.}OURNALQF
Economic Behavior
il s Journal of Economic Behavior & Organizatio & Otgamzatxon
ELSEVIER Vol. 49 (2002) 173-197

&A%l

www.elsevier.com/locate/econbase

Speculative behaviour and complex asset price
dynamics: a global analysis

Carl Chiarelld*, Roberto Diec?, Laura Gardinf

2 School of Finance and Economics, University of Technology, P.O. Box 123, Sydney, NSW 2007, Australia
b Facolta di Economia, Universita degli Studi di Parma, Parma, Italy
¢ Facolta di Economia, Universita degli Studi di Urbino, Urbino, Italy

Received 9 April 2001 ; received in revised form 16 July 2001; accepted 19 July 2001

Abstract

This paper analyses the dynamics of a model of a share market consisting of two groups of traders:
fundamentalists, who base their trading decisions on the expectation of a return to the fundamental
value of the asset, and chartists, who base their trading decisions on an analysis of past price trends.
The model is reduced to a two-dimensional map whose global dynamic behaviour is analysed in
detail. The dynamics are affected by parameters measuring the strength of fundamentalist demand
and the speed with which chartists adjust their estimate of the trend to past price changes. The
parameter space is characterized according to the local stability/instability of the equilibrium point
as well as the non-invertibility of the map. The method of critical curves of non-invertible maps is
used to understand and describe the range of global bifurcations that can occur. It is also shown how
the knowledge of deterministic dynamics uncovered here can aid in understanding the behaviour
of stochastic versions of the model. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In recent years several models of financial markets based on interacting heterogeneous
agents have been developed, see for example Day and Huang (1990), Brock and Hommes
(1998), Lux (1998), Chen and Yeh (1997) and Chiarella and He (in press). Most of these
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models, some of which allow the size of the different groups of agents to vary according to
the evolution of the financial market, are of necessity not very mathematically tractable. In
the present paper, in order to complement the aforementioned studies, we develop a discrete
time model of asset price dynamics containing the essential elements of the heterogeneous
interacting agents paradigm whilst still remaining mathematically tractable. We assume that
the share market consists of two types of tradinsdamentalistswho base their trading
decisions on an estimate of the fundamental value of the asseathartits a group which

bases its decisions on an analysis of past price trends. The chartists’ demand is an S-shaped
function of the difference between the chartists’ estimate of the price trend (obtained through
an adaptive expectations scheme on past price changes) and the return on some alternative
asset. The model reduces to a two-dimensional non-linear map, whose dynamic behaviour
we analyse by first determining, in the space of the parameters, the local stability region
of the unique equilibrium point of the map, together with the regions of invertibility or
non-invertibility. It turns out that in the stability region, besides the local properties, global
ones are also important in detecting other dynamic phenomena such as coexistence of
attractors, or chaotic transients before the convergence to the stable equilibrium. We indicate
the bifurcations that the fixed point undergoes when the key parameters, suchtesrtih

of fundamentalists’ demand and tepeedwith which chartists adjust their estimate of the

trend to past price changes, are increased. We also analyze the regions in the parameter
space in which the equilibrium point is unstable and the map is non-invertible. We shall
focus on particular regimes characterized by chaotic behaviour, showing how the global
bifurcation known asnap-back repellofleading to chaotic dynamics) can be detected by

use of thecritical curvesof the map (as proved in Gardini (1994)). Moreover, by making

use of the properties of the critical curves of non-invertible maps (described in Chapter 4 of
Miraetal. (1996), and used in several economic models by Puu (2000)), we show how upper
and lower bounds for the asymptotic behaviour of the state variables (price and chartists’
expectations) can be determined, although we are in the presence of chaotic dynamics.
Simulations of a stochastic version of the model suggest that volatility behaviour of asset
returns is related to these bounds.

The paper is organized as follows. Section 2 derives the model of fundamentalists and
chartists. Section 3 points out some general properties of the two-dimensional map driving
the dynamics. Sections 4 discusses the bifurcations that can occur and Section 5 shows
how the properties of the critical curves can help to understand the nature of the attrac-
tors, their homoclinic bifurcations and other global bifurcations. Finally, an extension of
the model beyond its deterministic structure is suggested in Section 6, showing how the
knowledge of deterministic dynamics can help in understanding the volatility patterns of
simple stochastic versions of the model. Section 7 concludes and makes some suggestions
for future research.

2. Themode€

We adopt the basic fundamentalist/chartist model of Chiarella (1992), whose antecedents
are Day and Huang (1990), Beja and Goldman (1980), and Zeeman (1974). We denote by
P, the logarithm of the asset price at timeand use the subscripte {f, ¢} to denote
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fundamentalists or chatrtists. In each time period each group of agents is assumed to invest
some of its wealth in a risky asset and some in an alternative safe ass&; Lbe the

wealth of agent andZ; ; be the fraction of this wealth that agerdecides to invest in the

risky asset, at time. The agent’s wealth at timg + 1) will then be given by

2141 =851+ 821, (L—=Z; )8 + 2i 1 Zi ((Pry1 — Pr),

whereg; is the return on the alternative safe asset (e.g. bonds)Rang — P;) is the return
on the risky asset. Agenttomputes the conditional mean and varianc€gf, 1 (denoted
by E; ;(£2; ;+1) andV; ;(£2; ;+1), respectively) assuming théP; 1 — P;) is conditionally
normal, so that

Ei (2141 =it +Q2i (L= Z; 1)8: + 2i 1 Zi 1 Ei 1 (Pry1 — Pt), 1)
Vit (Ri441) = 22,22, Vi1 (Pe1 — Py). @

Assuming that each group of agents has an exponential utility of wealth function, each
agent seekZ; ; so as to maximise

E;[—exp(—a;$2; 1], 3

whereq; is agent'’s risk aversion coefficient. Under the assumption a1 is condi-
tionally normally distributed, this problem is equivalent to

1
maX{Ei,r(-Qi,Hl) - Eai Vi,t(Qi,t+1)} .
it

The solution to this optimization problem is

E; (P — P) —
Lo = Zi,zQi,t _ z,t( t+1 r) 81,
a; Vi (Py1— Pp)

whereg; ; is the demand by agenfor the risky asset. The two groups of agents essentially
differ in the way they calculate the mean and variance of the price change over successive
time intervals.

