and big
firms coexist), but the dynamics of the equity bases become complex, i.e. observationally
equivalent to the dynamics generated by random shocks.

6. Conclusions

In this paper we have explored the properties of a simple oligopolistic set-up in which
firms run the risk of bankruptcy or gain a solidity bonus according to their financial condi-
tions. We present, first of all, a benchmark case in which firms do not incur a bankruptcy
cost/solidity bonus. In this case the quantity produced in the Cournot—Nash equilibrium
would be the same for each and every oligopolist (Symmetric Nash Equilibrium) and would
be independent of the financial condition (i.e. the level of the equity base) of the firm and
of its rivals. Moreover, the accumulation of net worth by each firm would be independent
of the accumulation of net worth on the part of rival firms.

In the general case in which firms face a bankruptcy cost/solidity bonus, the scale of
production is affected by financial conditions. In this case, the quantity produced in the
Cournot—Nash equilibrium would be different from one firm to the other and would depend
on the net worth of the firm and of the competitors. Moreover, the motion over time of the
equity bases of the firms may follow a wide range of dynamic patterns: convergence to a
Symmetric Steady state Nash Equilibrium, periodic or non-periodic orbits, complex (even
chaaotic) trajectories. Endogenous fluctuations of the equity bases of the oligopolists also
imply that the Cournot—Nash equilibrium fluctuates.

If the retention ratios are “sufficiently low”, in the long run firms become homogeneous
as far as the equity ratio and the output level are concerned. Increasing the value of at least
one retention ratio, the equity base of each firm oscillates in a range which is different from
one firm to the other.

In particular, the firm with the lower (higher) retention ratio ends up with the higher
(lower) equity base on average. In a sense we have here a “paradox of thrift” applied to the
corporate sector: if a firm tries to accumulate its equity base more rapidly by increasing
its retention ratio, it obtains the opposite result and becomes “poorer”. Further increases in
at least one of the retention ratios yield more complex, and consequently less predictable,
dynamics of the equity bases.

The present set-up represents a first modest step to model the generation of financially
driven endogenous fluctuations in a game-theoretic context. In order to maintain the pos-
sibility to get some insights concerning the dynamic properties of the model, we stick to
the simple analytic structure of a two-dimensional non-linear dynamical system by making
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a number of mainly technical assumptions in the characterization of the state space. An
obvious extension of the present model consists in relaxing at least some of these assump-
tions and modifying the model accordingly. For instance, we could give up the idea of a
solidity bonus in the full collateralization regime while keeping the bankruptcy cost in the
incomplete collateralization case. This relaxation, however, leads to a more cumbersome
dynamical system, defined by different analytic expressions in the different regions of the
state space (due to the multiplicity of financial regimes the firms are experiencing) and
makes the analysis much more complicated: as often occurs in dynamic modeling, there is
an obvious trade-off between realism of the hypotheses and mathematical manageability of
the dynamical system.

A different extension consists in framing the model in a different game-theoretic context.
In the present set-up the quantities produced by the two firms are strategic substitutes: a
higher volume of output by one firm makes the price go down—other things being equal—
and negatively affects the expected profit of the other firm via the market demand function.
We implicitly ignore the positive impact that an increase in the output of one firm can have on
the expected profit of the other firm via income effects. Taking these effects into account,
i.e. conceiving of the quantities produced as strategic complements instead of strategic
substitutes, can modify the results in interesting directions such as multiple Pareto-ranked
equilibria.
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Appendix A. Proof of Proposition 1

We first consider the existence of the fixed points, given by the solutions of the alge-
braic systemE(IT;) = 0,i = 1.2. with E(IT;) given by (4.7) and (4.14). This system
is symmetric, because it remains the same by exchanirandA;: this means that the
hyperbolaE(I1;) = 0 is the symmetric of the hyperbola(I7;) = 0 with respect to the
diagonalA of equationA; = Ay. If Egs. (4.7) and (4.143re subtracted, then one either
hasA1 = Ao or A1+ Az = (ho — h1)/(hs — ha). However, the latter condition leads to the
equation

h1—h ho —h
(h3+ ha — hs)A1 [ AL+ =2 ) + ho->—"2(hohs — hihs) = 0
h3 — hg h3 — hg

which has no solutions in general, beihg+ h4 — hs = 0. Hence, the two symmetric
curvesE(I11) = 0 andE(I12) = 0 only cross at two points located on the diagonal
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whose coordinates are given by the solutions of the equation
2h5x? 4 (hy 4 ho)x + ho = 0.

