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Urehuwr Glhfl�Glsduwlphqwr gl Hfrqrpld/ Xqlyhuvlw| ri Sdupd/yld M1I1 Nhqqhg| 9E/ 76433 Sdupd +Lwdo|,H0pdlo glhflChfrqrpld1hfrq1xqlsu1lw

Jldq Lwdor ElvfklLvwlwxwr gl Vflhq}h Hfrqrplfkh/ Xqlyhuvlw| ri Xuelqr9435< Xuelqr +Lwdo|,H0pdlo elvfklChfrq1xqlxue1lw
Odxud JduglqlLvwlwxwr gl Vflhq}h Hfrqrplfkh/ Xqlyhuvlw| ri Xuelqr +Lwdo|,dqg Glsduwlphqwr gl Hfrqrpld/ Xqlyhuvlw| ri Sdupd +Lwdo|,H0pdlo jduglqlChfrq1xqlxue1lw

Iruwkfrplqj lq= Fhqwudo Hxurshdq Mrxuqdo ri Rshudwlrq UhvhdufkVxppdu|1 Zh vwxg| d glvfuhwh0wlph exvlqhvv f|foh prgho lq lqfrph dqg fdslwdo/ dNdogru0w|sh prgho/ lq rughu wr glvfxvv wkh sureohp ri frh{lvwhqfh ri dwwudfwruv dqg wkhuhodwhg sureohp ri edvlqv ri dwwudfwlrq1 Wkh prgho frqvlghuhg lv sduwlfxoduo| xvhixo iru shg0djrjlfdo sxusrvhv ehfdxvh hfrqrplfdoo| phdqlqjixo udqjhv ri sdudphwhuv h{lvw vxfk wkdwdq dwwudfwru fkdudfwhul}hg e| rvfloodwru| prwlrq +zklfk pd| eh shulrglf/ txdvl0shulrglf rufkdrwlf, frh{lvwv zlwk wzr vwdeoh vwhdg| vwdwhv/ dqg frqvhtxhqwo| wkh fkrlfh ri wkh lqlwldofrqglwlrqv lv fuxfldo wr ghflgh li hfrqrplf �xfwxdwlrqv duh rewdlqhg ru qrw lq wkh orqj uxq1Pruhryhu/ wkh pds zkrvh lwhudwlrq jlyhv wkh wlph hyroxwlrq ri wkh v|vwhp pd| eh lqyhuw0leoh ru qrqlqyhuwleoh dffruglqj wr wkh sdudphwhu frqvwhoodwlrqv frqvlghuhg1 Wkhvh ihdwxuhvdoorz xv wr frpsduh wkh gl�huhqw ehkdylruv ri wkh prgho lq wkhvh wzr uhjlphv wr vwuhvv wkhuroh ri qrqlqyhuwlelolw| lq wkh joredo g|qdplfdo surshuwlhv/ gxh wr wkh jhrphwulf dfwlrq riiroglqj wkh skdvh vsdfh1 Lq sduwlfxodu/ zh ghvfuleh wkh fuhdwlrq ri qrq0frqqhfwhg edvlqv/dqg zh vkrz wkdw wkh wzr uhjlrqv ri wkh skdvh vsdfh vhsdudwhg e| d forvhg lqyduldqw fxuyhduh qrw lqyduldqw1 Vxfk surshuwlhv kdyh qr dqdorjxh qhlwkhu lq frqwlqxrxv wlph prghovqru lq glvfuhwh wlph prghov ghvfulehg e| lqyhuwleoh pdsv1Nh| zrugv= Exvlqhvv F|foh/ Glvfuhwh G|qdplfdo V|vwhpv/ Qrqlqyhuwleoh pdsv/ Edvlqv/Joredo Elixufdwlrqv1
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Exvlqhvv f|foh wkhru| frqfhuqv wkh ghvfulswlrq dqg h{sodqdwlrq ri wkh revhuyhg xsv dqggrzqv ri pdlq pdfurhfrqrplf yduldeohv1 Diwhu wkh hduo| dwwhpswv wr surylgh lqirupdo dqgqrq0pdwkhpdwlfdo h{sodqdwlrqv/ edvhg rq yhuedo dujxphqwv dqg hpslulfdo revhuydwlrqv/wkh exvlqhvv f|foh wkhru| kdv ehhq pdlqo| frqvlghuhg d sureohp ri pdwkhpdwlfdo hfrqrplfvdiwhu wkh zrunv e| Vdpxhovrq ^5;` dqg Klfnv ^49`1 Vr/ d exvlqhvv f|foh prgho lv qrz frq0vlghuhg d g|qdplf prgho/ xvxdoo| irupxodwhg lq wkh iudphzrun ri wkh wkhru| ri g|qdplfdov|vwhpv/ zkrvh pdwkhpdwlfdo vwuxfwxuh doorzv iru �xfwxdwlrqv lq pdmru pdfurhfrqrplfyduldeohv1 D eurdg/ dqg sxuho| irupdo/ fodvvl�fdwlrq ri exvlqhvv f|foh prghov glvwlqjxlvkhvehwzhhq olqhdu dqg qrqolqhdu/ frqwlqxrxv dqg glvfuhwh wlph prghov1Olqhdu prghov/ zklfk lqfoxgh wkh fodvvlfdo olqhdu pxowlsolhu0dffhohudwru prghov +vhh/iru lqvwdqfh/ ^5;`/ ^5<`/ ^49`, duh xvxdoo| h{suhvvhg e| wzr0glphqvlrqdo olqhdu g|qdplfdov|vwhpv/ fkdudfwhul}hg e| gdpshg rvfloodwlrqv frqyhujlqj wr wkh xqltxh vwhdg| vwdwh/ zlwkwkh vxshusrvlwlrq ri udqgrp yduldeohv zkrvh suhvhqfh suhyhqwv frqyhujhqfh dqg fdxvhvwkh rffxuuhqfh ri shuvlvwhqw luuhjxodu rvfloodwlrqv1 Vr/ lq wkhvh prghov wkh hfrqrp| lvhqgrjhqrxvo| vwdeoh dqg �xfwxdwlrqv hphujh dv d frqvhtxhqfh ri h{rjhqrxv/ srvvleo| qrq0hfrqrplf/ glvwxuedqfhv1Lqvwhdg/ qrqolqhdu prghov/ vxfk dv wkrvh sursrvhg e| Ndogru2 ^4;` dqg Jrrgzlq ^45`doorz iru hqgrjhqrxvo| jhqhudwhg shuvlvwhqw rvfloodwlrqv/ l1h1 vwdeoh �xfwxdwlrqv zklfkduh gulyhq e| ghwhuplqlvwlf surfhvvhv hqwluho| uhodwhg wr lqwhuqdo hfrqrplf phfkdqlvpvhperglhg lq wkh vwuxfwxuh ri wkh prgho +vhh ^55` ru ^<` iru klvwrulfdo ryhuylhzv,1Wkh pdmrulw| ri wkh prghov sursrvhg lq wkh shulrg ehwzhhq 4<73 dqg 4<93/ erwk olqhdudqg qrqolqhdu/ zhuh irupxodwhg lq frqwlqxrxv wlph/ ehfdxvh wkh wkhru| ri wzr0glphqvlrqdoruglqdu| gl�huhqwldo htxdwlrqv zdv yhu| ghyhorshg lq wkdw shulrg/ hvshfldoo| lq frqqhfwlrqzlwk qrqolqhdu rvfloodwruv lq sk|vlfv1 Krzhyhu/ diwhu wkh hljkwlhv/ vhyhudo dxwkruv sursrvhgglvfuhwh wlph prghov/ iroorzlqj wkh jhqhudo lqwhuhvw uhodwhg wr wkh glvfryhu| wkdw fkdrwlfg|qdplfv fdq eh hdvlo| rewdlqhg hyhq zlwk orz glphqvlrqdo glvfuhwh0wlph prghov1 Rifrxuvh/ wkh fkrlfh ehwzhhq wkhvh wzr nlqgv ri wlph frqfhswv lv yhu| lpsruwdqw dovr iurpwkh srlqw ri ylhz ri wkh hfrqrplf phdqlqj ri wkh prgho dqg wkh lqwhusuhwdwlrq ri wkh
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uhvxowv/ dqg pdq| glvfxvvlrqv rq wklv wrslf dsshduhg lq wkh olwhudwxuh +vhh h1j1 ^43`/ ^<`/^4:`/ ^56`,1Lq wklv sdshu zh uhvwulfw rxu frqvlghudwlrqv wr wzr0glphqvlrqdo glvfuhwh0wlph exvlqhvvf|foh prghov1 Dv lw lv zhoo nqrzq/ d glvfuhwh g|qdplfdo v|vwhp lv hvvhqwldoo| rewdlqhge| wkh uhshdwhg dssolfdwlrq +lwhudwlrq, ri d pds gh�qhg lq wkh vsdfh ri wkh g|qdplfdoyduldeohv +vwdwh vsdfh,1 Lq zkdw iroorzv/ zh dujxh wkdw d ixuwkhu glvwlqfwlrq lv zruwk wreh hpskdvl}hg lq wkh iudphzrun ri glvfuhwh0wlph exvlqhvv f|foh prghov/ dffruglqj wr wkhlqyhuwlelolw| ru qrqlqyhuwlelolw| ri wkh pds zkrvh lwhudwlrq jlyhv wkh glvfuhwh wlph hyroxwlrq1Zh uhfdoo wkdw d pds lv lqyhuwleoh li lw pdsv glvwlqfw srlqwv lqwr glvwlqfw srlqwv/ zkhuhdvzkhqhyhu glvwlqfw srlqwv zklfk duh pdsshg lqwr wkh vdph srlqw h{lvw/ wkhq zh vd| lw lvd qrqlqyhuwleoh pds +QLP khqfhiruwk,1 Khqfh/ wkh jhrphwulf dfwlrq ri d QLP fdq ehh{suhvvhg e| vd|lqj wkdw lw _irogv dqg sohdwv% wkh skdvh vsdfh/ vr wkdw glvwlqfw srlqwv fdqeh pdsshg lqwr wkh vdph srlqw +vhh h1j1 ^58` ru ^4` iru uhfhqw vwxglhv ri wkh surshuwlhv riQLPv/ ^44`/ ^7`/ ^6`/ ^:` dqg wkh prqrjudsk ^59` iru uhfhqw dssolfdwlrqv lq hfrqrplfv,1 Wklvlqwurgxfhv vrph shfxoldu g|qdplf surshuwlhv zkhq d exvlqhvv f|foh prgho lv uhsuhvhqwhge| d glvfuhwh g|qdplfdo v|vwhp rewdlqhg e| wkh lwhudwlrq ri d QLP1 Lq sduwlfxodu/ zh duhlqwhuhvwhg lq wkh fuhdwlrq ri qrq frqqhfwhg edvlqv dqg wkh qrq lqyduldqfh ri wkh uhjlrqvvhsdudwhg e| d forvhg lqyduldqw fxuyh ri wkh skdvh sodqh1 Vxfk surshuwlhv kdyh qr dqdorjxhqhlwkhu lq frqwlqxrxv wlph prghov qru lq glvfuhwh wlph prghov uhsuhvhqwhg e| lqyhuwleohpdsv/ dqg duh yhu| lpsruwdqw lq wkh joredo vwxg| ri g|qdplf prghov fkdudfwhul}hg e|pxowlvwdelolw|/ l1h1 e| wkh suhvhqfh ri vhyhudo