The fundamentalists are assumed to have a reasonable estimate of the fundamental value
of the risky asset. This estimate has been obtained at some cost, such as large setup costs
(e.g. a major financial institution), and the employment of highly paid professionals, such
as market analysts, economists, computer analysts, etc. Fundamentalists believe that the
asset price follows a mean reversion process with the fundamental value being the long run
mean. Hence they calculate that the expected excess return is proportional to the difference
between the current log asset price and the log fundamental value, i.e.

Ef,t(Pt+1 —P)—g =nW,— P),

wheren is the speed of mean reversion estimated by the fundamentalisig;aadhe log
of fundamental value at time They also assume that the conditional variance of price
changes is constant, i.e.

Vi, i (Pry1 — Pr) = vt
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Fundamentalist demand, in terms of returns, is thus given by
Df = a(W, — Py), 4

wherea (= n/asvs > 0) is the strength of fundamentalist demand. If the log share pyice

is below (above) the log expected fundamental valgethen fundamentalists try to buy

(sell) the share, because they think that the share is undervalued (overvalued) and therefore
its price will increase (decrease).

Chartists are assumed to be unable to bear the cost structure necessary to acquire the in-
formation about the fundamental value available to fundamentalists. Rather they base their
estimate of the mean and variance of expected return on the risky asset on the costless infor-
mation contained in recent return (log price) chanesse, , .1 to denote the chartists’
expectation at time of the log price change (i.e. return) over the next trading period, i.e.

%,t+1 = Ez(Pt+1 - Pt) = Ez(Pt+1) - Pt~

Then chartists are assumed to calculatg (P;+1 — P;) by extrapolating past price
changes according to the simple adaptive scheme

1,”t,t+l = W:—l,t +c(Pr— P—1— wt—l,t)y (5)

wherec (0 < ¢ < 1) is the speed with which they adjust their estimate of the trend to the
most recent price changes. Alternatively the quantity 1/c may be viewed as the time
lag in chartists’ informatior.

Thus, chartist asset demand is given by

_ Yrr+1 — &
QclUc .

St

Unlike the fundamentalists, the chartists change their estimate#f the conditional
variance according to the magnitude|¢f ;11 — g¢|. As this quantity becomes larger they
expect greater volatility and increase their estimatehence lowering the slope of their
demand function. This behaviour leads to the levelling off of the slope of chartist demand
as|y;+1 — &| becomes larger. The chartist asset demand may thus be characterised in
general by

Dtc = h(‘/ft,tJrl — &), (6)

where the functioia (-) has the properties: (i (x) > 0(Vx), (i) #(0) = 0, (iii) there exists

anx* suchthat”(x) < 0(> 0) forallx > x* (< x*) and, (iv) lim,_, zo0h’(x) = 0. In our
examples and simulations we takéx) = y arctanx. However, it is important to remark

that the qualitative analysis performed in the following sections (as also the qualitative
dynamics) are not affected by a change of function, because these mainly depend on the
properties ofi(-) given above.

1 Alternatively we could conceive of chartists as a group having greater faith in the statistical analysis of recent
price trends than in attempts to estimate fundamental value.

2 The restrictionc < 1, i.e.7 > 1, has the simple economic interpretation that chartists cannot revise their
estimate ofy, ;1 more frequently than they receive information about price changes. Here this frequency is one
time unit.



C. Chiarella et al./J. of Economic Behavior & Org. 49 (2002) 173-197 177

Thus, total excess demand for the asset at tifagsuming;, = g andW, = W are both
constant) is given by

D, =a(W—Pt)+h(1ﬁ,,,+1—g). (7)

Let us now turn to the adjustment process of the share price in the market. Following
Day and Huang, we assume the existencerbeket makewhose function is to set excess
demand to zero at the end of each trading day. If the excess demand inpisrjuakitive
(negative), the market maker sells (buys) the quantity of the asset needed to clear the market,
and raises (reduces) the share price for the next peried. Precisely, what goes on in
each trading day can be described as follows: (i) at the beginning aftiaymarket maker
announces the (log) pricg; for that day; (ii) the market participants then form excess
demandD; according to (7); (iii) the market maker, observing the excess demand, takes
a long or short positiod, (by adjusting his or her inventory of assets) in order to clear
the market, i.e. such thdd, + M, = 0O; (iv) the market maker then announces, at the
beginning of the next trading period, the new (log) prige  calculated as the previous
(log) price plus some fraction of the excess demand of the previous period, according to
Pii1 = Pi + BpD; (Bp > 0). The process then repeats itself.

Thus, at the beginning of day + 1) the following dynamic adjustments occur, made by
the market maker and chartists, respectively:

Pii1= P+ Bpla(W — P) + h(Yy 141 — )],
Virri2 = (L= Y41 + cBpla(W — P) +h(Yy 111 — )]

The focus of our analysis will be to undertake a global analysis of the map (8), showing
how, in the regions of the parameters space where the equilibrium point is unstable, a
different attractor may exist having “good” properties from a practical point of view. That s,
even if the fixed point of the economy is unstable, we can predict its “fate” in a macroscopic
way giving, for example, the width of the oscillations that the state variables sugitas
undergo.

(8)

3. General properties of the map

In this section we investigate the nature of the map driving the dynamics of the model as
well as its regions of stability and invertibility/non-invertibility.

3.1. The map

From the previous section, the time evolution of price and chartists’ expectations is
obtained by the iteration of the two-dimensional non-linear @agy, P) — (v’, P’)

0 Y =1 — )Y +cBpla(W — P) + h(y — g)] ©)
| P/ =P+ Bpla(W — P) + h(y — 2)],

3 In order to remain mathematically tractable our model does not take into account the possible large positive or
negative inventory positions of the market maker. Day and Huang suggest how these could be taken into account
in the way the market maker adjusts the new price. We leave the analysis of such effects to future research.
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where the symbdldenotes the unit time advancement operator. The @a@as the point
(¥, P) = (0, W + 1/ah(—g)) as unique fixed point, so that in equilibrium fundamentalist
demandis-i(—g) (> 0) and chartist demandig—g) (< 0), i.e. in equilibrium fundamen-
talists are net buyers (since the price is below their estimated long run mean) and chartists
are net sellers. Of course, this situation cannot be considered a true equilibrium situation,
it is a result of the fact that our dynamic model is in fact a partial one in that it leaves in the
background the market for the alternative asset. A general analysis would need to take into
account the dynamics of the alternative asset. Tljer g) would be replaced by a single
quantity,e say, which would be the chartists expectation of the difference in price change
of both asset prices. We would then be dealing with a three-dimensional dynamical system,
at whose steady state it turns out that 0 andP = W. Our analysis should thus be seen
as that of a two-dimensional projection of this (more difficult to analyse) three-dimensional
system. For more details of the full three-dimensional system and some preliminary analysis
of its dynamics we refer the reader to Chiarella et al. (2001a).

