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Devwudfw
Lq wklv sdshu wkh sureohp ri fkdrv v|qfkurql}dwlrq/ dqg wkh uhodwhg skhqrphqd ri ulggolqj/eorzrxw dqg rq0r� lqwhuplwwhqf|/ duh frqvlghuhg iru glvfuhwh wlph frpshwlwlrq prghov zlwklghqwlfdo frpshwlwruv1 Wkh joredo surshuwlhv zklfk ghwhuplqh wkh gl�huhqw h�hfwv ri ulggolqjdqg eorzrxw elixufdwlrqv duh vwxglhg e| wkh phwkrg ri fulwlfdo fxuyhv/ d wrro iru wkh vwxg|ri wkh joredo g|qdplfdo surshuwlhv ri wzr0glphqvlrqdo qrqlqyhuwleoh pdsv1 Wkhvh whfkqltxhvduh dssolhg wr wkh vwxg| ri d g|qdplf pdunhw0vkduh frpshwlwlrq prgho1
Nh|0zrugv= fkdrv v|qfkurql}dwlrq/ qrqlqyhuwleoh pdsv/ fulwlfdo fxuyhv/ pdunhw vkduhfrpshwlwlrq1Uxqqlqj wlwoh= V|pphwulf frpshwlwlrq prghov
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� W?|hL_�U|�L?
G|qdplf prghov ri vwudwhjlf lqwhudfwlrq ehwzhhq wzr frpshwlwruv duh riwhq uhsuhvhqwhg e| dpds ri wkh sodqh lqwr lwvhoi W = +{|> ||, $ +{|n�> ||n�,/ gh�qhg dv{|n� @ W�+{|> ||,||n� @ W2+{|> ||, > +4,
zkhuh {| dqg || uhsuhvhqw wkh vwdwh yduldeohv zklfk fkdudfwhul}h/ dw wlph w/ wkh ehkdylru riwkh wzr frpshwlwruv1 Wkh lwhudwlrq ri W jlyhv wkh wlph hyroxwlrq ri wkh v|vwhp= Jlyhq dqlqlwldo frqglwlrq +{f> |f, 5 U2/ wkh uhshdwhg dssolfdwlrq ri wkh pds W xqltxho| gh�qhv wkhwudmhfwru| � +{f> |f, @ �+{|> ||, @ W | +{f> |f, > w 5 Q� +5,Prghov ri wklv irup duh riwhq xvhg iru wkh ghvfulswlrq ri elrorjlfdo/ vrfldo ru hfrqrplf v|vwhpvzkhuh wzr lqglylgxdov/ ru wzr srsxodwlrqv/ frpshwh lq wkh hqylurqphqw zkhuh wkh| rshudwh1Iru h{dpsoh/ lq hfrorjlf prgholqj {| dqg || pd| uhsuhvhqw wkh ghqvlwlhv ri wzr srsxodwlrqvzklfk olyh lq wkh vdph whuulwru| dqg frpshwh iru uhvrxufhv> lq hfrqrplf prgholqj {| dqg ||pd| uhsuhvhqw wkh fkrlfhv +vxfk dv/ surgxfwlrqv ru lqyhvwphqwv, ri wzr �upv zklfk surgxfhwkh vdph jrrgv dqg frpshwh lq rughu wr pd{lpl}h wkhlu sur�wv e| dftxlulqj juhdwhu sruwlrqv rid jlyhq pdunhw1 Wkh orqj uxq +ru dv|pswrwlf, hyroxwlrq ri vxfk v|vwhpv pd| eh fkdudfwhul}hge| wkh frh{lvwhqfh ri wkh wzr frpshwlwruv/ jhqhudoo| zlwk vrph ghjuhh ri grplqdqfh +rusuhydohqfh, ri rqh ri wkhp/ ru e| wkh frpsohwh holplqdwlrq ri d frpshwlwru/ zklfk pd| ehvhhq dv dq h{wuhph irup ri grplqdqfh1 Lq d ghwhuplqlvwlf iudphzrun/ wkh �qdo rxwfrphghshqgv rq wkh ydoxhv ri wkh sdudphwhuv zklfk fkdudfwhul}h wkh frpshwlwruv dqg/ lq vrphfdvhv/ rq wkh lqlwldo frqglwlrq +{f> |f,/ zkrvh lq�xhqfh pd| eh fuxfldo zkhq vhyhudo frh{lvwlqjdwwudfwruv ri wkh g|qdplfdo v|vwhpv duh suhvhqw/ hdfk zlwk lwv rzq edvlq ri dwwudfwlrq1 Liwkh wzr frpshwlwruv duh yhu| gl�huhqw/ wkhq rqh ri wkhp jhqhudoo| grplqdwhv lq wkh orqjuxq/ dqg wkh rxwfrph ri wkh frpshwlwlrq pd| eh lqghshqghqw ri wkh lqlwldo srlqw/ l1h1 wkhvwurqjhu frpshwlwru pd| zlq hyhq vwduwlqj iurp d glvdgydqwdjhrxv vwduwlqj frqglwlrq1 Pruhlqwhuhvwlqj vlwxdwlrqv pd| rffxu li wkh wzr frpshwlwruv duh vlplodu ru/ dw wkh olplw/ li wkh| duhdevroxwho| lghqwlfdo1 Lq wklv sdshu zh lqyhvwljdwh vrph sduwlfxodu surshuwlhv ri frpshwlwlrqprghov zlwk lghqwlfdo frpshwlwruv1Lq wkh fdvh ri lghqwlfdo frpshwlwruv/ wkh g|qdplfdo v|vwhp pxvw uhpdlq wkh vdph li wkhyduldeohv { dqg | duh lqwhufkdqjhg/ l1h1 W � V @ V � W / zkhuh V = +{> |, $ +|> {, lv wkhuh�hfwlrq wkurxjk wkh gldjrqdo

� @ �+{> |, 5 U2m{ @ |� = +6,
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Wklv v|pphwu| surshuw| lpsolhv wkdw wkh gldjrqdo lv pdsshg lqwr lwvhoi/ l1h1/ W +�, � � /zklfk fruuhvsrqgv zlwk wkh reylrxv vwdwhphqw wkdw/ lq d ghwhuplqlvwlf iudphzrun/ lghqwlfdofrpshwlwruv/ vwduwlqj iurp lghqwlfdo lqlwldo frqglwlrqv/ ehkdyh lghqwlfdoo| iru hdfk wlph1 Wkhwudmhfwrulhv hpehgghg lqwr �/ l1h1 fkdudfwhul}hg e| {| @ || iru hyhu| w/ duh fdoohg v|qfkurql}hgwudmhfwrulhv/ dqg wkh| duh jryhuqhg e| wkh rqh0glphqvlrqdo pds jlyhq e| wkh uhvwulfwlrq ri Wwr wkh lqyduldqw vxepdqlirog �
{|n� @ i+{|, zlwk i @ W m{ = � $ �= +7,