frh{lvwlqj dwwudfwruv1Lqghhg/ hyhq li wkh vlpsohvw wzr0glphqvlrqdo qrqolqhdu exvlqhvv f|foh prghov dqdo|}hglq wkh olwhudwxuh/ dqg riwhq sursrvhg dv fodvvurrp h{huflvhv/ duh edvlfdoo| fkdudfwhul}hge| wkh suhvhqfh ri dq xqvwdeoh htxloleulxp durxqg zklfk d xqltxh f|folf dwwudfwru h{lvwv/d qrqolqhdu g|qdplfdo v|vwhp riwhq kdv vhyhudo dwwudfwruv/ hdfk zlwk lwv rzq edvlq ridwwudfwlrq1 Wkh gl�huhqw dwwudfwruv jlyh gl�huhqw srvvleoh orqj0uxq ehkdylruv dffruglqj wrwkh vwduwlqj frqglwlrq ri wkh hfrqrp|1 Sduwlfxoduo| lqwhuhvwlqj/ lq wkh frqwh{w ri exvlqhvvf|foh prghov/ duh wkh vlwxdwlrqv ri frh{lvwhqfh ri vwdeoh vwhdg| vwdwhv dqg vwdeoh rvfloodwlrqv/vr wkdw wkh rffxuuhqfh ri hfrqrplf �xfwxdwlrqv lv rewdlqhg rqo| li wkh hfrqrp| vwduwv iurplqlwldo frqglwlrqv ehorqjlqj wr wkh edvlq ri d f|folf dwwudfwru1Lq d vlwxdwlrq ri pxowlvwdelolw| d v|vwhp fdq h{klelw rqh nlqg ri ehkdylru iru d yhu| orqjwlph/ vr wkdw dq revhuyhu pd| jxhvv wkdw wkh srvvleoh hqgrjhqrxv dv|pswrwlf g|qdplfv ri
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wkh v|vwhp lv xqltxh/ |hw d frpsohwho| gl�huhqw nlqg ri ehkdylru pd| dulvh li dq h{rjhqrxvshuwxuedwlrq pryhv wkh vwdwh ri wkh v|vwhp lqvlgh wkh edvlq ri dqrwkhu frh{lvwlqj dwwudfwru1Wklv qdwxudoo| ohdgv wr wkh sureohp ri wkh gholplwdwlrq ri wkh edvlqv ri dwwudfwlrq/d sureohp zklfk lv vwurqjo| lq�xhqfhg e| wkh surshuw| ri qrqlqyhuwlelolw|1 Lq idfw/ dvhpskdvl}hg lq wkh vshfldol}hg olwhudwxuh +vhh h1j1 ^57`/ ^58`,/ dqg dv zh vkdoo dujxh lqwkh suhvhqw sdshu/ qrqlqyhuwleoh pdsv pd| ohdg wr wkh fuhdwlrq ri edvlqv zlwk frpsoh{vwuxfwxuhv/ vxfk dv qrq frqqhfwhg dqg pxowlso| frqqhfwhg vhwv1Lq rughu wr glvfxvv wkh txhvwlrqv dgguhvvhg deryh lq d frqfuhwh dqg shgdjrjlfdo fdvh/lq wklv sdshu zh frqvlghu d fodvvlfdo exvlqhvv f|foh prgho ri Ndogru0w|sh/ sursrvhg lq ^5:`zkrvh jhqhudo surshuwlhv kdyh ehhq ghvfulehg lq ^5`1 Wklv prgho lv sduwlfxoduo| vxlwdeoh lqrughu wr dqdo|}h wkh lvvxhv udlvhg deryh ehfdxvh=l, hfrqrplfdoo| phdqlqjixo udqjhv ri sdudphwhuv h{lvw vxfk wkdw dwwudfwruv fkdudfwhu0l}hg e| rvfloodwru| prwlrq +zklfk pd| eh shulrglf/ txdvl0shulrglf ru fkdrwlf, frh{lvw zlwkwzr vwdeoh vwhdg| vwdwhv>ll, wkh pds zkrvh lwhudwlrq jlyhv wkh glvfuhwh wlph hyroxwlrq pd| eh lqyhuwleoh ru qrqlq0yhuwleoh dffruglqj wr wkh sdudphwhu frqvwhoodwlrq frqvlghuhg/ vr wkdw zh fdq iroorz sdwkv lqwkh sdudphwhuv vsdfh zklfk jlyh d judgxdo wudqvlwlrq iurp lqyhuwlelolw| wr qrqlqyhuwlelolw|/wkxv doorzlqj vshfxodwlrqv rq wkh txdolwdwlyh fkdqjhv dvvrfldwhg wr vxfk d wudqvlwlrq1Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 wkh glvfuhwh0wlph Ndogru0olnh prghodqdo|}hg lq wklv sdshu lv ghvfulehg/ wkh vwdqgdug orfdo vwdelolw| dqdo|vlv ri wkh vwhdg|vwdwhv lv jlyhq/ wrjhwkhu zlwk wkh vwxg| ri wkh orfdo elixufdwlrq fxuyhv lq wkh vsdfh ri wkhsdudphwhuv1 Lq Vhfwlrq 6 zh jlyh wkh frqglwlrqv xqghu zklfk wkh pds uhsuhvhqwlqj wkhprgho lv d QLP/ dqg zh gh�qh wkh fulwlfdo fxuyhv1 Wkh pdlq uhvxowv ri wkh sdshu duhjlyhq lq Vhfwlrq 7/ zkhuh vrph joredo elixufdwlrqv duh vwxglhg zklfk duh uhvsrqvleoh iruwkh fuhdwlrq ri olplw f|fohv dqg jlyh ulvh wr vlwxdwlrqv ri frh{lvwhqfh ri wkuhh dwwudfwruv/dqg zh iroorz vrph sduwlfxodu sdwkv lq wkh sdudphwhuv* vsdfh lq rughu wr hpskdvl}h wkhh�hfwv ri qrqlqyhuwlelolw| rq wkh fuhdwlrq ri wkh f|folf dwwudfwruv dqg wkh vwuxfwxuh ri wkhluedvlqv1 D vkruw glvfxvvlrq ri wkh pdwkhpdwlfdo uhvxowv dqg wkhlu hfrqrplf lpsolfdwlrqv lvjlyhq lq vhfwlrq 81
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Wkh prgho sursrvhg e| Ndogru lq ^4;` lv rqh ri wkh hduolhvw dqg vlpsohvw qrqolqhdu prghovri exvlqhvv f|fohv1 Ghvslwh lw lv vr vlpsoh dqg udwkhu gdwhg/ lw frqwlqxhv wr jhqhudwh dfrqvlghudeoh dprxqw ri hfrqrplf/ shgdjrjlfdo dqg phwkrgrorjlfdo lqwhuhvw/ erwk iurpwkh srlqw ri ylhz ri wkh hfrqrplvw dqg ri wkh dssolhg g|qdplflvw +vhh h1j1 ^<`,1 Vhyhudouhirupxodwlrqv ri wkh Ndogru prgho kdyh ehhq jlyhq lq wkh olwhudwxuh e| xvlqj wkh odqjxdjhdqg wkh irupdolvp ri wkh wkhru| ri g|qdplfdo v|vwhpv/ erwk lq frqwlqxrxv wlph +h1j1 ^9`/^4<`/ ^46`, dqg lq glvfuhwh wlph +vhh h1j1 ^;`/ ^48`/ ^53`/ ^54`,1 Zh vkdoo frqvlghu wkh iroorzlqjglvfuhwh0wlph yhuvlrq ri wkh Ndogru prgho/ zklfk kdv wkh vdph vwuxfwxuh ri wkh deryhphqwlrqhg glvfuhwh wlph prghov +vhh dovr ^5`,=\|n� @ \| . �+L| � V|,N|n� @ +4� �,N| . L| +4,
zkhuh wkh g|qdplf yduldeohv \| dqg N| uhsuhvhqw/ uhvshfwlyho|/ wkh lqfrph +ru rxwsxw,ohyho dqg wkh fdslwdo vwrfn lq shulrg w1 Wkh sdudphwhu � +� A 3, uhsuhvhqwv d vshhg ridgmxvwphqw/ phdvxulqj wkh �up*v uhdfwlrq wr wkh h{fhvv ghpdqg/ zklfk lv htxlydohqw/ lq dpdfurhfrqrplf hqylurqphqw/ wr wkh gl�huhqfh ehwzhhq wkh lqyhvwphqw ghpdqg +L|, dqgvdylqjv +V|,1 D vpdoo ydoxh ri � phdqv d suxghqw �upv uhdfwlrq/ zklfk fdq eh h{sodlqhgzlwk d kljk ghjuhh ri ulvn dyhuvlrq ru zlwk d uhohydqw prqrsro| ghjuhh1 Frqyhuvho|/ dkljk ydoxh ri � phdqv udvk �upv uhdfwlrqv gxh wr d ulvn surshqvlw| ru wr frpshwlwlylw|suhvvxuhv/ zklfk fdq fdxvh d frruglqdwlrq idloxuh1 Ilqdoo|/ wkh sdudphwhu � +3 ? � ? 4,uhsuhvhqwv wkh fdslwdo vwrfn*v ghsuhfldwlrq udwh1Dv xvxdo lq d Nh|qhvldq iudphzrun/ vdylqjv duh dvvxphg wr eh sursruwlrqdo wr wkhfxuuhqw ohyho ri lqfrph/ V| @ �\|zkhuh wkh frh�flhqw � / 3 ? � ? 4/ uhsuhvhqwv wkh surshqvlw| wr vdyh1 Zkloh lq pdq|yhuvlrqv ri wkh Ndogru prgho wkh vdylqjv ixqfwlrq lv dvvxphg wr eh qrqolqhdu/ zh suhihu dolqhdu vshfl�fdwlrq/ erwk iru lwv dqdo|wlfdo vlpsolflw| dqg iru lwv vrxqghu plfurirxqgdwlrq1Pruhryhu/ lq rxu fdvh wklv dvvxpswlrq grhv qrw d�hfw wkh qrqolqhdulw| ri wkh prgho/ zklfklv uhodwhg wr wkh qrqolqhdulw| ri wkh lqyhvwphqw ixqfwlrq/ jlyhq ehorz1Lq rxu prgho/ djdlq lq wkh orjlf ri Nh|qhvldq vhwxsv/ wkh qrupdo ohyho ri lqfrph lv
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h{rjhqrxvo| dvvxphg lq wkh �upv h{shfwdwlrqv1 Zh lqglfdwh wklv qrupdo ohyho ri lqfrphzlwk wkh sdudphwhu � +� A 3,1 Wkhuhiruh/ vlqfh wkh h{shfwhg lqfrph \ e| @ �/ wkhq ��uhsuhvhqwv wkh qrupdo ohyho ri vdylqjv1 Dv xvxdo/ wkh lqyhvwphqw ghpdqg lv dvvxphg wr ehdq lqfuhdvlqj dqg vljprlg0vkdshg ixqfwlrq ri lqfrph1 Zlwkrxw orvv ri jhqhudolw|/ lq wkhiroorzlqj zh vkdoo frqvlghu wkh irup sursrvhg lq Urgdqr ^5:`
L| @ ��. � ���� �N|�. dufwdq+\| � �, +5,