By introducing the log price deviatiop = P — P we obtain the new map : (v, p) —

(', p) given by:

| ¥ =0 -0y — cBplap— k(¥)]
| P =p—Blap— k)],

wherek(y) = h(y — g) — h(—g), and having the origin G= (0, 0) as unique fixed point.

(10)

3.2. Local stability conditions

The local stability of the fixed point O depends on the Jacobian matrix of thé Miap

1 —achp

14
_C+Cﬂpm
4 1_aﬁp

P14 - 9)?
at (0, 0). Denote by Tr and Det the trace and the determinant of0DJ), respectively,
and byP(z) = z? — Trz + Det, the associated characteristic polynomial. A well known

necessary and sufficient condition to have all the eigenvalugsnfiess than 1 in absolute
value (and thus a locally attracting fixed point) consists of the inequatities:

P(1) = 1-Tr+Det> 0, P(-1)=1+Tr+Det>0, P(0) =Det<1 (11)

For our map the conditions (11) can be rewritten as:

app(2 — ¢) < 22— ¢) + 2cBpk’(0),
aBp(l— ¢) > c[Bpk'(0) — 1].

Fig. 1 represents the region of local stability of the origin in the parameter [jtang,
0<c¢<1a>0.From(12) it follows that, starting from parametétsa) inside the

(12)

4 Note that for the assumed functional formigfk’ (v) = y/[1 + (¥ — g)?].
5 See, for instance, Gumowski and Mira (1980, p. 159).
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[jp=2_() g=1 =05 (Bp,{'(t}j:()_éj) B,=2.6 g=I y=2.5 (B, Kk'(0)=3.25)

3 |
=

local
stability of O

]

noninvertibility

(a) (b)

Fig. 1. The dark grey regions show the domain of stability of the equilibrium point O. The light grey regions
represent the domain of non-invertibility of the mé&pln (a), Spk’(0) < 1 and in (b),8pk’(0) > 1.

stability region, a loss of stability may occur either via a flip bifurcation, when crossing the
curve
2  2cK(0)

=% + 5 (Flip-curve), (13)

a

or via a Neimark—Hopf bifurcation, when crossing the curve
_ Bk’ @ — 1]
,Bp(l —0c)

By assuming8p > 0 as fixed, we notice that the shape of the stability region in the
parameter plan&, a), indicated in dark grey in Fig. 1, is greatly affected by the strength
of chartists’ demand at the steady statg@)).° In particular, whergpk’(0) < 1 (Fig. 1a)
the region appears wider than in the opposite case (Fig. 1b). Fig. 1a shows that, when
strength of chartist demand is relatively weak Q) < 1/8p), at a given level of chartists
reaction speed{ the equilibrium is stable for sufficiently low values of the fundamentalists
reaction parameter, but fundamentalists can cause instability by reacting too strongly to the
deviation from the fundamental value. Fig. 1, shows that when strength of chartist demand
is relatively strongX’(0) > 1/8p), the ability of fundamentalists’ demand to stabilise the
system is restricted to a fairly narrow range of the parameter

(Hopf-curve. (14)

3.3. Invertibility of the map

For particular values of the parameters, the rfidp a non-invertible map of the plane.
This means that, while starting from some initial values (3ay1, po)) the forward iteration

6 We recall that for the particular chartist demand function that we have chosen, we' t@ve y /(1 + g2).
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of (10) uniquely defines the trajectoty; ;+1, pr) = T' (Y01, po) (t = 1,2,...), the
backward iteration of (10) is not uniquely defined. In fact, a pgintp) of the plane may
have several rank-1 preimages.

Letusassumk(-) = y arctan(-),y > 0,sothak(y) = y arctan(y» —g)—y arctan(—g).
It can be shown by elementary geometrical arguments that, by defining

l_
m = (a,Bp—l)( - 9 (15)

the map has a unique inverse far< 0 orm > yfp, while for 0 < m < yf, the map is
non-invertible. In particular, by defining

Y=g — %ﬂp -1 q1=Bpk(Y1) — myn, (16)

¢2=g+\/%ﬁp =1 q2 = Bpk(Y2) — myr, (17)

the points(y, p) of the phase plane for which the function
app —1
Ly, (18)

C
satisfiesg (¥, p) < g1 or q(y, p) > g2 have a unique rank-1 preimage, while the points
for which: g1 < q(, p) < g2 have three distinct rank-1 preimages. Thus, following the
notation used in Mira et al., for & m < ypBp this map is of the typeZ, — Z3 — Zq,
which means that the phase plane is subdivided into different regipieg = 1, 3), each
point of which hasj distinct rank-1 preimages. Such regions are bounded by the so-called
critical curvesof rank-1, defined as the locus of points having at leastriveogingrank-1
preimages (see Gumowski and Mira). For our map this set is defined as

LC = {(¥, p) € R? 1 q(¥, p) = q1 U q (¥, p) = g2}, (19)

whereg, andg2 are given in (16) and (17), respectively, and it is therefore made up of two
straight lines, say LG= L U L', whereL andL’ have the equations
app—1 q1 , app—1 q2
w—i-—; L:p: w+— (20)
aPpc aBp afpc aBp
Each of thecritical points(y, p) € LC has twomergingrank-1 preimages, and the locus
of such preimages, denoted by L{(this defines theritical curve of rank-0), turns out to
be made up of two straight lines, say LC= L_; U L’ ;, whose equations are

q(, p) = aPpp —

L:p=

V/gp

Loy:y=¢g—

The critical curve LC 1corresponds here to the locus of poiats p) of the phase plane
in which the determinant of the Jacobian mabik(yr, p) vanishe€ Also the images of the

7 Given an-dimensional magF : R" — R” and a positive integerwe say that the point is a ranks preimage
of the pointx if F"(y) = x, i.e. if y is mapped intoe in r iterations.