Lq ^;` wkh rqh0glphqvlrqdo prgho +7, kdv ehhq frqvlghuhg dv wkh prgho ri d uhsuhvhqwdwlyhdjhqw zkrvh g|qdplfv vxppdul}h wkh frpprq ehkdylru ri wkh wzr v|qfkurql}hg frpshwlwruv1D wudmhfwru| vwduwlqj rxw ri �/ l1h1 zlwk {f 9@ |f/ lv vdlg wr v|qfkurql}h li m{| � ||m $ 3 dvw $ .41 D txhvwlrq zklfk qdwxudoo| dulvhv/ lq wkh fdvh ri v|pphwulf frpshwlwlrq prghov/lv zkhwkhu lghqwlfdo frpshwlwruv vwduwlqj iurp gl�huhqw lqlwldo frqglwlrqv zloo v|qfkurql}h/ vrwkdw wkh dv|pswrwlf ehkdylru lv jryhuqhg e| wkh vlpsohu rqh0glphqvlrqdo prgho +7,1 Wklvtxhvwlrq fdq eh uhirupxodwhg dv iroorzv1 Ohw Dr eh dq dwwudfwru ri wkh rqh0glphqvlrqdo pds+7,1 Lv lw dovr dq dwwudfwru iru wkh wzr0glphqvlrqdo pds WB Ri frxuvh/ dq dwwudfwru Drri wkh uhvwulfwlrq i lv vwdeoh zlwk uhvshfw wr shuwxuedwlrqv dorqj �/ vr dq dqvzhu wr wkhtxhvwlrq udlvhg deryh fdq eh jlyhq wkurxjk d vwxg| ri wkh vwdelolw| ri Dr zlwk uhvshfw wrshuwxuedwlrqv wudqvyhuvh wr � +wudqvyhuvh vwdelolw|,1 Li Dr lv d f|foh/ wkhq wkh vwxg| ri wkhwudqvyhuvh vwdelolw| lv wkh xvxdo rqh/ edvhg rq wkh prgxoxv ri wkh hljhqydoxhv ri wkh f|fohlq wkh gluhfwlrq wudqvyhuvh wr �/ zkhuhdv wkh sureohp ehfrphv pruh lqwhuhvwlqj zkhq wkhg|qdplfv uhvwulfwhg wr wkh lqyduldqw vxepdqlirog duh fkdrwlf1 Lq wklv fdvh wkh skhqrphqrqri fkdrv v|qfkurql}dwlrq pd| rffxu +vhh h1j1 ^46`/ ^5<`/ ^48`,/ l1h1/ wkh wlph hyroxwlrq ri wkhwzr frpshwlwruv v|qfkurql}h lq wkh orqj uxq hyhq li hdfk ri wkhp ehkdyhv fkdrwlfdoo|1G|qdplfdo v|vwhpv zlwk fkdrwlf wudmhfwrulhv hpehgghg lqwr dq lqyduldqw vxepdqlirog riorzhu glphqvlrqdolw| wkdq wkh wrwdo skdvh vsdfh kdyh udlvhg dq lqfuhdvlqj lqwhuhvw lq wkhvflhqwl�f frppxqlw| +vhh h1j1 ^8`/ ^43`,1 Ploqru dwwudfwruv +vhh ^55`, zklfk duh qrw vwdeoh lqO|dsxqry vhqvh dsshdu txlwh qdwxudoo| lq wklv frqwh{w/ wrjhwkhu zlwk skhqrphqd olnh rq0r�lqwhuplwwhqf| dqg ulggohg edvlqv +vhh h1j1 ^7`/ ^5;`/ ^53`,1 Lq wkh uhfhqw olwhudwxuh rq fkdrvv|qfkurql}dwlrq/ vwdelolw| vwdwhphqwv duh jlyhq lq whupv ri wkh wudqvyhuvh O|dsxqry h{srqhqwv/e| zklfk wkh _dyhudjh% orfdo ehkdylru ri wkh wudmhfwrulhv lq d qhljkerukrrg ri wkh lqyduldqwvhw Dr fdq eh xqghuvwrrg/ dqg qhz nlqgv ri elixufdwlrqv fdq eh ghwhfwhg / vxfk dv wkh ulggolqjelixufdwlrq/ wkurxjk zklfk Dr lv wudqviruphg iurp d O|dsxqry dwwudfwru lqwr dq dwwudfwru lqwkh zhdnhu Ploqru vhqvh/ ru wkh eorzrxw elixufdwlrq/ wkurxjk zklfk Dr lv wudqviruphg iurp dPloqru dwwudfwru lqwr d fkdrwlf vdggoh1Krzhyhu/ dv qrwlfhg e| pdq| dxwkruv +vhh h1j1 ^8`/ ^43`/ ^48`/ ^53`,/ hyhq li wkh rffxuuhqfh
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ri ulggolqj dqg eorzrxw elixufdwlrqv lv ghwhfwhg wkurxjk wkh wudqvyhuvh O|dsxqry h{srqhqwv/l1h1 iurp d orfdo dqdo|vlv ri wkh olqhdu dssur{lpdwlrq ri wkh pds qhdu �/ wkhlu h�hfwv duhghwhuplqhg e| wkh joredo surshuwlhv ri wkh pds1 Lq idfw/ wkh h�hfw ri wkhvh elixufdwlrqv lvuhodwhg wr wkh idwh ri wkh wudmhfwrulhv zklfk duh orfdoo| uhshoohg dzd| iurp d qhljkerukrrgri wkh Ploqru dwwudfwru Dr/ vlqfh wkh| pd| uhdfk dqrwkhu dwwudfwru ru wkh| pd| eh iroghgedfn wrzdug Dr e| wkh dfwlrq ri wkh qrqolqhdulwlhv dfwlqj idu iurp �1 Lq wkh prghov zlwkrqh0glphqvlrqdo fkdrv v|qfkurql}dwlrq wkh pds +4, lv riwhq d qrqlqyhuwleoh pds ri wkh sodqh/ehfdxvh lwv rqh0glphqvlrqdo uhvwulfwlrq i pxvw eh d qrqlqyhuwleoh pds lq rughu wr kdyh fkdrwlfprwlrq dorqj wkh lqyduldqw vxevsdfh �1 Lq wklv fdvh/ wkh joredo g|qdplfdo surshuwlhv ri wkhpds W fdq eh ghvfulehg e| wkh phwkrg ri fulwlfdo fxuyhv +vhh ^47`/ ^57`/ ^6`, dqg/ lq sduwlfxodu/wkh uhlqmhfwlrq ri wkh orfdoo| uhshoohg wudmhfwrulhv fdq eh ghvfulehg lq whupv ri wkhlu iroglqjdfwlrq +Vhh h1j1 ^57` ru ^58` iru d ghvfulswlrq ri wkh jhrphwulf surshuwlhv ri d qrqlqyhuwleoh pdsuhodwhg wr wkh iroglqj/ ru iroldwlrq/ ri lwv skdvh vsdfh,1 Wklv lghd kdv ehhq uhfhqwo| sursrvhglq ^<` iru wkh vwxg| ri v|pphwulf pdsv dulvlqj lq jdph wkhru|/ dqg lq ^;` iru wkh vwxg| ri wkhh�hfwv ri vpdoo dv|pphwulhv gxh wr sdudphwhuv plvpdwfkhv1 Lq wkhvh wzr sdshuv/ wkh fulwlfdofxuyhv kdyh ehhq xvhg wr rewdlq wkh erxqgdu| ri d frpsdfw wudsslqj uhjlrq/ fdoohg devruelqjduhd iroorzlqj ^57`/ lqvlgh zklfk lqwhuplwwhqf| dqg eorzrxw skhqrphqd duh frq�qhg1 Wkhvhphwkrgv kdyh ehhq uhfhqwo| lqwurgxfhg lq wkh sk|vlfdo olwhudwxuh/ iru wkh vwxg| ri d v|vwhpri frxsohg fkdrwlf rvfloodwruv/ lq ^54` dqg ^9`1 Lq sduwlfxodu/ lq ^9` wkh frqfhsw ri plqlpdolqyduldqw devruelqj duhd lv gh�qhg lq rughu wr jlyh d joredo fkdudfwhul}dwlrq ri wkh gl�huhqwg|qdplfdo vfhqdulrv uhodwhg wr ulggolqj dqg eorzrxw elixufdwlrqv1Wkh pdlq sxusrvhv ri wklv sdshu duh wr h{sodlq wkh uhodwlrqv ehwzhhq wkh sureohpv uh0odwhg wr fkdrv v|qfkurql}dwlrq dqg wkh surshuwlhv ri fulwlfdo fxuyhv/ dqg wr looxvwudwh wkhludssolfdwlrq wr wkh vwxg| ri v|pphwulf frpshwlwlrq prghov1 Wkhvh uhodwlrqv pd| eh lpsru0wdqw lq sudfwlfdo sureohpv ehfdxvh wkh| fdq eh xvhg wr gh�qh frpsdfw uhjlrqv ri wkh skdvhsodqh wkdw dfwv dv wudsslqj erxqghg yhvvhov lqvlgh zklfk wkh wudmhfwrulhv vwduwlqj qhdu �duh frq�qhg/ wkxv jlylqj dq xsshu erxqg iru wkh rvfloodwlrqv +exuvwv, zklfk fkdudfwhul}herwk wkh wudqvlhqw g|qdplfv ri wkh wudmhfwrulhv zklfk hyhqwxdoo| v|qfkurql}h/ dqg wkh shuvlv0whqw rvfloodwlrqv +rq0r� lqwhuplwwhqf|, zklfk fkdudfwhul}h wkh g|qdplfv mxvw diwhu d eorzrxwelixufdwlrq1 Pruhryhu/ frqwdfwv ehwzhhq wkh sruwlrqv ri fulwlfdo fxuyhv erxqglqj wkh plql0pdo devruelqj duhd vxuurxqglqj d Ploqru dwwudfwru dqg wkh edvlq erxqgdulhv pd| pdun wkhwudqvlwlrq ehwzhhq orfdo dqg joredo ulggolqj skhqrphqd +vhh ^54`/ ^9`,1Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhf1 5 zh uhfdoo vrph gh�qlwlrqv dqg uhvxowv uhodwhgwr wkh vwxg| ri wudqvyhuvh vwdelolw|/ dqg uhodwhg orfdo elixufdwlrqv/ uhyhdohg e| wkh vwxg| riwudqvyhuvh O|dsxqry h{srqhqwv1 Lq Vhf1 6 zh suhvhqw vrph surshuwlhv ri qrqlqyhuwleoh pdsvri wkh sodqh/ dqg lq sduwlfxodu zh ghvfuleh d surfhgxuh wr rewdlq wkh erxqgdu| ri dq lqyduldqw
8