zkhuh ��@� lv wkh qrupdo ohyho ri fdslwdo vwrfn1 Lq wkh htxdwlrq +5, wzr vkruw uxq lqyhvw0phqw frpsrqhqwv duh frqvlghuhg= wkh �uvw rqh lv sursruwlrqdo wr wkh gl�huhqfh ehwzhhqqrupdo fdslwdo vwrfn dqg fxuuhqw vwrfn/ dffruglqj wr d frh�flhqw � +� A 3,/ xvxdoo| h{0sodlqhg zlwk wkh suhvhqfh ri dgmxvwphqw frvwv> wkh vhfrqg rqh lv dq lqfuhdvlqj/ exw qrwolqhdu/ ixqfwlrq ri wkh gl�huhqfh ehwzhhq fxuuhqw lqfrph dqg lwv qrupdo ohyho1 Wklv vhf0rqg frpsrqhqw ri wkh vkruw uxq lqyhvwphqw ixqfwlrq lv d frqyhqlhqw vshfl�fdwlrq ri wkhvljprlg0vkdshg uhodwlrqvkls ehwzhhq lqyhvwphqw dqg lqfrph sursrvhg e| Ndogru1 Zhuhpdun wkdw wklv dqdo|wlf vshfl�fdwlrq grhv qrw frpsurplvh wkh jhqhudolw| ri wkh uhvxowv1E| vxevwlwxwlqj wkh h{suhvvlrqv ri L| dqg V| lqwr wkh g|qdplf prgho +4,/ zh rewdlq wkdwwkh wlph hyroxwlrq ri lqfrph dqg fdslwdo lv rewdlqhg e| wkh lwhudwlrq ri d wzr0glphqvlrqdoqrqolqhdu pds W = +\|>N|, $ +\|n�>N|n�, jlyhq e|=
W = � \ � @ \ . � ���. � �j>B �N�. dufwdq+\ � �,� �\ �N � @ +4� �,N . ��. � �j>B �N�. dufwdq+\ � �, / +6,