8 Generally speaking, for a differentiable map the critical curve L& a subset of the locus of points of the
phase plane for which the determinant of the Jacobian matrix of the map vanishes.
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set LC are calledritical curvesof higher rank, in particular LC= 7*(LC) = T**1(LC_1)
(fork =0, 1, 2,...)are callectritical curves of rank-(k+1) (LCp = LC). In our example
these always have two branches so thag ECL, U L), = T*1(L_y) u T*1(L' ).

In order to compare the bifurcation curves in the parameter gtaag with the ranges of
invertibility or non-invertibility of the may, itis useful to draw on the sange, a) plane the
region in which the non-invertibility condition @ m < y By isfulfilled. Taking into account
Eq. (15), the conditiom: > O can be rewrittenas & ¢ < 1, a > 1/fp, while the condition
m < yPp, becomes & ¢ < 1,a < yc/(1—c)+ 1/Bp. The non-invertibility region of the
mapT is indicated in light grey in Fig. 1. It is worth noting that the higher is the value, of
i.e. the strength of chartist demand at the steady &té@g the wider is the non-invertibility
region. Moreover, we can see that in the region defined by0< 1, a < 1/8,, the map
is invertible no matter what the value Bf0).

In the next section we shall investigate the dynamics of the map in different regions of
the parameters space, mainly in order to highlight the impact of the parammeteasuring
the speed of adjustment of chartists’ expectations. We will focus, in particular, on the case
Bpk’(0) > 1 (i.e. strength of chartist demand is relatively strong) in which, as we can see
from Fig. 1b, the equilibrium “soon” becomes unstable as the paraméténcreased.

4. The Neimark—Hopf bifurcation and related global bifurcationsin attracting sets

This section describes some of the possible types of dynamical behaviour of the model (8)
when the parameters are allowed to vary both within the stability region for the equilibrium
point O and beyond that region where the Neimark—Hopf curve is crossed. As already
remarked in Section 3, assuming the parameter(0, 1), we have to consider two cases,
qualitatively represented in Fig. 1. That isgfk’(0) < 1 (i.e. chartist demand is relatively
weak), then we have a wide stability region (Fig. 1a) which includes any vaiu€0, 1)
for sufficiently low values of the parameterand stability is lost only via a Flip bifurcation
as the strength of fundamentalist demanid increased. Whefipk’(0) > 1 (i.e. chartist
demand is relatively strong) the stability region is reduced (Fig. 1b) and at low values of
the fixed point undergoes a Neimark—Hopf bifurcation, while the Flip-curve still exists for
high values of:. We have observed numerically that the crossing of the Flip curve very often
results in anincrease in the basin of divergent paths, which is economically not an interesting
case. Hence, this section considers only examples of the Neimark—Hopf bifurgation.

4.1. Stability region

Let us assum@p = 2.6, ¢ = 1 andy = 2.5 so thatBpk’(0) = 3.25 > 1, and consider a
point belonging to the stability region. Fig. 2a shows a trajectory in the phase-plane which
spirals around the attracting focus O. In this example the basin of attraction of B(Gay
which is the locus of points whose trajectories converge to the stable equilibrium, is a fairly
wide region of the phase-plane. However, it is worth noting that for different values of the
parameters anda, always inside the stability region represented in Fig. 1b, we observe via

9 We refer the reader to Chiarella et al. (2001) for a more detailed analysis of the Flip bifurcations.
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Fig. 2. Different dynamic phenomena observed when the equilibrium point O is stable.

the examples in this section several other dynamic phenomena besides the attracting fixed
point O. In particular, we may also have (i) a coexisting attractor (regular or chaotic), (ii)
points having divergent trajectories, and (iii) a chaotic repellor.

In case (i), we denote byl the coexisting attractor, and I8(.A) its basin of attraction
which, as we shall see, may also be wider tB&@). Case (i) is quite common in non-linear
maps, but we are interested to see if such points are close to or far away from the attractors.
Such points, which are not meaningful in a practical sense since they imply exploding prices
and returns, may be viewed as points converging to an attractor at infinity, on the “Poincaré
equator”,i.e. animproper point of the phase-plane. We shall den@éhy the set of points
having divergent trajectories (basin of attraction of a point at infinity). The complementary
set in the phase-plane is the set of points having bounded trajectories. As noticed in case
(i) above, this set may be shared between two or more co-existing attracting sets.

An example is given in Fig. 2b where besides the stable focus O there exists a coexisting
attracting four-cyclgx1, x2, x3, x4} labelled.A4. The white region denotes the closure of
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the basinB(0) while the closure of the basifi(A4) is in light grey. A third attractor is at
infinity, and the basiB(co) is the dark grey region. It is thus clear from this figure that,
although the unique fixed point of the system may be locally stable, we must be cautious
in asserting that the economy approaches the (locally) attracting equilibrium, because the
time evolution depends strongly on the initial state.

The diagrams in Fig. 2 indicate the importance of the “robustness” of the stability
property with respect to external shocks, which may abruptly move the state of the sys-
tem into a different basin of attraction. For example we can certainly say that the sta-
bility of the fixed point O in Fig. 2a is robust with respect to external perturbations.
From any initial condition in that region, trajectories converge towards the stable focus,
a shock simply moves the point in the phase-plane to another initial condition in the
same basin. The effect of the shock is simply a slight quantitative change in the oscil-
latory converging motion to the fixed point. This is no longer true in the case shown in
Fig. 2b. In fact, even if we start from an initial condition 8({O), a shock may push the
phase-point into a different basin of attraction, thus, changing the qualitative behaviour
of the trajectory. Trajectories may ultimately converge to the attracting cygler even
diverge.

Itis important to note that in the case of a non-invertible map, as is the case in this regime,
the basins of attraction of coexisting attracting sets are generally not connected (a property
which cannot occur in invertible maps). It is evident that the basin (in light grey) of the
four-cycle A4 in Fig. 2b is not connected. The basins have such a structure because the
total basin is obtained by taking all the preimages of any rank of the “immediate basin”.
Precisely, the immediate basin.df, is obtained by considering the four fixed points of the
map T*. For each point, we take the widest simply connected area included in the basin
that contains it. The immediate bad¥f of the four-cycle off is the union of four disjoint,
cyclical areas® Then the whole basin i8(A4) = U,>0T " (B;), and we obtain the light
grey area shown in Fig. 2b.