devruelqj duhd1 Lq Vhf1 7 wkh uhvxowv ghvfulehg lq Vhfv1 5 dqg 6 duh dssolhg wr wkh vwxg| rid eudqg frpshwlwlrq prgho iru pdunhw vkduh1 Lq Vhf1 8 zh frqfoxgh zlwk d eulhi rxwolqh rivrph srvvleoh h{whqvlrqv wr kljkhu glphqvlrqdo prghov dqg wr prghov zkhuh wkh v|pphwu|lv eurnhq e| vpdoo sdudphwhuv* plvpdwfkhv1
2 ��@L|�U t)?U�hL?�3@|�L? @?_ hi*@|i_ *LU@* M�u�hU@|�L?t
Lq wklv vhfwlrq zh uhfdoo vrph gh�qlwlrqv dqg uhvxowv uhodwhg wr wkh sureohp ri fkdrv v|q0fkurql}dwlrq/ vhh ^43` iru d pruh frpsohwh wuhdwphqw1 Ohw W eh d pds ri wkh sodqh/ � drqh0glphqvlrqdo wudsslqj vxevsdfh dqg Dr d fkdrwlf dwwudfwru +zlwk devroxwho| frqwlqxrxvlqyduldqw phdvxuh rq lw, ri wkh uhvwulfwlrq +7, ri W wr �1 Wkh nh| surshuw| iru wkh vwxg|ri wkh wudqvyhuvh vwdelolw| ri Dr lv wkdw lw lqfoxghv lq�qlwho| pdq| shulrglf ruelwv zklfk duhxqvwdeoh lq wkh gluhfwlrq dorqj �1 Iru dq| ri wkhvh f|fohv lw lv hdv| wr frpsxwh wkh dvvrfldwhghljhqydoxhv1 Lq idfw/ gxh wr wkh v|pphwu| ri wkh pds/ wkh Mdfreldq pdwul{ ri W frpsxwhgdw dq| srlqw ri �/ vd| GW +{> {, @ iW�� +{,j/ lv vxfk wkdw W�� @ W22 dqg W�2 @ W2�1 Wkh wzrruwkrjrqdo hljhqyhfwruv ri vxfk d v|pphwulf pdwul{ duh rqh sdudooho wr �/ vd| y8 @ +4> 4,/dqg rqh shushqglfxodu wr lw/ vd| yz @ +4>�4,/ zlwk uhodwhg hljhqydoxhv jlyhq e|

�8 +{, @ W�� +{, . W�2 +{, dqg �z +{, @ W�� +{,� W�2 +{,
uhvshfwlyho|1 Ri frxuvh/ �8 +{, @ i �+{,1 Vlqfh wkh surgxfw ri pdwulfhv zlwk wkh vwuxfwxuh riGW +{> {, kdv wkh vdph vwuxfwxuh dv zhoo/ d n0f|foh i{�> ===> {&j hpehgghg lqwr � kdv hljhqydo0xhv �&8 @ T&�'� �8 +{�, dqg �&z @ T&�'� �z +{�,/ zlwk hljhqyhfwruv y8 dqg yz uhvshfwlyho|1 Vr/iru d fkdrwlf vhw Dr � �/ lq�qlwho| pdq| wudqvyhuvh O|dsxqry h{srqhqwv fdq eh gh�qhg dv

�z @ olp�<" 4Q �[
�'f oq m�z +{�,m +8,

zkhuh �{� @ i �+{f,> l � 3� lv d wudmhfwru| hpehgghg lq Dr1 Li {f ehorqjv wr d n0f|foh wkhq�z @ oq ���&z��/ vr wkdw wkh f|foh lv wudqvyhuvho| vwdeoh li �z ? 3/ zkhuhdv li {f ehorqjv wrd jhqhulf dshulrglf wudmhfwru| hpehgghg lqvlgh wkh fkdrwlf vhw Dr wkhq �z lv wkh qdwxudowudqvyhuvh O|dsxqry h{srqhqw �?@|z / zkhuh e| wkh whup _qdwxudo% zh phdq wkh O|dsxqryh{srqhqw dvvrfldwhg wr wkh qdwxudo/ ru VEU +Vlqdl0Erzhq0Uxhooh,/ phdvxuh/ l1h1/ frpsxwhgiru d w|slfdo wudmhfwru| wdnhq lq wkh fkdrwlf dwwudfwru Dr1 Vlqfh lq�qlwho| pdq| f|fohv/ dooxqvwdeoh dorqj �/ duh hpehgghg lqvlgh d fkdrwlf dwwudfwru Dr/ d vshfwuxp ri wudqvyhuvhO|dsxqry h{srqhqwv fdq eh gh�qhg/ vhh ^43`
�4�?z � === � �?@|z � === � �4@ z +9,

9



Wkh phdqlqj ri wkh lqhtxdolwlhv lq +9, fdq eh lqwxlwlyho| xqghuvwrrg rq wkh edvlv ri wkhsurshuw| wkdw �?@|z h{suhvvhv d vruw ri _zhljkwhg edodqfh% ehwzhhq wkh wudqvyhuvho| uhshoolqjdqg wudqvyhuvho| dwwudfwlqj f|fohv +vhh ^5:`,1 Li �4@ z ? 3/ l1h1 doo wkh f|fohv hpehgghg lqDr duh wudqvyhuvho| vwdeoh/ wkhq Dr lv dv|pswrwlfdoo| vwdeoh/ lq wkh xvxdo O|dsxqry vhqvh/iru wkh wzr0glphqvlrqdo pds W 1 Krzhyhu/ lw pd| rffxu wkdw vrph f|fohv hpehgghg lq wkhfkdrwlf vhw Dr ehfrph wudqvyhuvho| xqvwdeoh/ l1h1 �4@ z A 3/ zkloh �?@|z ? 31 Lq wklv fdvh/ Drlv qr orqjhu O|dsxqry vwdeoh/ exw lw frqwlqxhv wr eh d Ploqru dwwudfwru +^55`, l1h1 lw dwwudfwv dsrvlwlyh +Ohehvjxh, phdvxuh vhw ri srlqwv ri wkh wzr0glphqvlrqdo skdvh vsdfh1 Wkh wudqvlwlrqiurp dv|pswrwlf vwdelolw| wr dwwudfwlylw| rqo| lq Ploqru vhqvh/ pdunhg e| d fkdqjh ri vljqri �4@ z iurp qhjdwlyh wr srvlwlyh/ lv ghqrwhg dv wkh ulggolqj elixufdwlrq lq ^4;` +ru exeeolqjelixufdwlrq lq ^65`,1Hyhq li wkh rffxuuhqfh ri vxfk elixufdwlrqv lv ghwhfwhg wkurxjk wkh vwxg| ri wkh wudqvyhuvhO|dsxqry h{srqhqwv/ wkhlu h�hfwv ghshqg rq wkh dfwlrq ri wkh qrqolqhdulwlhv idu iurp �/ wkdwlv/ rq wkh joredo surshuwlhv ri wkh g|qdplfdo v|vwhp1 Lq idfw/ diwhu wkh ulggolqj elixufdwlrqwzr srvvleoh vfhqdulrv fdq eh revhuyhg dffruglqj wr wkh idwh ri wkh wudmhfwrulhv wkdw duh orfdoo|uhshoohg dorqj +ru qhdu, wkh orfdo xqvwdeoh pdqlirogv ri wkh wudqvyhuvho| uhshoolqj f|fohv=+O, wkh| fdq eh uhlqmhfwhg wrzdugv �/ vr wkdw wkh g|qdplfv ri vxfk wudmhfwrulhv duhfkdudfwhul}hg e| vrph exuvwv idu iurp � ehiruh v|qfkurql}lqj rq lw +d yhu| orqj vhtxhqfhri vxfk exuvwv/ zklfk fdq eh revhuyhg zkhq �z lv forvh wr }hur/ kdv ehhq fdoohg rq0r�lqwhuplwwhqf| lq ^5;`,>+J, wkh| pd| ehorqj wr wkh edvlq ri dqrwkhu dwwudfwru/ lq zklfk fdvh wkh skhqrphqrq riulggohg edvlqv +^7`, lv rewdlqhg1Vrph dxwkruv fdoo orfdo ulggolqj wkh vlwxdwlrq +O, dqg/ e| frqwudvw/ joredo ulggolqj wkhvlwxdwlrq +J, +vhh ^8`/ ^4<`/ ^54`,1 Zkhq dovr �?@|z ehfrphv srvlwlyh/ gxh wr wkh idfw wkdw wkhwudqvyhuvho| xqvwdeoh shulrglf ruelwv hpehgghg lqwr Dr kdyh d juhdwhu zhljkw dv frpsduhgzlwk wkh vwdeoh rqhv/ d eorzrxw elixufdwlrq rffxuv/ diwhu zklfk Dr lv qr orqjhu d Ploqrudwwudfwru/ ehfdxvh lw dwwudfwv d vhw ri srlqwv ri }hur phdvxuh/ dqg ehfrphv d fkdrwlf vdggoh/vhh ^43`1 Lq sduwlfxodu/ iru �4�?z A 3 doo wkh f|fohv hpehgghg lqwr � duh wudqvyhuvho| uhshoolqj/dqg Dr lv fdoohg qrupdoo| uhshoolqj fkdrwlf vdggoh vhh ^43`1 Dovr wkh pdfurvfrslf h�hfw ri deorzrxw elixufdwlrq lv vwurqjo| lq�xhqfhg e| wkh ehkdylru ri wkh g|qdplfdo v|vwhp idu iurpwkh lqyduldqw vxepdqlirog �= Wkh wudmhfwrulhv vwduwlqj forvh wr wkh fkdrwlf vdggoh pd| ehdwwudfwhg e| vrph dwwudfwlqj vhw idu iurp � ru uhpdlq lqvlgh d wzr0glphqvlrqdo frpsdfwvhw orfdwhg durxqg wkh fkdrwlf vdggoh Dr/ wkxv jlylqj rq0r� lqwhuplwwhqf|1 Wkh vwxg| riwudqvyhuvh O|dsxqry h{srqhqwv vd|v qrwklqj derxw wkh idwh ri wkh orfdoo| uhshoohg wudmhfwrulhv/dqg wkh rffxuuhqfh ri wkh gl�huhqw vfhqdulrv ghvfulehg deryh lv ghwhuplqhg e| wkh joredosurshuwlhv ri wkh pds1 Zkhq W lv d qrqlqyhuwleoh pds/ wkhvh joredo surshuwlhv fdq eh
:



ghvfulehg e| wkh phwkrg ri fulwlfdo fxuyhv/ zklfk pd| eh xvhg wr rewdlq wkhplqlpdo lqyduldqwdevruelqj duhd lqvlgh zklfk lqwhuplwwhqf| skhqrphqd duh frq�qhg1
� B*LM@* ThLTih|�it Lu ?L?�?�ih|�M*i 4@Tt @?_ @MtLhM�?} @h�i@t
Qrqlqyhuwleoh pds phdqv _pdq|0wr0rqh%/ wkdw lv/ glvwlqfw srlqwv s� 9@ s2 pd| kdyh wkh vdphlpdjh/ l1h1 W +s�, @ W +s2, @ s1 Jhrphwulfdoo|/ wkh dfwlrq ri d qrqlqyhuwleoh pds ri wkh sodqhfdq eh h{suhvvhg e| vd|lqj wkdw lw _irogv dqg sohdwv% wkh sodqh/ vr wkdw wkh wzr glvwlqfw srlqwvs� dqg s2 duh pdsshg lqwr wkh vdph srlqw s1 Wklv lv irupdoo| h{suhvvhg e| vd|lqj wkdw skdv vhyhudo glvwlqfw udqn04 suhlpdjhv/ l1h1/ vhyhudo lqyhuvhv duh gh�qhg lq s/ dqg wkdw wkhvhlqyhuvhv _xqirog% wkh sodqh1Pruh irupdoo|/ d wzr0glphqvlrqdo pds W = +{> |, $ +{�> |�,/ gh�qhg e| +4, lv vdlg wr ehqrqlqyhuwleoh li wkh udqn04 suhlpdjhv +{> |, @ W3�+{�> |�,/ rewdlqhg e| vroylqj wkh v|vwhp +4,zlwk uhvshfw wr { dqg |/ pd| eh pruh wkdq rqh1 Lq wklv fdvh/ wkh sodqh fdq eh vxeglylghglqwr uhjlrqv ]&/ n � 3/ zkrvh srlqwv kdyh n glvwlqfw udqn04 suhlpdjhv1 Jhqhudoo|/ dv wkhsrlqw +{�> |�, ydulhv lq wkh sodqh U2/ sdluv ri suhlpdjhv dsshdu ru glvdsshdu dv lw furvvhvwkh erxqgdulhv vhsdudwlqj gl�huhqw uhjlrqv/ khqfh vxfk erxqgdulhv duh fkdudfwhul}hg e| wkhsuhvhqfh ri dw ohdvw wzr frlqflghqw +phujlqj, suhlpdjhv1 Wklv ohdgv wr wkh gh�qlwlrq riwkh fulwlfdo fxuyhv/ rqh ri wkh glvwlqjxlvklqj ihdwxuhv ri qrqlqyhuwleoh pdsv1 Iroorzlqj wkhqrwdwlrqv ri ^47`/ ^57`/ ^6`/ wkh fulwlfdo vhw OF +iurp wkh Iuhqfk _Oljqh Fulwltxh%, lv gh�qhgdv wkh orfxv ri srlqwv kdylqj wzr/ ru pruh/ frlqflghqw udqn04 suhlpdjhv/ orfdwhg rq d vhw +vhwri phujlqj suhlpdjhv, fdoohg OF3�1 OF lv wkh wzr0glphqvlrqdo jhqhudol}dwlrq ri wkh qrwlrqri fulwlfdo ydoxh +zkhq lw lv d orfdo plqlpxp ru pd{lpxp ydoxh, ri d rqh0glphqvlrqdo pds�/OF3� lv wkh jhqhudol}dwlrq ri wkh qrwlrq ri fulwlfdo srlqw +zkhq lw lv d orfdo h{wuhpxp srlqw,1Dufv ri OF vhsdudwh wkh uhjlrqv ri wkh skdvh sodqh fkdudfwhul}hg e| d gl�huhqw qxpehu riuhdo udqn04 suhlpdjhv +vhh ^47`/ ^57`/ ^6`/,1Srlqwv ri OF3� lq zklfk wkh pds lv gl�huhqwldeoh duh qhfhvvdulo| srlqwv zkhuh wkh Mdfreldqghwhuplqdqw ydqlvkhv= lq idfw lq dq| qhljkerukrrg ri d srlqw ri OF3� wkhuh duh dw ohdvw wzrglvwlqfw srlqwv zklfk duh pdsshg e| W lq wkh vdph srlqw/ khqfh wkh pds lv qrw orfdoo|lqyhuwleoh lq srlqwv ri OF3�1 Wklv lpsolhv/ iru d gl�huhqwldeoh pds/ wkdw

OF3� � Mf @ �+{> |, 5 U2mghwGW +{> |, @ 3� +:,
Pruh jhqhudoo|/ vlqfh W lv orfdoo| dq rulhqwdwlrq suhvhuylqj pds qhdu srlqwv +{> |, vxfk wkdw

�A��t |ih4�?L*L})c @?_ ?L|@|�L?c Lh�}�?@|it uhL4 |�i ?L|�L? Lu Uh�|�U@* TL�?|t @t �| �t �ti_ �? |�i U*@tt�U@*�Lh!t Lu a�*�@ @?_ 6@|L��
;



ghwGW +{> |, A 3 dqg rulhqwdwlrq uhyhuvlqj li ghwGW +{> |, ? 3/ wkhq iru d frqwlqxrxv pds Wwkh irog OF3� lv lqfoxghg lq wkh vhw zkhuh ghwGW +{> |, fkdqjhv vljq1Wkh fulwlfdo vhwv ri udqn n duh wkh lpdjhv ri udqn n ri OF3� ghqrwhg e| OF&3� @W &+OF3�, @ W &3�+OF,/ OFf ehlqj OF1 Vhjphqwv ri fulwlfdo fxuyhv ri udqn0n/ n @ 3> 4> ===/fdq eh xvhg lq rughu wr gh�qh wudsslqj uhjlrqv ri wkh skdvh sodqh1 Dq devruelqj duhd D lv derxqghg uhjlrq ri wkh sodqh zkrvh erxqgdu| lv jlyhq e| fulwlfdo fxuyh vhjphqwv +vhjphqwv riwkh fulwlfdo fxuyh OF dqg lwv lpdjhv, vxfk wkdw d qhljkerukrrg X � D h{lvwv zkrvh srlqwvhqwhu D diwhu d �qlwh qxpehu ri lwhudwlrqv dqg wkhq qhyhu hvfdsh lw/ l1h1 W +D, � D +vhh^57`/Fk1 7/ ru ^9`/ iru pruh ghwdlov,1Iroorzlqj ^57` ru ^6` d sudfwlfdo surfhgxuh fdq eh rxwolqhg lq rughu wr rewdlq wkh erxqgdu|ri dq devruelqj duhd +dowkrxjk lw lv gl�fxow wr jlyh d jhqhudo phwkrg,1 Vwduwlqj iurp d sruwlrqri OF3�/ dssur{lpdwho| wdnhq lq wkh uhjlrq rffxslhg e| wkh duhd ri lqwhuhvw/ lwv lpdjhv rilqfuhdvlqj udqn duh frpsxwhg xqwlo d forvhg uhjlrq lv rewdlqhg1 Zkhq vxfk d uhjlrq lv pdsshglqwr lwvhoi/ wkhq lw lv dq devruelqj duhd D1 Wkh ohqjwk ri wkh lqlwldo vhjphqw lv wr eh wdnhq/lq jhqhudo/ e| d wuldo dqg huuru phwkrg/ dowkrxjk vhyhudo vxjjhvwlrqv duh jlyhq lq wkh errnvuhihuhqfhg deryh1 Rqfh dq devruelqj duhd D lv irxqg/ lq rughu wr vhh li lw lv lqyduldqw +ruvwulfwo| pdsshg lqwr lwvhoi, wkh vdph surfhgxuh pxvw eh uhshdwhg e| wdnlqj rqo| wkh sruwlrq
� @ D_ OF3� +;,

dv wkh vwduwlqj vhjphqw1 Wkhq rqh ri wkh iroorzlqj wzr fdvhv rffxuv=+l, wkh xqlrq ri p lwhudwhv ri � +iru d vxlwdeoh p, fryhuv wkh zkroh erxqgdu| ri D> lqzklfk fdvh D lv dq lqyduldqw devruelqj duhd/ dqg
CD � 6̂