zkhuh wkh v|pero � ghqrwhv wkh xqlw wlph dgydqfhphqw rshudwru1Wkh htxloleulxp srlqwv +ru vwhdg| vwdwhv, ri wkh prgho +4, duh wkh �{hg srlqwv ri wkhpds W / vroxwlrqv ri wkh dojheudlf v|vwhp=� ��. � �j>B �N�. dufwdq+\ � �,� �\ @ 3��. � �j>B �N�. dufwdq+\ � �,� �N @ 3 /
rewdlqhg e| vhwwlqj \ � @ \ dqg N � @ N lq +6,1 Wklv v|vwhp fdq eh uhzulwwhq dv=� N @ jB \� �4 . �B � +\ � �, @ dufwdq+\ � �, 1 +7,
Wkh �uvw htxdwlrq ri +7, vd|v wkdw wkh �{hg srlqwv ehorqj wr wkh olqh ri htxdwlrq N @ jB \dqg iurp wkh vhfrqg htxdwlrq zh kdyh wkdw wkh htxloleulxp ydoxhv ri \ fdq eh rewdlqhg

9



dv lqwhuvhfwlrqv ehwzhhq wkh olqh ri htxdwlrq } @ � �4 . �B � +\ � �, dqg wkh vljprlg0vkdshg judsk ri wkh ixqfwlrq } @ dufwdq+\ � �,1 Vxfk lqwhuvhfwlrqv pd| eh rqh ru wkuhhdffruglqj wr wkh ydoxh ri wkh djjuhjdwh sdudphwhu � +4 . �@�,= li � +4 . �@�, � 4 wkhqwkh h{rjhqrxvo| jlyhq htxloleulxp S @ +�> �jB , lv wkh xqltxh vwhdg| vwdwh/ zkhuhdv lqwkh frpsohphqwdu| fdvh � +4 . �@�, ? 4 wzr ixuwkhu vwhdg| vwdwhv h{lvw/ vd| U dqg T/orfdwhg lq v|pphwulf srvlwlrqv zlwk uhvshfw wr wkh srlqw S / jlyhq e| U @ +\-> jB \-, dqgT @ +\'> jB \',/ zlwk \' @ 5��\-/ \- ? � ehlqj wkh vpdoohvw uhdo vroxwlrq ri wkh vhfrqghtxdwlrq lq +7,/ zklfk fdq eh frpsxwhg e| dq| qxphulfdo phwkrg iru �qglqj wkh uhdourrwv ri dq htxdwlrq1 Lw lv wulyldo wr uhdol}h wkdw wkh vwhdg| vwdwhv duh lqghshqghqw ri wkhdgmxvwphqw sdudphwhu �1Dv vkrzq lq ^5`/ wkh pds W lv v|pphwulf zlwk uhvshfw wr wkh h{rjhqrxv vwhdg| vwdwhS @ +�> �jB ,1 Wklv phdqv wkdw v|pphwulf srlqwv duh pdsshg lqwr v|pphwulf srlqwv +zlwkuhvshfw wr S , dqg lpsolhv wkdw d f|foh ri W lv hlwkhu v|pphwulf zlwk uhvshfw wr S ru dgplwvd v|pphwulf f|foh1Lq wkh iroorzlqj ri wklv vhfwlrq zh eulh�| uhfdoo wkh uhvxowv rq wkh orfdo vwdelolw| ri wkh�{hg srlqw S @ +�> �jB , douhdg| jlyhq lq ^5`1 Dv xvxdo/ wkh dqdo|vlv ri wkh orfdo vwdelolw| ri d�{hg srlqw lv rewdlqhg wkurxjk wkh orfdol}dwlrq/ lq wkh frpsoh{ sodqh/ ri wkh hljhqydoxhv riwkh Mdfreldq pdwul{ hydoxdwhg dw wkh �{hg srlqw/ dqg wkhlu ghshqghqfh rq wkh sdudphwhuvri wkh prgho1 Lq wkh iroorzlqj zh frqvlghu wkh sdudphwhuv � dqg � dv �{hg/ dqg zh vwxg|wkh vwdelolw| uhjlrqv/ dqg wkh orfdo elixufdwlrq fxuyhv/ lq wkh vsdfh ri wkh sdudphwhuv �> �/zlwk � A 3 dqg 3 ? � ? 41 Lq rughu wr vlpsoli| wkh pdwkhpdwlfdo wuhdwphqw/ zh dvvxphwkdw wkh sdudphwhu � ehorqjv wr wkh udqjh 3 ? � ? 5� �/ d frqglwlrq zklfk lv vdwlv�hg lqhfrqrplfdoo| ihdvleoh vlwxdwlrqv/ ehlqj xvxdoo| � ? 41 Wkh uhvxowv ri wkh vwdqgdug dqdo|vlvri wkh hljhqydoxhv/ jlyhq lq ^5`/ duh vxppdul}hg lq wkh iroorzlqj sursrvlwlrq +vhh dovr Ilj14, Sursrvlwlrq 4+l, Li � � �R/ zlwk �R @ �� . � +8,
wkhq wkh srlqw S @ +�> �jB , lv wkh xqltxh �{hg srlqw ri wkh pds W / dqg li � ? �R wkhqwzr ixuwkhu �{hg srlqwv h{lvw/ v|pphwulf zlwk uhvshfw wr wkh srlqw S 1+ll, Li � ? 5� �/ wkh srlqw S lv orfdoo| dv|pswrwlfdoo| vwdeoh li wkh sdudphwhuv � dqg �
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ehorqj wr wkh uhjlrq DEFG ri wkh sodqh +�> �,/ zlwk yhuwh{hv D @ �3> BEBn���/ E @ +3> 4,/F @ � Bn�� > 4�/ G @ � EBn��2� > BBn��/ zkhuh wkh vlghv DG dqg FG ehorqj wr wkh olqh � @ �Rdqg wr wkh k|shuerod ri htxdwlrq�
� @ ��� +�, @ 44� � � � �4� � � � . �� � +9,