The complementary set @(co) may also display a different structure. Instead of co-
existing attractors (which may also be the stable fixed point O and a chaotic attractor),
we may have coexistence of the stable fixed point with a strange repellor, as already re-
marked in (iii). The presence of such an “invisible chaos” shows up in the transient part
of the trajectory:> An example is shown in Fig. 2c. There the grey region denBtes)
while the white region gives the closure of the baSii©). This means that any point in
the white region, except for a sdtof zero Lebesgue measure, has a trajectory converging
to O. Fig. 2d shows the strange behaviour in the transient part of the trajectory that can
occur in this situation. It is clear that if we restrict our interest to a “short period”, as is
often the case in applications, then it is difficult to “classify” the robustness of the stability
of 0.12

10 That is the four light grey areas in Fig. 2b containing the paints:2, x3 andxs.

11 The formation of such a chaotic repellor is often due to a sequence of flip bifurcations of saddles, changing
the saddles inteepelling nodesand giving rise tesaddle cycles of double period

12 |n the case of Fig. 2¢c and d the dynamic behaviour over a short time is the same as the one observed when O
is unstable and a chaotic attractor exists around it (as we shall see again later). Thus, looking at the transient part
we cannot predict if the system is stable or unstable, i.e. whether the state will ultimately settle on the stable fixed
point or if it will wander chaotically, and unpredictably, around it.
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4.2. Crossing the Neimark—Hopf bifurcation curve

Now we consider the types of dynamic behaviour that may occur when the fixed point
becomes unstable via a crossing of the Neimark—Hopf bifurcation curve. Starting from
inside the stability region of Fig. 1b with a value @&ufficiently high, an increase of the
parameter leads to oscillatory behaviour which may become chaotic around O, and as
¢ approaches the value 1 the dominating state is an attracting cycle (although coexisting
with a strange repellor) with a wide basin of attraction. While when the same Hopf-curve is
crossed at low values of the parametgive have numerically observed a stronger “stability
effect”, with persistence of regular oscillations.

Let us fixa = 0.8 and increase the parameterWhen crossing the Neimark—Hopf
bifurcation curve we observe a supercritical bifurcation, leaving a repelling focus O sur-
rounded by the attracting closed invariant cufvén Fig. 3a, on which the trajectories are
either periodic (when thmtation numberat the Neimark—Hopf bifurcation is rational) or
quasi-periodic (when the rotation number is irrational), as described in Mira (1987).

In Section 5 we shall see the effects of the non-invertibility of the map, which shall lead
us to the construction of aabsorbing aredanside which the attractors are confined. Here
we simply observe that local and global bifurcations occurring to the attracting set existing
around O give rise to a chaotic attractdiof “annular shape”, as the one shown in Fig. 3b.
Such a chaotic attractod is generally the final effect of a period-doubling route, set off
by the appearance of a stable cycle on the closed invariant ¢ur¥ée behaviour of the
trajectory in such a case is a kind of “permanent” erratic transient. The phase point wanders
inside a chaotic area in an unpredictable way. However, as we shall show in Section 5, in
the non-invertible case the structure of the phase-plane in zones with a different number of
rank-1 preimages (also call&emann foliatio®® in Mira et al.), enables us to predict the
strip inside which the state variables are confined. That is, even if, given a state, we cannot
predict what will be the state in the next period, we can determine its lower and upper bound,
which means that we can relate the volatility of returns to the parameters of the model.

As ¢ increases, several regimes with “periodic windows” and “chaotic areas” may be
observed. This regime is a two-dimensional analogue of what occurs in one-dimensional
chaotic maps. On further increasinat values of the parametenot too high), we observe
the appearance of a periodic regime, which persistapproaches the value 1. An example
of an attracting cycle appearing after the chaotic regime is given in Fig. 3c . We note that in
this case a strange repelldrsurrounding the stable cycle is likely to exist, and it is possible
that looking at the trajectories over a “short period” there is not much difference between
the case of Fig. 3b and that of Fig. 3c. The difference is evident over a longer period or when
the initial state is quite close to a periodic point of the cycle. In all the three situations shown
in Fig. 3, we may consider the existing attractor (a closed ciitva chaotic aread or a
stable cycle) as “robust” with respect to external influences. In fact, the B&sin is quite

13 Asdescribedin Mira etal., in the case of two-dimensional non-invertible maps the phase-plane can be identified
with several “sheets”, each being associated with one inverse of the map. The non-invertibility is thus characterized
by the overlappingof different sheets constituting the regiods (with j different rank-1 preimages) and the
boundaries of these regions are generally given by the critical curves of rank-1, crossing which the number of
distinct rank-1 preimages changes. This characterization is known &diiimn of the Riemann phase-plane.
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Fig. 3. Dynamic behaviour observed by increasirggarting from outside the stability region of O, on the right of
the Neimark—Hopf bifurcation curve in Fig. 1b.

far from such attracting sets and almost all the points in the region of the phase-plane shown
in the figures have a similar qualitative behaviour. This kind of “robustness” is increased at
lower values ofu.

When crossing the Hopf-curve atlow valuegag@n attracting closed curveis observed,
but no route to chaotic regimes: we have numerically observed that the oscillatory behaviour
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Fig. 4. Increasing with respect to the situation represented in Fig. 2b.

persists and the oscillations become wider &sdecreased. Whereas, on increasirige
system goes towards a less stable regime, as already remarked in the previous section. For
example, at = 1 we have already seen the stable fixed point coexisting with an attracting
four-cycle in Fig. 2b. On increasingfrom that situation we cross the Hopf-curve and an
attracting closed invariant cun/é appears. However we already know from Fig. 2b that O

is not far from the boundary of its basin, and the same is truf€' fais shown in Fig. 4a. This
leads us to foresee that the interval of values @r which an attracting closed invariant
curve exists will be very short. In fact, a global bifurcation occurs when the attracting set
has a contact with the frontier of its basin of attraction. In our example this contact occurs
in a point belonging to the frontier between the basiiodnd the basin of the four-cycle

Aa. Thus, after the contact, the only surviving attractor is the four-cylleas shown in

Fig. 4b. We note that this contact bifurcation also corresponds to a global bifurcation of the
basinB(A4), which increases abruptly. The closure&fA,) is now the white region in
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Fig. 5. The same parameter values as in Fig. 2c, but with a valuslihtly increased.

Fig. 4b and this new attracting set is also stable with respect to perturbations, being quite
far from the boundary of its basin. We also note that only a few unstable cycles exist in
that white region. From this cycle of period 4 the usual route to chaos via period doubling
bifurcations is observed asis further increased. A four-piece chaotic attractor is shown
in Fig. 4c and a global bifurcation leads to the reunion of the chaotic pieces into a single
attractor of annular shape, shown in Fig. 4d.