&'�W &+�, +<,
+ll, qr qdwxudo p h{lvwv vxfk wkdw V6�'� W �+�, fryhuv wkh zkroh erxqgdu| ri D/ lq zklfkfdvh D lv qrw lqyduldqw exw vwulfwo| pdsshg lqwr lwvhoi1 Dq lqyduldqw devruelqj duhd lv rewdlqhge| _?:fW?+D, +dqg pd| eh rewdlqhg e| d �qlwh qxpehu ri lpdjhv ri D,1Wkh plqlpdo lqyduldqw devruelqj duhd lv wkh vpdoohvw devruelqj duhd wkdw lqfoxghv wkhPloqru dwwudfwru rq zklfk wkh v|qfkurql}hg g|qdplfv rffxu1 Lqghhg/ erxqgdulhv ri wudsslqjuhjlrqv fdq dovr eh rewdlqhg e| wkh xqlrq ri vhjphqwv ri fulwlfdo fxuyhv dqg sruwlrqv rixqvwdeoh vhwv ri vdggoh f|fohv/ dqg lq wklv fdvh zh kdyh d vr fdoohg devruelqj duhdv ri pl{hgw|sh +vhh ^57`,1 Zh grq*w hqwhu khuh lq vxfk ghwdlov/ dv lq wkh h{dpsohv jlyhq lq wklv sdshurqo| vwdqgdug devruelqj duhdv +l1h1 frpsohwho| erxqghg e| fulwlfdo dufv, duh xvhg1 Krzhyhu/wkh dujxphqwv jlyhq lq wkh iroorzlqj uhpdlq vxevwdqwldoo| xqfkdqjhg li devruelqj duhdv ripl{hg w|sh duh phw1

<



e � UL4Ti|�|�L? 4L_i* uLh 4@h!i| t�@hi
Dv dq h{dpsoh/ zh frqvlghu d g|qdplf eudqg frpshwlwlrq prgho sursrvhg lq ^8`1 Wklv prghoghvfulehv d pdunhw zkhuh d srsxodwlrq ri frqvxphuv fdq fkrrvh ehwzhhq wzr eudqgv ri kr0prjhqhrxv jrrgv/ surgxfhg e| wzr frpshwlqj �upv1 Ohw {/ | uhsuhvhqw wkh pdunhwlqj h�ruwvri wzr �upv +dgyhuwlvlqj/ U)G/ hwf1, dqg E wkh wrwdo vdohv srwhqwldo ri wkh pdunhw +lq whupvri fxvwrphu pdunhw h{shqglwxuhv,1 Li �up 4 vshqgv { grooduv ri h�ruw dqg �up 5 vshqgv |grooduv/ wkhq wkh vkduh ri wkh pdunhw +vdohv uhyhqxh, dffuxlqj wr �up 4 dqg wr �up 5 lv Ev�dqg Ev2 @ E �Ev�/ uhvshfwlyho|/ zkhuh

v� @ d{q�d{q� . e|q2 > v2 @ e|q2d{q� . e|q2 = +43,
Wkh whupv D� @ d{q� dqg D2 @ e|q2 uhsuhvhqw wkh uhfuxlwphqw ri fxvwrphuv e| �up 4dqg 5/ uhvshfwlyho|/ jlyhq { dqg | xqlwv ri h�ruw/ dqg wkh sdudphwhuv d dqg e ghqrwh wkhuhodwlyh h�hfwlyhqhvv ri wkh h�ruw pdgh e| wkh �upv1 Vlqfh _��_% %�� @ �� dqg _�2_% %�2 @ �2 wkhsdudphwhuv �� dqg �2 ghqrwh wkh hodvwlflwlhv ri wkh dwwudfwlrq ri �up +ru eudqg, l zlwk uhjdugwr wkh h�ruw ri �up l1 Pdunhw vkduh dwwudfwlrq prghov kdyh ehhq xvhg iuhtxhqwo| lq hpslulfdozrun> vhh/ h1j1/ ^44`/ ^59`,1 Wkh g|qdplf prgho jlyhq lq ^:` lv rewdlqhg e| dvvxplqj wkdw wkhwzr frpshwlwruv fkdqjh wkhlu pdunhwlqj h�ruwv dgdswlyho|/ lq uhvsrqvh wr wkh sur�wv dfklhyhglq wkh suhylrxv shulrg=

{|n� @ {| . ��+Ev�| � {|,{| +44,||n� @ || . �2+Ev2| � ||,||
Wkh ghflvlrq uxoh wkh �upv xvh lv dq dgdswlyh dgmxvwphqw +d w|sh ri dqfkrulqj dwwlwxgh,zlgho| xvhg lq ghflvlrq wkhru| +vhh ^64`/ ^63`,1 Wkh sdudphwhuv �� A 3> l @ 4> 5> phdvxuh wkhudwh ri dgmxvwphqw1 Li zh lqvhuw wkh pdunhw vkduhv iurp Ht1 +43,/ wkh frpshwlwlrq prghoehfrphv

W =
;AAAA?AAAA=

{|n� @ {| . ��{|�E %q�|%q�| n&+q2| � {|�
||n� @ || . �2||�E &+q2|%q�| n&+q2| � ||� +45,

zkhuh n =@ e@d1 D jhqhudo vwxg| ri wkh g|qdplf surshuwlhv ri wkh pds +45, lv jlyhq lq ^:`1Wkh pds +45, lv d qrqlqyhuwleoh pds ri ]e � ]2 � ]f w|sh1 Wkh vhw ri srlqwv iru zklfkghwGW +{> |, @ 3 lv jlyhq e| wkh xqlrq ri wzr eudqfkhv/ ghqrwhg e| OFE@�3� dqg OFEK�3� lq Ilj1 4d1Dovr OF lv wkh xqlrq ri wzr eudqfkhv/ ghqrwhg e| OFE@� @ W +OFE@�3� , dqg OFEK� @ W +OFEK�3�,/vhh Ilj1 4e1 Wkh eudqfk OFEK� vhsdudwhv wkh uhjlrq ]f/ zkrvh srlqwv kdyh qr suhlpdjhv/
43



iurp wkh uhjlrq ]2/ zkrvh srlqwv kdyh wzr glvwlqfw udqn04 suhlpdjhv1 OFE@� vhsdudwhv wkhuhjlrq ]2 iurp ]e/ zkhuh wkh srlqwv lq ]e kdyh irxu glvwlqfw suhlpdjhv1
ILJ1 4 DSSUR[LPDWHO\ KHUH

Khuh zh frqvlghu wkh v|pphwulf fdvh ri lghqwlfdo �upv/ rewdlqhg iru
�� @ �2 @ � > �� @ �2 @ �> n @ 4

Wklv fdvh kdv douhdg| ehhq frqvlghuhg e| Nrsho hw do1 ^49`/ zkhuh lw lv dujxhg wkdw wkhsdudphwhu � phdvxuhv wkh ghjuhh ri frpshwlwlrq ehwzhhq wkh �upv1 Zh qrz xvh wklv h{dpsohwr vkrz vrph dssolfdwlrqv ri wkh phwkrgv ghvfulehg lq Vhf1 61Wkh uhvwulfwlrq +7, ri wkh v|pphwulf pds wr wkh lqyduldqw gldjrqdo lv jlyhq e|
i+{, @ +4 . 45�E,{� �{2= +46,

zklfk lv frqmxjdwh wr wkh vwdqgdug orjlvwlf pds } @ �}+4� },/ zlwk
� @ 4. 45�E +47,

e| wkh olqhdu wudqvirupdwlrq { @ } +4 . �E@5, @�1 Iru wkh v|pphwulf pds/ wkh Mdfreldqpdwul{/ frpsxwhg dw d srlqw ri wkh gldjrqdo �/ lv
GW +{> {>�>E> �> , @ % 4� 5�{. b�Eqn2�e �b�qe�b�qe 4� 5�{. b�Eqn2�e

& = +48,
Khqfh/ wkh hljhqydoxhv duh ��� @ 4 . �2�E � 5�{ dqg �z @ 4 . �2�E+4 . �, � 5�{/ dqg wkhwudqvyhuvh O|dsxqry h{srqhqwv duh uhdglo| rewdlqhg=