Sincehs < 0 andhg > 0 this equation always has two real solutions of opposite sign, say
s > 0 andn < 0. Hence the map (4.19) has two fixed poitfis= (s, s) andN = (n, n),
both belonging the diagonal, with positive and negative coordinates, respectively, given by
(4.24) and (4.25).

The study of the local stability of these two fixed poistandN is performed through
the localization, on the complex plane, of the eigenvalues of the Jacobian matrix of (4.19)
computed irSor N, i.e. the solutions of the characteristic equation

P(A) = A2 — Tr(A)A + Det(A) = 0, (A.1)

where Ti(A) and DetA) denote the trace and the determinant of the Jacobian matrix.

1+ vi(h1+ ABh3z + hg)) vi(ho + A(Bhg + h3))
DT(A, A) = (A.2)
|: va(ho + A(3ha + h3)) 14 vo(h1 + A(Bh3 + hy)) :|

given by

Tr(A) = 2+ (vy + v2)(h1 + A(3h3 + ha)) (A.3)

Det(A) = Tr(A) — 1+ vivaHy(A)Ha(A) (A.4)
with

Hy(A) = hy+ho+4A(h3 + ha);  H2(A) = hy — ha + 2A(hg — ha), (A.5)

whereA = s or n, respectively. Since TA)2 — 4 Det(A) = (h1 + A(Bhz + h4))2(v1 —
v2)? + 4vrva(ha + A(3hg + h3))? > 0 the eigenvalues of the matrix (A.2) are always real
and can be written as

31(4) = § (Tr(A) = V(Tr(A) = 22 = 4oz Hi(A) Ha(A) (A.6)

ra(A) = (Tr(A) +J/(TrA) —2)2 = 4v1v2H1(A)H2(A)) (A7)

A sufficient condition for the stability of a fixed point is that both the eigenvalues belong
to the interval 1, 1) whereas if at least one of them is greater than 1 or less-thélhe
fixed point is unstable.

Let us first consider the fixed point = (n, n). Beingn < 0, we havgTr(n) — 2) > 0,
becausé; > 0 and 313+ hg < 0. Moreover we havél;(n) > 0 andHz(n) > 0, because
the first of (A.5), withn given by (4.25), givesH1(n) = +/(h1 + h2)? — 8hohs > O,
and from the second of (A.5) easily follow#;(n) > 0 beinghy — ho = R + (c(a —
Rw)/(8b+2¢)) > 0 (a > Rw thanks to (3.4)) antlz — iy = —bc2/((b+ 2¢)(3b+ 2¢)) <
0. These arguments imply that the conditibp(n) > 1 is equivalent to Tin) — 2 >
V(Tr(n) — 2)2 — 4vivo H1(n) Ho(n) which is evidently true.

Instead, for the poin§ = (s, s) we havera(s) < 1ifand only ifhq + s(3h3 + hg) < O
and vivoH1(s)Ho(s) > 0. Hencela(s) = 1if v1 = 0 orvy, = 0, whereas we have
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M(s) < A2(s) < 1 for eachv; > 0 andv2 > 0. Instead, the second stability condition,
A1 > —1lis satisfied if and only if 4 2(v1 + v2) (h1+s(3h3+ ha)) + viv2 H1(s) Ha(s) > 0.

This condition is satisfied for small valueswfor v2, whereas it is not satisfied for large
values ofv; andwv,. this means that the fixed poiStmay have the eigenvalueg(s) and
A2(s) both inside the interval{1, 1), thus giving local asymptotic stability & at least
for sufficiently low values of the retention ratiog or v2, and for increasing values of the
parameter®; andv, the smaller eigenvalugs; (s) can exit the interval{1, 1) through
the values.1(s) = —1, so that the positive fixed poitloses stability via a flip (or period
doubling) bifurcation at whicls becomes a saddle point and a stable cycle of period two
is created nearit(see e.gLorenz, 1993Chapter 3, oGuckenheimer and Holmes, 1983
p. 158).
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