Similarly, when we start from the situation shown in Fig. 2c and increase observe,
on crossing the Hopf-curve, an attracting closed invariant ciirv&lso now we shall have
a global bifurcation causing the destructioniof but differently from the previous case:
it cannot be predicted by the position 6f with respect tod53(c0). In fact, as shown in
Fig. 5a,I" is quite far from that boundary. But it is the existence of the strange rep¢llor
that will cause the global bifurcation. A contact betwdeand the strange repellor causes a
homoclinic explosion (of -explosion) which transforms the strange repellor into a strange
attractor, as shown in Fig. 5b, after a very small increase &uch a global bifurcation
has a very strong effect on the “observed attractor”, because after the disappearance of the
attracting set around O the generic trajectory wanders, aperiodically, within the chaotic set
(which was previously “invisible”, except for the transient part of a trajectory).

5. Roleof thecritical curvesin the global bifurcations

This section discusses in more detail the mechanism underlying some of the global
bifurcations, by showing how the non-invertibility of the map for the examples of Section
4 (which at first sight seems to lead to an increase of difficulty) allows us to easily explain
important bifurcation phenomena. We again use the powerful technical tool ofitival
curves first using them to construct an absorbing area, i.e. an area bounded by a few arcs
of critical curves LC, LG, ..., which attracts nearby points and is trapping (once inside,
a trajectory can never escape). Clearly, inside one absorbing area we have at least one
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attracting set; moreover, inside an absorbing area several attractors may follow one another,
and the area itself may undergo global bifurcations.

The critical curves represent the two-dimensional analogue of the critical points (local
extrema) in the dynamics of one-dimensional non-invertible mapsk(ssgding theoryn
Devaney (1987) and Collet and Eckmann (1980)). Just as it occurs for the local extrema in
one-dimensional maps, the critical curves bound the foliation of the Riemann phase-plane.
Knowledge of the critical curves and of the absorbing areas gives us a quick and easy method
to determine whether a repelling node or focusssap-back-repellqras described below.
Moreover, as stated in Section 4.2, a knowledge of the absorbing areas is important as it
allows us to understand the basic determinants of the volatility of returns in our model.

5.1. Absorbing areas

Consider again the case shown in Fig. 3a. As the paraméteincreased the closed
invariant curvel” increases in size, and the non-invertibility ®fcomes to play a role as
I’ approaches and then crosses the critical curvesl Glote that from Fig. 3a it seems
thatI" is closer to LC than to LC; and that a contact with LC might come first. But this
is impossible given the structure of the Riemann foliation of the zaheg s bounded by
LC. To make a one-dimensional analogue, consider an intdrvahpped by théogistic
map f(x) = ux(1 — x). Clearly f(J) cannot cross the local maximum, denoteddyy
f(J) can only haveC on the boundary and this can occur only/ifincludes the critical
pointC_j. In the same way the critical curve LC cannot be crossed, the arcs crossing LC
are mapped by into arcs “folded” on LC and tangent to that curve.

Consider Fig. 6a. The crossing of Lg causes the appearance of “oscillations” in the
smooth shape af, due to the “folding” on LC and its further images. In fact, the portion of
I which crosses LC; (in the pointszg andbyg) is folded back with two points of tangency
on LC (seez; andbs in Fig. 6a, where also the points andb; of tangency on Lg are
indicated as well as the points of tangency on critical curves of higher rank). More crossings
of LC_1 asc increases may occur, which are the cause of more oscillations in the shape of
I, as shown in Fig. 6b. We remark that such qualitative changes in the shapeodlify
the quasi-periodic orbit of the asymptotic trajectories. Moreover, we can completely define
the area enclosing’ by means of the critical curves. In fact, making use of the techniques
described in Chapter 4 of Mira et al., we take a suitable piece of;L.@nd with a few
iterates of this segment we obtain a closed area, simply connected, which is mapped into
itself by T (see again Fig. 6a and h); is tangent to the boundary of this area in several
points (those on LC and their images). Moreover, with a few more iterates of the same arc
on LC_4, an “inner” boundary is also obtained. Thus an absorbing area of annular shape is
soon defined (Fig. 6b), to both of whose external and internal boundalietangent (see
the enlargement in Fig. 6¢).

As c is further increased, several attracting sets alternate inside the absorbing area:
quasi-periodic orbits, periodic orbits, flip sequences leading to chaotic dynamics, as was
shown in Fig. 3 in the previous section. The annular attracting set of Fig. 3b is inside an
annular absorbing area. Another example is given in Fig. 7a. A small portion of IrC
that figure was iterated 19 times and the resulting set is an invariant absorbingarea
inside which the trajectories are confined. An orbit is shown in Fig. 7b. The critical curves
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Fig. 7. An invariant absorbing area of annular shape, obtained by means of the critical curves.

allow us to predict the lower and upper bounds of both state variables, such limiting values
being obtained from the rectangle bounding the absorbing area.

Considering the iterated points of a trajectory we find that a global bifurcation occurs at a
particular value of, sayc* (in our example 625 < ¢* < 0.526). Forc < ¢*, the iterated
sequences are all inside the annular absorbing area as in Fig. 7a and b, whilst immediately,
for ¢ > ¢*, some iterated points also go outside, although such “bursts” are quite rare, as
shown in Fig. 7d. This is the effect of a global bifurcation due to the contact of the critical
curves on the boundary of the absorbing astgawith a chaotic repellor existing outside.
Such a contact destroys the invariance property of the 4rend after the bifurcation the
iterated points can escape the old afga These bursts could be a source of outliers of
returns.

The bifurcation just refered to can be detected also by the use of critical curves. In fact,
for ¢ < ¢* the iterations of the small segmemnbg of LC_; define an area; which is
invariant, so that all the iteratd8' (apbg), n > 0, belong to that area. Whilst for> ¢* the
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area obtained by iterating the segmegttg of LC_1 is no longer invariant, i.e. there exists
a positive integern such thatT™ (aghg) has points also outside. This corresponds to an
“explosion” of the attracting set. After the contact the new iterates will cover a wider area,
which we can predict by looking at the images of the critical segments. A wider portion of
LC_1, seaupcp in Fig. 7¢, is such that with a finite number of iterates we obtain a new wider
absorbing area , (which includes the old ared4;, no longer invariant). The boundary of
the new absorbing area is strictly includedubilT”(aoco). From Fig. 7d, it is evident
that A, is the smallest invariant absorbing area existing after the contact bifurcation that
destroysAj.