�z @ olp�<" 4Q �[
?'f oq

����4 . 45�E+4 . �,� 5�{?���� =
Lw lv lpsruwdqw wr qrwh wkdw wkh sdudphwhu � rqo| dsshduv lq wkh wudqvyhuvh hljhqydoxh �z/ l1h1� lv d qrupdo sdudphwhu= lw kdv qr lq�xhqfh rq wkh g|qdplfv dorqj wkh lqyduldqw vxepdqlirog�/ dqg rqo| lq�xhqfhv wkh wudqvyhuvh vwdelolw|1 Wklv doorzv xv wr frqvlghu �{hg ydoxhv ri wkhsdudphwhuv � dqg E/ vxfk wkdw d fkdrwlf dwwudfwru Dr � � ri wkh pds +46, h{lvwv/ zlwk dqdevroxwho| frqwlqxrxv lqyduldqw phdvxuh rq lw1 Vr/ zh fdq vwxg| wkh wudqvyhuvh vwdelolw| riDr dv wkh ghjuhh ri frpshwlwlrq ehwzhhq wkh wzr �upv/ phdvxuhg e| wkh sdudphwhu �/ ydulhv1Vxlwdeoh ydoxhv ri wkh djjuhjdwh sdudphwhu �E/ dw zklfk fkdrwlf lqwhuydov iru wkh uhvwulfwlrq+46, h{lvw/ duh rewdlqhg iurp wkh zhoo nqrzq surshuwlhv ri wkh orjlvwlf pds +vhh h1j1 ^45`/
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^56`,1 Iru h{dpsoh/ dw wkh sdudphwhu ydoxh �2 @ 6=8:7;37<6;:8<5=== wkh shulrg07 f|foh ri wkhorjlvwlf pds xqghujrhv wkh krprfolqlf elixufdwlrq/ dw zklfk irxu f|folf fkdrwlf lqwhuydov duhrewdlqhg e| wkh phujlqj ri ; f|folf fkdrwlf lqwhuydov1 E| xvlqj �E @ 5+�2 � 4, zh jhw dirxu0edqg fkdrwlf vhw Dr dorqj wkh gldjrqdo �/ dv vkrzq lq Ilj1 5d1 Zlwk wkh sdudphwhuvxvhg lq Ilj1 5/ l1h1/ E @ 43 dqg � @ 3=49/ zh kdyh �4@ z A 3 dqg �?@|z @ �5=9 � 4332 ? 31Khqfh/ Dr lv d Ploqru dwwudfwru dqg orfdo ulggolqj rffxuv1 Wkh jhqhulf wudmhfwru| vwduwlqjiurp lqlwldo frqglwlrqv wdnhq lq wkh zklwh uhjlrq ri Ilj15d ohdgv wr v|qfkurql}dwlrq/ dqg wkhsrlqwv ri wkh gdun uhjlrq jhqhudwh lqwhuuxswhg wudmhfwrulhv/ lqyroylqj qhjdwlyh ydoxhv ri wkhvwdwh yduldeohv1 Wkh Ploqru dwwudfwru Dr lv lqfoxghg lqvlgh d plqlpdo lqyduldqw devruelqjduhd zkrvh erxqgdu| fdq eh hdvlo| rewdlqhg e| �yh lwhudwlrqv ri dq duf ri OF3�/ dv vkrzq lqIlj15e1 Wklv devruelqj duhd frqvwlwxwhv d wudsslqj uhjlrq lqvlgh zklfk wkh exuvwv revhuyhggxulqj wkh wudqvlhqw duh frqwdlqhg1 Wklv lv fohduo| vhhq lq Ilj1 5f/ zkhuh wkh srlqwv riwkh wudqvlhqw sduw ri d w|slfdo wudmhfwrulhv zklfk v|qfkurql}hv duh uhsuhvhqwhg1 Gxulqj wkhwudqvlhqw/ wkh wlph hyroxwlrq ri wkh v|vwhp lv fkdudfwhul}hg e| vhyhudo exuvwv dzd| iurp �ehiruh v|qfkurql}dwlrq rffxuv/ dv vkrzq lq Ilj15g/ zkhuh wkh gl�huhqfh {| � ||/ frpsxwhgdorqj wkh wudmhfwru| ri Ilj15f/ lv uhsuhvhqwhg yhuvxv wlph1Lq vxfk d vlwxdwlrq/ d phwkrg wr rewdlq d wudmhfwrulhv zklfk qhyhu v|qfkurql}h/ vr wkdw wkhexuvwv qhyhu vwrs dqg wkh lwhudwhg srlqwv �oo xs wkh zkroh plqlpdo devruelqj duhd/ frqvlvwv lqwkh lqwurgxfwlrq ri d vpdoo sdudphwhuv* plvpdwfk +vhh h1j1 ^9`,/ vxfk dv �� voljkwo| gl�huhqwiurp �2 ru �� voljkwo| gl�huhqw iurp �2/ vr wkdw wkh v|pphwu| lv eurnhq1 Wklv lpsolhv wkdw wkhlqyduldqfh ri � lv orvw/ dqg frqvhtxhqwo| wkh rqh0glphqvlrqdo Ploqru dwwudfwru hpehgghg lqqr orqjhu h{lvwv1 Wkh vwxg| ri wkh h�hfwv ri vpdoo sdudphwhuv* plvpdwfkhv pd| eh lpsruwdqwlq hfrqrplf g|qdplf prghoolqj/ dv vwuhvvhg lq ^;` dqg ^49`1
ILJ1 5 DSSUR[LPDWHO\ KHUH

D vlplodu h�hfw lv rewdlqhg hyhq lq wkh v|pphwulf fdvh/ li wkh ydoxh ri � lv lqfuhdvhg vr wkdw�?@|z lqfuhdvhv xqwlo lw fkdqjhv vljq/ l1h1 d eorzrxw elixufdwlrq rffxuv1 Diwhu wklv elixufdwlrqwkh exuvwv zklfk fkdudfwhul}h wkh �uvw sduw ri wkh wudmhfwru| ri Iljv1 5f dqg 5g/ qhyhu vwrs/l1h1 wkh �upv qhyhu v|qfkurql}h1 Dr lv qrz d fkdrwlf vdggoh/ dqg rq0r� lqwhuplwwhqf| lvrevhuyhg1 Wklv lv zkdw kdsshqv lq wkh vlwxdwlrq vkrzq lq Ilj16/ rewdlqhg iru � @ 3=4</ dwzklfk �?@|z @ 4=9� 4332 A 31 Qrz wkh srlqw ri d jhqhulf wudmhfwru| vwduwlqj iurp wkh zklwhuhjlrq �oo wkh zkroh devruelqj duhd/ vwloo erxqghg e| vhjphqwv ri fulwlfdo dufv1
ILJ1 6 DSSUR[LPDWHO\ KHUH
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Dqrwkhu vlwxdwlrq/ rewdlqhg zlwk � @ 3=3</ lv vkrzq lq Ilj171 Lq Ilj17d wkh 70f|folffkdrwlf vhw Dr/ zklfk lv d Ploqru dwwudfwru zlwk �4@ z A 3 dqg �?@|z @ �3=48 ? 3/ frh{lvwvzlwk dq dwwudfwlqj f|foh F2 ri shulrg 5/ zlwk shulrglf srlqwv rxw ri �= wkh zklwh uhjlrquhsuhvhqwv wkh vhw ri srlqwv jhqhudwlqj wudmhfwrulhv wkdw v|qfkurql}h wr Dr/ wkh oljkw juh|uhjlrqv uhsuhvhqw wkh edvlq ri wkh f|foh F21 Wkh orfdoo| uhshoohg wudmhfwrulhv fdqqrw uhdfkF2 ehfdxvh ri wkh suhvhqfh ri dq devruelqj duhd vxuurxqglqj Dr1 Wklv lv vkrzq lq �j17d1Wkh orfdoo| uhshoohg wudmhfwrulhv duh iroghg edfn e| wkh erxqgdulhv ri wkh devruelqj duhd/ dqgdiwhu vrph exuvwv dzd| iurp � wkh| v|qfkurql}h1 Dq lqfuhdvh ri � fdxvhv d frqwdfw ehwzhhqwkh devruelqj duhd dqg wkh edvlq ri F2 zklfk ohdgv wr wkh ghvwuxfwlrq ri wkh devruelqj duhd/vr wkdw vrph ri wkh wudmhfwrulhv wkdw duh uhshoohg iurp Dr fdq frqyhujh wr F2/ dqg wkh edvlqri Dr ehfrphv ulggohg +Ilj1 7e,1 Wklv h{dpsoh vkrzv d wudqvlwlrq iurp d orfdoo| ulggohg wr djoredoo| ulggohg g|qdplfv fdxvhg e| d frqwdfw ehwzhhq wkh erxqgdu| ri d plqlpdo lqyduldqwdevruelqj duhd dqg wkh erxqgdu| ri lwv edvlq ri dwwudfwlrq1
ILJ1 7 DSSUR[LPDWHO\ KHUH