uhvshfwlyho|1+lll, Li wkh srlqw +�> �, h{lwv wkh vwdelolw| uhjlrq DEFG e| furvvlqj wkh vlgh DG> wkhq dvxshufulwlfdo slwfkirun elixufdwlrq rffxuv dw zklfk wkh �{hg srlqw S ehfrphv d vdggoh srlqwdqg wzr vwdeoh qrghv duh fuhdwhg qhdu lw1+ly, Li wkh srlqw +�> �, h{lwv wkh vwdelolw| uhjlrq DEFG e| furvvlqj wkh vlgh FG> wkhq dvxshufulwlfdo Krsi elixufdwlrq rffxuv dw zklfk wkh �{hg srlqw S lv wudqviruphg iurp d vwdeohirfxv lqwr dq xqvwdeoh irfxv dqg dq dwwudfwlqj forvhg lqyduldqw fxuyh lv fuhdwhg durxqg lwrq zklfk wkh g|qdplfv pd| eh shulrglf ru txdvl0shulrglf1Wklv sursrvlwlrq/ frqfhuqlqj wkh xvxdo orfdo dqdo|vlv edvhg rq wkh olqhdu dssur{lpdwlrqri g|qdplfdo v|vwhp qhdu d vwhdg| vwdwh/ vhhpv wr lpso| wkdw iru ydoxhv ri wkh sdudphwhuvehorz wkh olqh � @ �R/ zkhuh wkuhh htxloleuld h{lvw/ vlwxdwlrqv ri el0vwdelolw| +zlwkrxwrvfloodwlrqv, duh rewdlqhg/ zkhuhdv vhoi0vxvwdlqhg rvfloodwru| ehkdylruv vhhp wr dsshdurqo| iru vx�flhqwo| kljk ydoxhv ri wkh surshqvlw| wr vdyh/ l1h1 deryh wkh olqh � @ �R/ dqgiru lqfuhdvlqj ydoxhv ri wkh dgmxvwphqw sdudphwhu �/ l1h1 zkhq wkh fxuyh FG ri Ilj14lv furvvhg1 Lqghhg/ lq wkh ulfk olwhudwxuh rq g|qdplfdo v|vwhpv zklfk uhsuhvhqw Ndogru0olnh exvlqhvv f|foh prghov/ wklv lv wkh vwuhdp iroorzhg e| pdq| dxwkruv= erwk lq glvfuhwhwlph dqg lq frqwlqxrxv wlph vwdeoh rvfloodwlrqv dorqj olplw f|fohv/ jhqhudwhg yld Krsielixufdwlrqv/ duh frqvlghuhg iru vx�flhqwo| kljk ydoxhv ri � dqg �1 Krzhyhu/ dv dujxhglq ^5`/ vpdoo ydoxhv ri wkh surshqvlw| wr vdyh � duh pruh uhdolvwlf/ khqfh lw pdnhv vhqvh wrzrqghu li rvfloodwru| g|qdplfv fdq eh rewdlqhg lq wkh uhjlrq ri wkh sdudphwhu vsdfh zkhuhwkuhh htxloleuld h{lvw1
-------- ILJ1 4 DSSUR[LPDWHO\ KHUH --------

�W? |�i T@h|�U�*@h U@ti � n B ' � |�i t�_i �( Mi*L?}t |L |�i �ih|�U@* *�?i k ' �*��
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� W?�ih|�M�*�|) UL?_�|�L?t
Iru sduwlfxodu ydoxhv ri wkh sdudphwhuv/ wkh pds W lv d qrqlqyhuwleoh pds ri wkh sodqh1Wklvphdqv wkdw zkloh vwduwlqj iurp vrph lqlwldo ydoxhv iru lqfrph dqg fdslwdo vwrfn/ vd|+\f>Nf,/ wkh lwhudwlrq ri +6, xqltxho| gh�qhv wkh wudmhfwru| +\| >N|, @ W |+\f>Nf,/ w @4> 5> ===/ wkh edfnzdug lwhudwlrq ri +6, lv qrw xqltxho| gh�qhg1 Lq idfw/ glvwlqfw srlqwv riwkh sodqh pd| kdyh wkh vdph lpdjh/ wkdw lv/ htxlydohqwo|/ d srlqw +\ �>N�, ri wkh sodqhpd| kdyh glvwlqfw udqn04 suhlpdjhv1 Wkh frqglwlrqv xqghu zklfk wkh pds W jlyhq lq +6,lv qrqlqyhuwleoh duh glvfxvvhg lq wkh Dsshqgl{/ wrjhwkhu zlwk vrph edvlf gh�qlwlrqv/ dplqlpdo yrfdexodu| ri wkh wkhru| ri qrqlqyhuwleoh pdsv ri wkh sodqh dqg vrph edvlf idfwvderxw wkh fulwlfdo fxuyhv1Lq wkh Dsshqgl{ lw lv vkrzq wkdw wkh pds W lv d qrqlqyhuwleoh pds lq wkh uhjlrq riwkh +�> �, sdudphwhuv vsdfh jlyhq e| 3 ? p ? 4/ zkhuh

p @ +� . � � 4,+4� ��,�+4� �, 1
Iroorzlqj wkh fulwlfdo fxuyhv wkhru| ghyhorshg e| Jxprzvnl dqg Plud +vhh ^47`/ ^58`,/wkh Dsshqgl{ vkrzv wkdw iru 3 ? p ? 4 wklv pds lv ri wkh vr0fdoohg w|sh ]� � ]� � ]�zklfk phdqv wkdw d srlqw +\ �>N�, ri wkh skdvh0sodqh pd| kdyh rqh ru wkuhh glvwlqfw udqn04suhlpdjhv= wkh uhjlrq ri srlqwv zlwk wkuhh udqn04 suhlpdjhv lv wkh vwuls frqwdlqhg ehwzhhqwkh wzr olqhv ri htxdwlrq

OF@ = N @ +� . � � 4,�� \ . 4� �� kt� . ���4 . �� �l > +:,
OFK = N @ +� . � � 4,�� \ . 4� �� kt2 . ���4 . �� �l / +;,

zkhuh= t� @ � dufwdq#u 4p � 4$�p#��u 4p � 4$ >
t2 @ dufwdq#u 4p � 4$�p#�.u 4p � 4$ /

zkloh wkh srlqwv rxwvlgh wklv vwuls kdyh rqo| rqh udqn04 suhlpdjh1 Wkxv wkh vhw OF @ OF@^OFK +fulwlfdo fxuyh ri udqn04, lv wkh orfxv ri srlqwv zlwk wzr phujlqj udqn04 suhlpdjhv
<



dqg wkh orfxv ri vxfk phujlqj suhlpdjhv/ ghqrwhg e| OF3� +fulwlfdo fxuyh ri udqn03, lvdovr pdgh xs ri wzr olqhv/ OF3� @ OF3�c@ ^ OF3�cK zkhuh=
OF3�c@ = \ @ ��u 4p � 4 > +<,
OF3�cK = \ @ �.u 4p � 4 / +43,zlwk OF@ @ W +OF3�c@, dqg OFK @ W +OF3�cK,1Lq rughu wr frpsduh wkh elixufdwlrq fxuyhv lq wkh sdudphwhu sodqh +�> �,/ dv vkrzq lqIlj1 4/ zlwk wkh udqjhv ri lqyhuwlelolw| ru qrq lqyhuwlelolw| ri wkh pds W lw lv xvhixo wr gudzwkh sdudphwhu uhjlrq/ lq wkh vdph +�> �, sodqh/ lq zklfk wkh qrqlqyhuwlelolw| frqglwlrq3 ? p ? 4 lv ixo�oohg +QL uhjlrq,1 Lq wkh frpsohphqwdu| uhjlrq ri wkh +�> �, sodqh wkhpds lv lqyhuwleoh1 Zh qrwlfh wkdw=

d, iru � . � ? 4/ wdnlqj lqwr dffrxqw wkdw p A 3 fruuhvsrqgv wr
� A 4� /

zkloh p ? 4 fruuhvsrqgv wr
� ? 4� �4� � � � . 4� /

zh kdyh wkdw 3 ? p ? 4 krogv ehwzhhq wzr eudqfkhv ri k|shuerodh exw frqvlghulqjrqo| wkh lqwhuhvwlqj udqjh/ 3 ? � ? 4/ zh jhw wkh gdun juh| QL uhjlrq vkrzq lq Ilj14>
e, iru � . � A 4/ zh kdyh wkdw p A 3 krogv zkhq