It is now clear that also the sequences of bifurcations shown in Figs. 4 and 5 of the
previous section all occur inside similar absorbing areas. Regular and chaotic dynamics
alternate inside an annular area around the repelling fixed point O.

5.2. The homoclinic bifurcation of a snap-back repellor

Consider again the annular absorbing afeashown in Fig. 7. We see that a halé
exists including the fixed point O, a repelling focus. As locally the orbits spiral out from O,
it turns out that all the points @i\ { O} have orbits entering the trapping annular absorbing
area. Thus, in such a situation, although the fixed point O is repelling, we cannot find any
homoclinic orbit of the origin. The existence of a homoclinic orbit of a repelling focus O
often causes the appearance of a set which “attracts” and then “repels” (as occurs in the
case of homoclinic orbits to saddles). A trajectory behaves chaotically far from O, then it
approaches and seems attracted to O, but soon after it is repelled away. This occurs with
intermittency, and with unpredictable return time near O. The existence of such homoclinic
orbits is a powerful tool used to prove the true chaotic nature of the observed orbits. In
fact, Marotto (1978) first proved that such an orbit for a repelling node or focus implies the
existence of chaos in the sense of Li and Yorke (1975).

In our example, the fixed point O is a repelling focus for a wide interval of values of
i.e. forc > ¢ ~ 0.48. However when is it possible to find some homoclinic orbits of O?
Certainly we cannot look for homoclinic orbits as long as the map has a unique inverse,
because in invertible maps, homoclinic orbits of repelling nodes and foci cannot exist: but
in our example, whea = 0.8, the mag¥" is non-invertible in the entire range ofor which
O is unstable. In the regime of non-invertibility fwe can make use of the properties of
the critical curves of the map (see Gardini, 1994) to find the homoclinic orbits of cycles.
For example, although chaotic dynamics certainly exist for the map in the cases shown in
Fig. 7, these do not involve the fixed point O. In fact, as long as the repelling fixed point
belongs to an absorbing area, bounded by critical curves, but with aFhslerounding
O, then we can prove that all the preimages of any rank of O (which are infinitely many)
are outside the absorbing area (and thus outside the chaotic area). This is true for all the
points belonging to the hol# defined by the annular absorbing area, and itis an immediate
consequence of the fact that the absorbing area is trapping. We note that other qualitative
changes occur in the absorbing area, with tongues approaching O, but as long as the rank-1
preimages of O are outside the invariant absorbing area, then the critical curves leave an
empty hole around O (see Fig. 8a and the enlargement in Fig. 8b), and no homoclinic points
of O can exist. This is because for amy- 0, T~"(O) can never return near O.
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Fig. 8. The same parameter values as in Fig. 7 @rd 0.5298, a chaotic attractor, enclosed into an annular
absorbing area, bounded by critical curves.

Then we can easily conclude that @asncreases, the first homoclinic bifurcation, or
homoclinic explosion, necessarily occurs when one of the rank-1 preimages of the fixed
point O, from the outside of the absorbing arég falls on the boundary and crosses
it, through an LC arc. This occurs approximatelycatv 0.5335, at this value the hole
surrounding O disappears (Fig. 8c). Even without computing the rank-1 preimages of O,
we can be sure that we are at the homoclinic bifurcation of the fixed point, because at this
particular value the images of the critical curves of LC must cross through O. As shown in
the enlargement of Fig. 8d, all the imagesik@.C13, LC14, ... (LCtfork > 12) of the
LC curve cross the fixed point O, which means that one of its rank-1 preimages (say O
lies now on the boundary of the absorbing area, on the curye.lACthis bifurcation value
homoclinic orbits of O (and infinitely many) appear. In fact, the point ©n the curve
LC;1 of the boundary of the absorbing area must have a rank-1 preimage on the cugye LC
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and so on iteratively, up to a preimage in the segment of Li@side the ared. In its turn,

this point has an arborescent sequence of preimages of any rank inside the absorbing area
A, and infinitely many of these preimages can be obtained with the local inverse near the
fixed point O, thus givingritical homoclinic orbits In fact, wherr is at the first homoclinic
bifurcation value, the characteristic property (see also Gardini) is that all the homoclinic
orbits of O are critical (i.e. include a critical point). While soon after the bifurcation value
infinitely many non-critical homoclinic orbits of O exist.

We have demonstrated above the true chaotic nature of the orbits observed in this partic-
ular regime of parameters. However, we have also found other regimes which seem chaotic
(for instance with lower values @f. In order to prove that these regime are truly chaotic,
it is sufficient to notice that the same properties discussed above for the fixed point could
hold for a periodic orbit of any order: in other words, since the periodic point& afyecle,
k=1,2,...,are fixed points for the map¥, all we have to do is to look for the existence
of homoclinic orbits of these periodic points, by considering their preimages.

6. Some stochastic simulations

In Sections 4 and 5, we have analysed the global dynamic behaviour of our simple
deterministic model of fundamentalists and chartists. The main dynamic behaviours that
we have uncovered include various bifurcations, “invisible” chaos, disconnected basins of
attraction and intermittent “bursts” out of and then back into attracting regions.

Any model aiming to capture the basic aspects of financial market dynamics also needs to
take into account, along with heterogeneity of agents beliefs, the effect of stochastic factors.
The important issue is to determine how the deterministic non-linear dynamic phenomena
arising due to heterogeneous agents interact with the stochastic factors. Is it possible that
some of the basic characteristics of time series of returns in financial markets such as
volatility clustering, fat tails, peaked distributions and skewness have as their origin the
interaction of the non-linear deterministic phenomena with the external noise impinging on
the financial market?

Standard finance theory, implicitly, leaves no role for deterministic dynamic factors in
explaining such behaviours. The standard dynamic models have stable deterministic parts
(usually with monotonic trajectories) that are shocked by external noise factors, usually
modelled as increments of Wiener processes, which are normally distributed. The task of
reconciling the non-normally distributed returns that are the output of a stable dynamic sys-
tem shocked by normally distributed noise is thrown onto the standard deviation (volatility)
which is assumed to be some (unmotivated) function of the state variables and/or of the
noise process itself (so-called heteroscedasticity, ARCH-effects etc.).