D �L?U*�t�L?t
Zh kdyh dqdo|}hg d sduwlfxodu w|sh ri wzr0glphqvlrqdo glvfuhwh g|qdplfdo v|vwhpv wkdw rqhfdq phhw lq wkh prgholqj ri frpshwlwlrq ehwzhhq wzr hfrqrplf djhqwv1 Gxh wr wkh dvvxphgv|pphwu| ehwzhhq wkh djhqwv/ wkh skhqrphqrq ri fkdrv v|qfkurql}dwlrq fdq eh revhuyhg1Wkh fulwlfdo fxuyhv/ d wrro iru wkh vwxg| ri wkh joredo surshuwlhv ri qrqlqyhuwleoh pdsvri wkh sodqh/ kdyh ehhq xvhg wr rewdlq wkh erxqgdu| ri frpsdfw wudsslqj uhjlrqv/ fdoohgdevruelqj duhdv/ lqvlgh zklfk lqwhuplwwhqf| dqg eorzrxw skhqrphqd duh frq�qhg1Pdq| ri wkhvh frqfhswv fdq eh jhqhudol}hg wr wkh fdvh ri pruh wkdq wzr frpshwlwruv1Lq jhqhudo/ d olqhdu wudqvirupdwlrq P lv fdoohg d v|pphwu| ri d pds W li P � W @ W �P 1 Lq wklv fdvh/ wkh vhw ri �{hg srlqwv ri P lv dq lqyduldqw vxevsdfh iru wkh g|qdplfdov|vwhp1 Iru h{dpsoh/ zlwk wkuhh lghqwlfdo frpshwlwruv/ zkrvh wlph hyroxwlrq lv prghohg e|wkh lwhudwlrq ri wkh pds W = +{|> ||> }|, $ +{|n�> ||n�> }|n�,/ dq hylghqw jurxs ri v|pphwulhvlv uhsuhvhqwhg e| wkh vhw ri shupxwdwlrqv ri wkh frruglqdwhv1 Wklv lpsolhv/ iru h{dpsoh/wkdw wkh sodqhv ��/ �2 dqg ��/ ri htxdwlrqv | @ }/ { @ }> dqg { @ | uhvshfwlyho|/ duhlqyduldqw/ dqg wkh wudmhfwrulhv hpehgghg lqvlgh wkhp/ duh jryhuqhg e| wkh wzr0glphqvlrqdouhvwulfwlrqv ri W wr ��/ uhsuhvhqw sduwldo v|qfkurql}dwlrq/ vlqfh wkh| duh fkdudfwhul}hg e| wkhidfw wkdw wzr ri wkh wkuhh frpshwlwruv ehkdyh lq d v|qfkurql}hg zd|1 Wkh lqwhuvhfwlrq ri wkhwkuhh lqyduldqw sodqhv lv wkh lqyduldqw olqh V @ �+{> {> {, 5 U�� zkhuh wrwdo v|qfkurql}dwlrqrffxuv1 H{dpsohv ri prghov ghvfulelqj wkh frpshwlwlrq dprqj wkuhh frpshwlwruv duh wkh
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Frxuqrw wulrsro| jdphv uhfhqwo| vwxglhg lq ^4` dqg ^5`1 Iru kljkhu glphqvlrqdo prghov/vxfk dv roljrsro| prghov zlwk q lghqwlfdo frpshwlwruv/ lw pd| eh lqwhuhvwlqj wr vwxg| wkhirupdwlrq ri foxvwhuv ri n ? q v|qfkurql}hg frpshwlwruv/ frh{lvwlqj zlwk rwkhu foxvwhuv ruzlwk qrq0v|qfkurql}hg frpshwlwruv1 Wkh h{whqvlrq ri wkh joredo phwkrgv ghvfulehg lq wklvsdshu lqyroyhv fulwlfdo vxuidfhv +ru k|shuvxuidfhv, lq rughu wr erxqg frpsdfw uhjlrqv zkhuhlqwhuplwwhqf| skhqrphqd duh frq�qhg1Wkh gholplwdwlrq ri plqlpdo devruelqj uhjlrqv/ zklfk lqfoxgh wkh Ploqru dwwudfwruv hp0ehgghg lq lqyduldqw vxevsdfhv ri orzhu glphqvlrqdolw|/ dovr doorzv rqh wr xqghuvwdqg wkhh�hfwv ri dv|pphwulhv fdxvhv e| vpdoo sdudphwhuv plvpdwfkhv/ wkdw lv/ wkh frqvhtxhqfhv riwkh suhvhqfh ri txdvl0lghqwlfdo hfrqrplf djhqwv1 Lq wklv fdvh/ dv vkrzq lq ^9` dqg ^<` iru wkhwzr0glphqvlrqdo fdvh/ rq0r� lqwhuplwwhqf| skhqrphqd duh revhuyhg/ dqg wkh erxqgdulhv riwkh plqlpdo devruelqj duhd ehkdyh dv d yhvvho lqvlgh zklfk wkh lqwhuplwwhqw exvwv duh frq�qhg+vhh dovr ^;` dqg ^49` iru d glvfxvvlrq rq wkh hfrqrplf lpsolfdwlrqv,1Dfnqrzohgjphqwv1 Zh wkdqn Plfkdho Nrsho zkr vxjjhvwhg xv wkh eudqg frpshwlwlrqprgho1 Wklv zrun kdv ehhq shuiruphg xqghu wkh dxvslfhv ri FQU/ Lwdo|/ dqg xqghu wkh dfwlylw|ri wkh qdwlrqdo uhvhdufk surmhfw _Qrqolqhdu G|qdplfv dqg Vwrfkdvwlf Prghov lq Hfrqrplfvdqg Ilqdqfh%/ PXUVW/ Lwdo|1
+iuihi?Uit
^4` Djl}d/ K1Q1/ Elvfkl/ J10L1 dqg Nrsho/ P1 +4<<<, _Pxowlvwdelolw| lq d G|qdplf FrxuqrwJdph zlwk Wkuhh Roljrsrolvwv%Pdwkhpdwlfv dqg Frpsxwhuv lq Vlpxodwlrq/ 84 ss1 960<31
^5` Djoldul/ D1/ Jduglql/ O1 dqg Sxx/ W1 +4<<<, _Wkh g|qdplfv ri d wulrsro| jdph%/ Fkdrv/Vrolwrqv ) Iudfwdov +lq suhvv,
^6` Deudkdp/ U1/ Jduglql/ O1 dqg Plud/ F1 +4<<:, Fkdrv lq glvfuhwh g|qdplfdo v|vwhpv +Dylvxdo lqwurgxfwlrq lq wzr glphqvlrq, Vsulqjhu0Yhuodj1
^7` Doh{dqghu/ M1F1/\runh/ M1D1/ \rx/ ]1 dqg Ndq/ L1 +4<<5, _Ulggohg edvlqv%/ Lqw1 Mrx1 riEli1 ) Fkdrv/ 5/ :<80;46
^8` Dvkzlq/ S1/ Exhvfx/ M1 dqg Vwhzduw/ L1 +4<<9, _Iurp dwwudfwru wr fkdrwlf vdggoh= d wdohri wudqvyhuvh lqvwdelolw|%/ Qrqolqhdulw|/ </ :360:6:1
^9` Elvfkl/ J10L1 dqg Jduglql/ O1 +4<<;, _Uroh ri lqyduldqw dqg plqlpdo devruelqj duhdv lqfkdrv v|qfkurql}dwlrq%/ Sk|vlfdo Uhylhz H/ 8;/ 8:4308:4<1
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^:` Elvfkl/ J10L1/ Jduglql/ O1 dqg Nrsho/ P +4<<<, _Dqdo|vlv ri Joredo Elixufdwlrqv lq dPdunhw Vkduh Dwwudfwlrq Prgho%/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro +lq suhvv,
^;` Elvfkl/ J10L1/ Jdoohjdwl/ P1 dqg Qdlp}dgd/ D1 +4<<<, _V|pphwu|0Euhdnlqj elixufdwlrqvdqg uhsuhvhqwdwlyh �up lq g|qdplf gxrsro| jdphv%/ Dqqdov ri Rshudwlrqv Uhvhdufk/;</ 58605:51
^<` Elvfkl/ J10L1/ Vwhidqlql/ O1 dqg Jduglql/ O1 +4<<;, _V|qfkurql}dwlrq/ lqwhuplwwhqf| dqgfulwlfdo fxuyhv lq gxrsro| jdphv%/ Pdwkhpdwlfv dqg Frpsxwhuv lq Vlpxodwlrqv/ 77/ 88<08;81
^43` Exhvfx/ M1 +4<<:, H{rwlf Dwwudfwruv/ Elunk�dxvhu1
^44` Exowh}/ D1 Y1 dqg S1 D1 Qdhuw +4<:8,= Frqvlvwhqw Vxp0Frqvwudlqhg Prghov1 Mrxuqdo riwkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :3/ 85<08681
^45` Froohw/ S1 dqg Hfnpdqq/ M1S1 +4<;3, Lwhudwhg pdsv rq wkh lqwhuydo dv g|qdplfdo v|vwhpv/Elunk�dxvhu/ Ervwrq1
^46` Ixmlvdnd/ K1 dqg \dpdgd/ W1 +4<;6, _Vwdelolw| wkhru| ri v|qfkurql}hg prwlrq lq frxsohg0rvfloodwru v|vwhpv%/ Surjuhvv ri Wkhruhwlfdo Sk|vlfv/ 9< +4, ss1 6507:1
^47` Jxprzvnl/ L1 dqg Plud/ F1 +4<;3, G|qdpltxh Fkdrwltxh/ Fhsdgxhv Hglwlrqv/ Wrxorvh1