� ? 4� /
dqg p ? 4 krogv zkhq � A 4� � 4� �� . � � 4 /vr wkdw frqglwlrq 3 ? p ? 4 krogv ehwzhhq wzr eudqfkhv ri k|shuerod1

Lq wkh iroorzlqj zh vkdoo olplw rxu dqdo|vlv wr wkh fdvh �.� ? 4/ vlqfh lw fruuhvsrqgv wrudqjhv ri wkh sdudphwhuv zklfk duh udwkhu uhdolvwlf iurp wkh srlqw ri ylhz ri wkhlu hfrqrplfphdqlqj1
43



Wkh idfw wkdw wkh pds W lv qrqlqyhuwleoh pd| kdyh uhpdundeoh frqvhtxhqfhv rq wkhjoredo g|qdplf surshuwlhv ri wkh exvlqhvv f|foh prgho1 Lq sduwlfxodu/ lq wklv sdshu zhduh lqwhuhvwhg lq wkh vwuxfwxuh ri wkh edvlqv dqg wkh sureohpv ri iruzdug dqg edfnzduglqyduldqfh ri vxevhwv ri wkh skdvh sodqh1Zh uhfdoo wkdw d vhw D � U? lv wudsslqj li lw lv pdsshg lqwr lwvhoi/ W +D, � D/ l1h1;{ 5 D W +{, 5 D1 D wudsslqj vhw lv lqyduldqw li lw lv pdsshg rqwr lwvhoi= W +D, @ D/ l1h1doo wkh srlqwv ri D duh lpdjhv ri srlqwv ri D1 D forvhg lqyduldqw vhw D lv dq dwwudfwru lilw lv dv|pswrwlfdoo| vwdeoh/ l1h1 li d qhljkerukrrg X ri D h{lvwv vxfk wkdw W +X, � X dqgW?+{, $ D dv q $ .4 iru hdfk { 5 X 1Wkh Edvlq ri dq dwwudfwru D lv wkh vhw ri doo srlqwv wkdw jhqhudwh wudmhfwrulhv frqyhujlqjwr D E +D, @ �{ m W |+{, $ D dv w $ .4� 1Jhrphwulfdoo|/ wkh dfwlrq ri d qrqlqyhuwleoh pds W fdq eh h{suhvvhg e| vd|lqj wkdw lw_irogv dqg sohdwv% wkh sodqh/ vr wkdw wkh wzr glvwlqfw srlqwv s� dqg s2 duh pdsshg lqwrwkh vdph srlqw s1 Wklv lv htxlydohqwo| vwdwhg e| vd|lqj wkdw vhyhudo lqyhuvhv duh gh�qhglq s/ dqg wkhvh lqyhuvhv _xqirog% wkh sodqh1Wkh edfnzdug lwhudwlrq ri d qrqlqyhuwleoh pds uhshdwhgo| xqirogv wkh skdvh vsdfh/ dqgwklv lpsolhv wkdw wkh edvlqv pd| eh qrq0frqqhfwhg/ l1h1 iruphg e| vhyhudo glvmrlqw sruwlrqv1Wklv fdq eh lqwxlwlyho| xqghuvwrrg rq wkh edvlv ri wkh iroorzlqj dujxphqwv1 Ohw D eh dqdwwudfwru iru wkh lwhudwhg pds W 1 Wklv phdqv wkdw d qhljkerukrrg X+D, ri D h{lvwv zkrvhsrlqwv frqyhujh wr D1 Ri frxuvh X+D, � E +D,/ exw dovr wkh srlqwv ri wkh skdvh vsdfhzklfk duh pdsshg lqvlgh X diwhu d �qlwh qxpehu ri lwhudwlrqv ehorqj wr E +D,/ vr wkdw wkhwrwdo edvlq ri D +ru pruh eulh�| wkh edvlq ri D, lv jlyhq e|
E +D, @ "̂

?'fW3?+X+D,,
zkhuh W3�+{, uhsuhvhqwv wkh vhw ri wkh udqn04 suhlpdjhv ri { +l1h1 wkh srlqwv pdsshg wr{ e| W ,/ W3?+{, uhsuhvhqw wkh vhw ri wkh udqn0q suhlpdjhv ri { +l1h1 wkh srlqwv pdsshgwr { diwhu q uhshdwhg dssolfdwlrqv ri W ,/ dqg W f lv wkh lghqwlw| pds1 Lq wkh fdvh ri dqrqlqyhuwleoh pds/ wkh skdvh0sodqh pd| eh wkrxjkw ri dv wkh uhvxow ri wkh ryhuodsslqjri gl�huhqw vkhhwv/ zlwk d gl�huhqw orfdo lqyhuvh pds gh�qhg rq hdfk vkhhw +Ulhpdqqiroldwlrq,/ vr wkdw lw fdq eh vxeglylghg lqwr uhjlrqv ]& +n @ 3> 4> 5> ===, zkrvh srlqwv
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kdyh wkh vdph qxpehu n ri udqn04 suhlpdjhv1 Wkxv/ wkh wrwdo edvlq ri D pd| eh qrqfrqqhfwhg ehfdxvh li X+D,/ ru lwv suhlpdjhv/ ehorqj wr uhjlrqv ]& zlwk n A 4 glvwlqfwudqn04 suhlpdjhv/ wkh dfwlrq ri wkh glvwlqfw lqyhuvhv gh�qhg lq gl�huhqw vkhhwv ri wkhUlhpdqq iroldwlrq pd| jlyh suhlpdjhv ri X+D, zklfk duh glvmrlqw iurp X+D, dqg idu iurplw/ gxh wr wkh xqiroglqj ri wkh skdvh0sodqh xqghu wkh dfwlrq ri wkh vhyhudo glvwlqfw lqyhuvhv1
e B*LM@* _)?@4�Ut ��|� |�hii ULi �t|�?} i^��*�Mh�@
Lq wklv vhfwlrq zh h{soruh wkh joredo g|qdplf ehkdylruv ri wkh prgho zkhq wkh ydoxhv riwkh sdudphwhuv duh rxw ri wkh uhjlrq ri vwdelolw| ri wkh h{rjhqrxvo| jlyhq htxloleulxp Sdqg lq wkh vhw ri sdudphwhuv vxfk wkdw wkh wkuhh htxloleuld U/ S / dqg T h{lvw1 Lq doo rxuqxphulfdo h{sorudwlrqv zh zloo dvvxph � @ 533/ � @ 3=5/ � @ 3=9/ dqg zh zloo iroorz/ lq wkh+�> �, sdudphwhu sodqh/ sduwlfxodu urxwhv fkdudfwhul}hg e| orz ydoxhv ri wkh surshqvlw| wrvdyh � +3=3< ? � ? 3=5,1Lq ^5` lw lv vkrzq wkdw iru orz ydoxhv ri wkh surshqvlw| wr vdyh � vlwxdwlrqv ri el0vwdelolw| fdq eh rewdlqhg/ zlwk wkh h{rjhqrxv vwhdg| vwdwh S xqvwdeoh dqg wzr vwdeohhtxloleuld U dqg T/ hdfk zlwk lwv rzq edvlq ri dwwudfwlrq/ dqg wkdw iru lqfuhdvlqj ydoxhv riwkh surshqvlw| wr vdyh +exw/ lq dq| fdvh/ lq wkh udqjh ri orz ydoxhv, joredo elixufdwlrqv pd|rffxu dw zklfk d vwdeoh olplw f|foh dsshduv zklfk vxuurxqgv doo wkh vwhdg| vwdwhv1 Dw wkhjoredo elixufdwlrq dw zklfk wkh vwdeoh olplw f|foh lv fuhdwhg/ d uhpdundeoh fkdqjh rffxuv lqwkh edvlqv ri dwwudfwlrq= ehiruh wkh elixufdwlrq wkh edvlqv ri wkh wzr vwdeoh vwhdg| vwdwhvvkduh wkh zkroh vwdwh vsdfh ri wkh g|qdplfdo v|vwhp/ zkhuhdv diwhu wkh elixufdwlrq wkhvhwzr edvlqv vxgghqo| ehfrph yhu| vpdoo/ dqg wkh pdmrulw| ri wkh lqlwldo frqglwlrqv jhqhudwhwlph hyroxwlrqv frqyhujlqj wr wkh olplw f|foh/ wkdw lv/ rvfloodwru| ehkdylruv grplqdwh wkhorqj uxq g|qdplfv ri wkh v|vwhp1Wklv wudqvlwlrq iurp el0vwdelolw| wr frh{lvwhqfh ri wkh wzr vwdeoh vwhdg| vwdwhv zlwkdq dwwudfwru fkdudfwhul}hg e| rvfloodwru| prwlrq pd| rffxu wkurxjk gl�huhqw nlqgv rielixufdwlrq vhtxhqfhv/ dffruglqj wr gl�huhqw udqjhv ri wkh vshhg ri dgmxvwphqw � dqg wrwkh lqyhuwlelolw| ru qrqlqyhuwlelolw| ri wkh pds W 1 Rqh ri wkhvh elixufdwlrq0urxwhv/ revhuyhgiru vx�flhqwo| orz ydoxhv ri � dqg uhodwhg wr dq krprfolqlf elixufdwlrq ri wkh vdggoh S / lvghvfulehg lq ^5`1 Pruh jhqhudoo|/ iru sdudphwhuv frqvwhoodwlrqv vxfk wkdw W lv dq lqyhuwleohpds/ wkh dsshdudqfh ri d vwdeoh olplw f|foh lv uhodwhg wr wkh idfw wkdw wkh vwdeoh vhw ri S /zklfk vhsdudwhv wkh edvlqv ri T dqg U/ ehfrphv pruh dqg pruh lqyroyhg dv wkh surshqvlw|
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wr vdyh � lqfuhdvhv/ ohdglqj wr dq lqfuhdvlqj frpsoh{lw| lq wkh vwuxfwxuh ri wkh edvlqv riwkh vwdeoh vwhdg| vwdwhv +vhh Iljv1 5d/ e/ f,1 Zh uhpdun wkdw lq vxfk fdvhv/ olnh wkh rqhfrqvlghuhg lq ^5`/ wkh sdudphwhuv duh lq wkh uhjlrq zkhuh wkh pds W lv lqyhuwleoh/ vr wkdwdoo wkh edvlqv duh frqqhfwhg vhwv/ vhsdudwhg e| wkh vwdeoh vhw ri wkh vdggoh srlqw S 1
-------- ILJ1 5 DSSUR[LPDWHO\ KHUH --------