Models of the type developed in this paper leave a major role to the non-linear phenomena
arising from the dynamic interaction of heterogeneous agents in explaining the types of
return distributions displayed by financial market assets.

Stochastic factors could be considered either in the difference equatigndiom the
difference equation fory or indeed in both. In the simulations reported here we have
considered a stochastic factor in the difference equation/fofhis captures, albeit in
a crude fashion, the notion that the chartists adjust either aggressively or cautiously their
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estimate of expected return depending on whether there is a positive (good news) or negative
(bad news) shock. We have considered two types of stochastic factors. The first additive, so
that the map (10) would be written

v = (1- 0y — chplap— k()] + &, p'=p — Bplap— k)], (22)

whereg; is uniformly distributed on the intervakhin, émax]- The second multiplicative,
in which the chartists’ speed of adjustment of expectations varies randomly around some
mean value. In this case the map (10) would be written

Xip1 =T, (Xy), (23)

wherec; is a random parameter uniformly distributed on the intersgi], cmax] and 7, is
the map given in (10) with the parameter

Fig. 9a displays the returns and the return distribution (compared with the corresponding
normal distribution) resulting from a simulation of (22) wihdistributed uniformly on
[—0.15, 0.15]. The parameters of the model are those relevant to Fig. 2a. In this case the
equilibrium is stable but with orbits converging to it in a cyclical fashion. The stochastic
version of the model clearly shows both volatility clustering, fat tails, peaked distribution
and skewness. Here, these are due solely to the oscillatory transients of the underlying
deterministic model. In a sense this case is the closest to the vision of the stable deterministic
part of the models of the standard finance paradigm, with the only additional feature being
the oscillatory approach to the equilibrium.

Fig. 9b displays the returns and the return distribution resulting from a simulation of
(22) with &, distributed uniformly on{0.1, 0.1] and the parameters of the model are those
relevantto Fig. 2b. Here also we see volatility clustering and the distributional characteristics
of real financial data. These are most likely due to the fact that the noise is pushing the state
variables between the (white) basin of attraction of the equilibrium and the (light grey)
basin of attraction of the four-cycle.

Fig. 9c displays the returns and return distribution resulting from a simulation of (23) with
¢ uniformly distributed on [042, 0.56]. The parameters of the model are those (apart from
¢) relevant to Fig. 3a and b. Thus, the variationcafauses the map to vary across a wide
range of outcomes including a closed curve similar to Fig. 3a and a chaotic attractor similar
to Fig. 3b. Itis this variation across maps which is the origin of the volatility clustering and
fat tails that we see in Fig. 9c.

The simulations of this section are very preliminary and have been chosen to illustrate
qualitatively how the interaction of some of the non-linear deterministic phenomena of the
model with a simple external noise source can give rise to the qualitative types of return
behaviour observed in financial markets. We leave to future research the task of calibrating
such models to actual market data and doing more extensive simulation studies.

7. Conclusions

In this paper we have developed a discrete time model of asset price dynamics, based
on the interaction of two types of traders: fundamentalists, who hold an estimate of the
fundamental value of the asset and whose demand is an increasing function of the difference
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between the fundamental value and the current price, and chartists, a group basing its trading
decisions on an analysis of past price trends, whose demand is an S-shaped function of the
expected return differential with an alternative asset. We assume the existenueuded
maker,whose role is to set excess demand to zero at the end of each trading period by
taking an off-setting long or short position, and who announces the next period price as a
function of the excess demand. We have demonstrated how the behaviour of the two types
of traders affects the dynamics by showing the effect, on the local and global dynamics, of
the key parameters, namely the “strength” of fundamentalist and chartist demand (

y, respectively), and the speed of adjustment of chartists’ expectatipnis (particular

we have clarified how the strength of chartist demandffects the local stability of the
equilibrium, by showing that for sufficiently low values ¢f the equilibrium is stable

for a wide range of values of the fundamentalist parametand for any level of the
chartists’ reaction speed (0 < ¢ < 1); while wheny is sufficiently high, i.e. chartist
demand is relatively strong, the ability of fundamentalists’ demand to stabilise the system
is restricted to a fairly narrow range of the paramete®©ur analysis then focused on the
global dynamical behaviour observed in this latter case. First we have shown that also when
the equilibrium is locally stable other dynamic phenomena arise for sufficiently high values
of ¢ anda, such as chaotic transients before the convergence to the stable equilibrium or the
coexistence of attractors. We have then performed a detailed analysis of the global dynamic
phenomena occurring when, by increasing the paramettére equilibrium O becomes
unstable via a Neimark—Hopf bifurcation: we have numerically observed that when this
bifurcation occurs at sufficiently high values of the parametean increase of leads to
oscillatory behaviour which may become chaotic around O, ardagproaches the value

1 the dominating state is an attracting cycle (although coexisting with a strange repellor)
with a wide basin of attraction. In this global analysis, the theorgridical curvesand
various numerical tools have been extensively used, for example to explain in detail the
appearance of chaotic dynamics associated hatmoclinic bifurcationf fixed points

and cycles. Finally, we have considered a stochastic version of the model to demonstrate, at
least qualitatively, how the interaction of the deterministic non-linear dynamic phenomena
with a simple external noise process, can generate the typical patterns of financial markets
such as volatility clustering, fat tails, peaked return distributions and skewness.

Future developments of the model introduced here would be to analyse the dynamics of
the three-dimensional map which arises when the dynamics of the market for the alternative
asset is also taken into account (as discussed briefly in Section 3). It is also important to
focus on attempts of each group to learn about their economic environment in the face of
stochastic factors. Finally, in order to focus on the dynamics induced by the interaction
of fundamentalists and the speculative behaviour within a two-dimensional map, we have
left in the background the dynamics of the wealth of the two groups. This is perhaps
justifiable in the present context since an exponential utility of wealth function underlies
both the fundamentalist and chartist demand functions, which in this case are independent
of wealth. Clearly, in the long term, the evolution of the wealth of each group will also
determine their economic behaviour, and such evolution needs to be modelled. Chiarella
and He (2001b) have developed a model of heterogeneous agents with logarithmic utility
function which takes explicit account of the wealth dynamics of each group, but the analysis
of this model is only possible via computer simulations. However the insights into the
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dynamics of speculative behaviour gained via the simpler model of this paper are useful in
attempting to understand the dynamics of this more complete model as well as that of Chen
and Yeh.
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