^48` Kdvohu/ P1 dqgPdlvwuhqnr/ \x1 +4<<:, _Dq lqwurgxfwlrq wr wkh v|qfkurql}dwlrq ri fkdrwlfv|vwhpv= Frxsohg vnhz whqw pdsv%/ LHHH Wudqv1 Flufxlwv V|vw1/ 77 +43, ;890;991
^49` Nrsho/ P1/ Elvfkl/ J10L1 dqg Jduglql/ O1 +4<<<, _Rq qhz skhqrphqd lq g|qdplf surpr0wlrqdo frpshwlwlrq prghov zlwk krprjhqhrxv dqg txdvl0krprjhqhrxv �upv% lq PdunhwVwuxfwxuh/ Djjuhjdwlrq ) Khwhurjhqhlw| +G1 Ghool Jdwwl/ P1Jdoohjdwl dqg D1 Nlupdq/Hgv1, Vsulqjhu0Yhuodj +lq suhvv,1
^4:` Odl \1F1/ Juherjl/ F1 dqg \runh/ M1D1 +4<<9, _Ulggolqj elixufdwlrq lq fkdrwlf g|qdplfdov|vwhpv%/ Sk|vlfdo Uhylhz Ohwwhuv1 ::/ 8808;1
^4;` Odl \1F1dqg Juherjl/ F1 +4<<9, _Qrlvh0lqgxfhg ulggolqj lq fkdrwlf v|vwhpv%/ Sk|vlfdoUhylhz Ohwwhuv ::/ 837:083831
^4<` Pdlvwuhqnr/ \x1/ Ndslwdqldn/ W1 dqg V}xplqvnl/ S1 +4<<:, _Orfdoo| dqg joredoo| ulggohgedvlqv lq wzr frxsohg slhfhzlvh0olqhdu pdsv%/ Sk|vlfdo Uhylhz H/ 8: +6,/ 96<6096<<1
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^53` Pdlvwuhqnr/ \x1/ Pdlvwuhqnr/ Y1O1/ Srsrylfk/ D1 dqg Prvhnlogh/ H1 +4<<;, _Wudqvyhuvhlqvwdelolw| dqg ulggohg edvlqv lq d v|vwhp ri wzr frxsohg orjlvwlf pdsv%/ Sk|vlfdo UhylhzH/ 8: +6,/ 5:4605:571
^54` Pdlvwuhqnr/ \x1/ Pdlvwuhqnr/ Y1O1/ Srsrylfk/ D1 dqg Prvhnlogh/ H1 +4<<;, _Uroh ri wkhDevruelqj Duhd lq Fkdrwlf V|qfkurql}dwlrq%/ Sk|vlfdo Uhylhz Ohwwhuv/ ;3 +;,/ 496;049741
^55` Ploqru/ M1 +4<;8, _Rq wkh frqfhsw ri dwwudfwru%/ Frppxq1 Pdwk Sk|v/ <</ 4::04<81
^56` Plud/ F1 +4<;:, Fkdrwlf G|qdplfv1 Iurp wkh rqh0glphqvlrqdo hqgrprusklvp wr wkhwzr0glphqvlrqdo gl�hrprusklvp +Zruog Vflhqwl�f/ Vlqjdsruh,1
^57` Plud/ F1/ Jduglql/ O1/ Eduxjrod/ D1 dqg Fdwkdod/ M1F1 +4<<9, Fkdrwlf G|qdplfv lq Wzr0Glphqvlrqdo Qrqlqyhuwleoh Pdsv/ Zruog Vflhqwl�f/ Vlqjdsruh1
^58` Plud/ F1/ Fdufdvvhv/ M10S1/ Ploohulrx{/ J1 dqg Jduglql/ O1 +4<<9, _Sodqh iroldwlrq ri wzr0glphqvlrqdo qrqlqyhuwleoh pdsv%/ Lqwhuqdwlrqdo Mrxuqdo ri Elixufdwlrq ) Fkdrv/ yro19+;,/ 476<047951
^59` Qdhuw/ Sk1/ dqg P1 Zhyhuehujk +4<;4,= Rq wkh suhglwlrq srzhu ri pdunhw vkduh dwwudf0wlrq prghov/ Mrxuqdo ri Pdunhwlqj Uhvhdufk 4;/ 47904861
^5:` Qdjdl/ \1 dqg Odl/ \10F1 +4<<:, _Shulrglf0ruelw wkhru| ri wkh eorzrxw elixufdwlrq%/Sk|vlfdo Uhylhz H/ 89 +7,/ 7364073741
^5;` Rww/ H1 dqg Vrpphuhu/ M1F1 +4<<7, _Eorzrxw elixufdwlrqv= wkh rffxuuhqfh ri ulggohgedvlqv dqg rq0r� lqwhuplwwhqf|%/ Sk|v1 Ohww1 D/ 4;;/ 6<07:1
^5<` Shfrud/ O1P1 dqg Fduuro/ W1O1 +4<<3, _V|qfkurql}dwlrq lq fkdrwlf v|vwhpv%/ Sk|vlfdoUhylhz Ohwwhuv/ 97 +;, ss1 ;540;571
^63` Vwhupdq/ M1G1 +4<;<, _Prgholqj pdqdjhuldo ehkdylru= plvshufhswlrqv ri ihhgedfn lq dg|qdplf ghflvlrq pdnlqj h{shulphqw% Pdqdjhphqw Vflhqfh 68/ 654066<1
^64` Zdqvlqn/ E1/ U1M1 Nhqw/ dqg V1M1 Krfk +4<<;, _Dq dqfkrulqj dqg dgmxvwphqw prgho risxufkdvh txdqwlw| ghflvlrqv% Mrxuqdo ri Pdunhwlqj Uhvhdufk 68/ :40;41
^65` Yhqndwdudpdql/ V1F1/ Kxqw/ E1U1 dqg Rww/ H1 +4<<9, _Exeeolqj wudqvlwlrq%/ Sk|vlfdoUhylhz H/ 87/ 4679046931
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6�}�hi U@T|�L?t
Ilj1 41 +d, Fulwlfdo fxuyhv ri udqn03/ OF3�/ iru wkh pds +45,/ qxphulfdoo| rewdlqhg dvwkh orfxv ri srlqwv zkhuh wkh Mdfreldq ghw+GW +{> |,, @ 3/ iru �� @ �2 @ 3=8/ �� @ �2 @ 3=5/E @ 43 dqg n @ 41+e, Fulwlfdo fxuyhv ri udqn04/ OF @ W +OF3�,1 Wkhvh fxuyhv vhsdudwh wkh sodqh lqwr wkhuhjlrqv ]e> ]2 dqg ]f/ zkrvh srlqwv kdyh irxu/ wzr/ dqg qr udqn04 suhlpdjhv uhvshfwlyho|1Ilj1 5= Qxphulfdo h{sorudwlrqv ri wkh g|qdplf ehkdylruv ri wkh v|pphwulf eudqg frp0shwlwlrq prgho +45, zlwk sdudphwhuv �� @ �2 @ 3=49/ E @ 43/ n @ 4 dqg �� @ �2 @3=847<93<;=== @ 5+�2 � 4,@E1+d, Wkh zklwh uhjlrq uhsuhvhqwv wkh vhw ri srlqwv wkdw jhqhudwh wudmhfwrulhv zklfk v|qfkurql}hrq wkh 70f|folf fkdrwlf vhw Dr> wkh srlqwv ri wkh juh| uhjlrq jhqhudwh lqwhuuxswhg wudmhfwrulhv/lqyroylqj qhjdwlyh ydoxhv ri wkh vwdwh yduldeohv1+e, Erxqgdu| ri wkh devruelqj duhd durxqg wkh Ploqru dwwudfwru Dr/ rewdlqhg e| wkh vhjphqwvri fulwlfdo fxuyhv OF @ W +�,/ OF� @ W +OF,/111OF& @ W +OF&3�,/ n @ 5> ===> 7/ lpdjhv ri wkhduf � 5 OF3�1+f, Srlqwv ri wkh wudqvlhqw sduw ri d w|slfdo wudmhfwrulhv zklfk v|qfkurql}hv1+g, Wkh gl�huhqfh {|�||/ frpsxwhg dorqj wkh wudmhfwru| ri Ilj15f/ lv uhsuhvhqwhg yhuvxv wlphgxulqj wkh �uvw 833 shulrgv1Ilj1 6= Zlwk wkh vdph sdudphwhuv ��/ E dqg n dv lq Ilj15/ dqg �� @ �2 @ 3=4</�?@|z A 3/ khqfh d jhqhulf wudmhfwru| vwduwlqj iurp wkh zklwh uhjlrq �oov wkh zkroh devruelqjduhd/ erxqghg e| vhjphqwv ri fulwlfdo dufv1Ilj1 7= +d, Zlwk wkh vdph sdudphwhuv ��/ E dqg n dv lq Ilj15/ dqg �� @ �2 @ 3=3</ wkh70f|folf fkdrwlf vhw Dr/ zklfk lv d Ploqru dwwudfwru zlwk �4@ z A 3 dqg �?@|z @ �3=48 ? 3/frh{lvwv zlwk dq dwwudfwlqj f|foh F2 ri shulrg 5/ zlwk shulrglf srlqwv rxw ri �1 Wkh srlqwv riwkh zklwh uhjlrq jhqhudwh wudmhfwrulhv zklfk v|qfkurql}h rq Dr/ zkhuhdv srlqwv lq wkh oljkw0juh| uhjlrq frqyhujh wr F21 Wkh erxqgdulhv ri wkh plqlpdo devruelqj duhd lqfoxglqj Dr duhdovr vkrzq1+e, Iru �� @ �2 @ 3=4 wkh edvlq ri Dr lv ulggohg zlwk wkh edvlq ri F21
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Fig. 2
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Fig. 3
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