Wklv vlwxdwlrq ri frh{lvwhqfh ri wzr vwdeoh vwhdg| vwdwhv zlwk dq dwwudfwru fkdudfwhul}hge| rvfloodwru| prwlrq +shulrglf/ txdvl0shulrglf/ ru fkdrwlf, fdq dovr eh irxqg iru kljkhuydoxhv ri wkh vshhg ri dgmxvwphqw �/ zkhq wkh pds lv qrqlqyhuwleoh +uhphpehu wkdw zkhq+� . �, ? 4/ dv lv wkh fdvh lq rxu h{dpsohv/ W lv qrqlqyhuwleoh iru � A 4@�/ dv vkrzqlq Ilj1 4,1 Lq rughu wr glvfxvv wkh uroh ri qrqlqyhuwlelolw| ri wkh pds/ lq wkh suhvhqfhri pxowlvwdelolw|/ ohw xv frqvlghu kljkhu ydoxhv ri � dqg iroorz d sduwlfxodu sdwk lq wkh+�> �, sdudphwhu sodqh/ rewdlqhg zlwk � @ 3=438 dqg � lq wkh uhjlrq ri qrqlqyhuwlelolw|1Wkh g|qdplf vfhqdulr revhuyhg iru � @ 43=8 +Ilj1 6d, lv dssduhqwo| vlplodu wr wkh rqhrevhuyhg lq Ilj1 5f/ exw rshqlqj d zlghu zlqgrz rq wkh skdvh0sodqh +Ilj1 6e, zh fdqvhh wkdw rxwvlgh wkh forvhg lqyduldqw fxuyh � uhjlrqv ri srlqwv h{lvw/ zklfk ehorqj wr wkhedvlqv ri T dqg U1 Wkhvh uhjlrqv fdqqrw h{lvw zkhq wkh pds W lv lqyhuwleoh/ l1h1 wkhludsshdudqfh lv gxh wr wkh wudqvlwlrq wr wkh qrqlqyhuwlelolw| uhjlph1 Dv uhpdunhg lq Vhfwlrq6/ wkh edfnzdug lwhudwlrq ri d wzr0glphqvlrqdo qrqlqyhuwleoh pds _xqirogv% wkh skdvh0sodqh/ dqg wklv lpsolhv wkdw wkh wrwdo edvlq ri dq dwwudfwru pd| eh qrq frqqhfwhg1 Lqrwkhu zrugv/ wkh _iroglqj% dfwlrq ri wkh iruzdug lwhudwlrq ri wkh qrqlqyhuwleoh pds pdnhvlw srvvleoh wkdw srlqwv rxwvlgh wkh forvhg lqyduldqw fxuyh � duh pdsshg lqvlgh lw1 Wkhuhjlrq rxwvlgh � lv qr orqjhu iruzdug lqyduldqw/ dv lw zdv lq wkh uhjlph ri lqyhuwlelolw| dqg/frqvhtxhqwo|/ wudmhfwrulhv vwduwlqj rxwvlgh � h{lvw zklfk frqyhujh wr d vwdwlrqdu| vwdwh1
-------- ILJ1 6 DSSUR[LPDWHO\ KHUH --------

Wkh qrqlqyhuwlelolw| surshuw| ri W dovr hqdeohv xv wr h{sodlq rwkhu lpsruwdqw txdol0wdwlyh fkdqjhv ri wkh qrq frqqhfwhg edvlqv ri T dqg U/ zkhq wkh sdudphwhu � lv ixuwkhulqfuhdvhg +wkh phfkdqlvp fdxvlqj wkhvh edvlq0elixufdwlrqv lv h{sodlqhg/ iru lqvwdqfh/ lq^57`/ ^58`/ ^4`,1 Dv douhdg| uhpdunhg/ lq wkh fdvh ri qrqlqyhuwleoh pdsv/ wkh skdvh0sodqhpd| eh wkrxjkw ri dv wkh uhvxow ri wkh ryhuodsslqj ri gl�huhqw vkhhwv/ zlwk d gl�huhqw orfdolqyhuvh pds gh�qhg rq hdfk vkhhw +Ulhpdqq iroldwlrq,/ vr wkdw lw fdq eh vxeglylghg lqwr
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uhjlrqv ]& +n @ 3> 4> 5> ===, zkrvh srlqwv kdyh wkh vdph qxpehu n ri udqn04 suhlpdjhv1 Wkhpds W ghvfulelqj rxu prgho lv ri wkh vr0fdoohg ]� �]� �]� w|sh +vhh wkh Dsshqgl{, dqgwkh fulwlfdo olqhv OF@ dqg OFK vhsdudwh wkh uhjlrq ]� ri srlqwv zlwk wkuhh gl�huhqw udqn04suhlpdjhv iurp wkh uhjlrq ]� ri srlqwv zlwk rqo| rqh suhlpdjh +vhh Ilj1 6e,1 E| ixuwkhulqfuhdvlqj �/ wkh uhjlrq ghqrwhg e| K lq Ilj1 6e dssurdfkhv wkh erxqgdu| ri wkh uhjlrq]� dqg furvvhv lw +vhh Ilj1 7d/ rewdlqhg zlwk � @ 44=8,1 Wkh sruwlrq ri K zklfk kdvfurvvhg OF@/ vd| Kf @ K _ ]�/ kdv wkuhh udqn04 suhlpdjhv/ dqg wzr ri wkhp +vd| K3�c�dqg K3�c2, duh orfdwhg rq rssrvlwh vlghv ri OF3�c@ dqg frqvwlwxwh wkh uhjlrq ghqrwhg e|K3� @ K3�c� ^K3�c2/ frqqhfwhg wkurxjk d vhjphqw ri OF3�c@ zklfk lv wkh vhw ri phujlqjsuhlpdjhv ri wkh sruwlrq ri OF lqvlgh K1 Ri frxuvh wkh vdph txdolwdwlyh fkdqjhv rffxuwr wkh edvlq ri wkh vwhdg| vwdwh T gxh wr wkh v|pphwu| ri wkh pds1 Lq Ilj1 7e/ rewdlqhgzlwk � @ 45/ wkh uhjlrq K kdv qrz frpsohwho| furvvhg ryhu wkh fxuyh OF/ dqg wkhuhiruhlwv suhlpdjhv K3�c� dqg K3�c2 qrz duh vhsdudwh uhjlrqv1
-------- ILJ1 7 DSSUR[LPDWHO\ KHUH --------

Vr/ qrqlqyhuwlelolw| lv uhvsrqvleoh iru joredo elixufdwlrqv zklfk fuhdwh pruh dqg pruhqrq frqqhfwhg frpsrqhqwv ri wkh edvlqv ri wkh vwhdg| vwdwhv1 Wkh uhvxowlqj g|qdplfvfhqdulr lv udwkhu frxqwhu0lqwxlwlyh iurp dq hfrqrplf srlqw ri ylhz1 Dv dq h{dpsoh/ lqwkh vlwxdwlrq ri Ilj1 7d dvvxph wkdw wkh hfrqrp| lv dw wkh vwdwlrqdu| vwdwh U= zh fdqvhh wkdw wkh v|vwhp lv vwdeoh zlwk uhvshfw wr vpdoo shuwxuedwlrqv/ exw li d juhdwhu vkrfn lvfrqvlghuhg wkhq wkh hfrqrp| hqwhuv d gl�huhqw g|qdplf uhjlph/ fkdudfwhul}hg e| shuvlvwhqwhqgrjhqrxv �xfwxdwlrqv1 Zkdw lv vxusulvlqj lv wkdw wklv vzlwfklqj ri uhjlph pd| qrw rffxuiru yhu| odujh shuwxuedwlrqv/ dv rqh prylqj wkh v|vwhp wr wkh vwdwh {/ lq wkh uhjlrq ghqrwhge| K3�= lq idfw lq wklv fdvh wkh v|vwhp djdlq udslgo| frqyhujhv wr wkh vwhdg| vwdwh U +rxusuhylrxv frqvlghudwlrqv derxw wkh dsshdudqfh ri wkh _lvodqgv% K3�c� dqg K3�c2 doorz xvwr frqfoxgh wkdw d srlqw lqvlgh wkh uhjlrq K3� lv pdsshg lqvlgh wkh lpphgldwh edvlqe riU lq rqo| wzr lwhudwlrqv,1Ehvlghv wkh orvv ri wkh iruzdug lqyduldqfh ri wkh uhjlrq rxwvlgh �/ qrqlqyhuwlelolw| pd|dovr fdxvh wkh orvv ri wkh iruzdug lqyduldqfh ri wkh duhd hqforvhg e| wkh fxuyh= wklv fkdqjhrffxuv zkhq wkh olplw f|foh/ lqfuhdvlqj lq vl}h dv wkh sdudphwhu � lqfuhdvhv/ furvvhv wkholqhv OF3�c@ dqg OF3�cK1
eA�i ��_it| UL??iU|i_ UL4TL?i?| Lu � E-� �?U*�_�?} |�i � i_ TL�?|�
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Lq idfw/ dv idu dv wkh dwwudfwlqj lqyduldqw forvhg fxuyh � grhv qrw lqwhuvhfw OF3� lw fdqeh wkrxjkw ri dv hqwluho| frqwdlqhg lq rqh vkhhw ri wkh Ulhpdqq iroldwlrq1 Wklv phdqv wkdwd qhljkerukrrg X +�, ri � h{lvwv vxfk wkdw qrw rqo| W +X, � X +vlqfh � lv dwwudfwlqj, exwd xqltxh lqyhuvh h{lvwv/ vd| W3�� / vxfk wkdw W3�� = W +X, $ X 1 Wklv lpsolhv wkdw wkh fxuyh�/ dv zhoo dv wkh duhd ri wkh skdvh sodqh hqforvhg e| �/ vd| d +�,/ lv erwk iruzdug lqyduldqw+xqghu W , dqg edfnzdug lqyduldqw +xqghu W3�� ,1 Lq idfw/ hyhq li � 5 ]& zlwk n A 4/ vrwkdw rwkhu +h{wud, udqn04 suhlpdjhv ri � h{lvw/ wkh| gr qrw lqwhuvhfw �1Wkh vlwxdwlrq fkdqjhv zkhq � jurzv xs xqwlo lw kdv d frqwdfw zlwk wkh wzr eudqfkhvOF3�c@ dqg OF3�cK ri wkh vhw ri phujlqj suhlpdjhv OF3�/ dqg wkhq lqwhuvhfwv wkhp/ dvvkrzq lq Iljv1 6 dqg 71 Zh qrz ghvfuleh wkh frqvhtxhqfhv ri wkh frqwdfw ehwzhhq � dqgOF3�c@1 Ri frxuvh/ gxh wr wkh v|pphwu| surshuw| ri wkh pds W / wkh vdph ghvfulswlrqdssolhv wr wkh v|pphwulf frqwdfw ehwzhhq � dqg OF3�cK1Ohw Df dqg Ef eh wkh wzr srlqwv ri lqwhuvhfwlrq ehwzhhq � dqg OF3�c@/ vhh Ilj1 8d/dqg ohw U� dqg U2 wkh wzr uhjlrqv/ vhsdudwhg e| OF3�c@/ zkhuh wkhuh duh/ uhvshfwlyho|/ wkhudqjhv ri wkh wzr lqyhuvhv W3�� dqg W3�2 1 Wkhq wkh srlqwv D� @ W +Df, dqg E� @ W +Ef,/zklfk pxvw ehorqj erwk wr � dqg wr OF@ @ W +OF3�c@,/ duh srlqwv ri wdqjhqwldo frqwdfwehwzhhq � dqg OF@1 Lq idfw/ wkh duf DfEf 5 � _ U2 pxvw eh pdsshg e| W lq wkh dufD�E� @ W +DfEf,/ hqwluho| lqfoxghg lq wkh uhjlrq ]� rq rqh vlgh ri OF@ +vhh dovr wkhhqodujhphqw 8e,1 Li zh orrn dw wkh suhlpdjhv/ zh uhdol}h wkdw qrz wkhuh lv qrw d xqltxhlqyhuvh xqghu zklfk � lv edfnzdug lqyduldqw1 Lq idfw/ qrz W3�� +�, dovr lqfoxghv dufv lqvlgh�/ olnh wkh duf DfEE��f 5 U�/ zkhuhdv DfEE2�f 5 � _U2 lv jlyhq e| W3�2 +D�E�,1Zh fdq vd| wkdw wkh uhjlrq k� ehwzhhq wkh duf D�E� ri � dqg OF@ lv _xqiroghg% e| wkhdfwlrq ri wkh wzr lqyhuvhv W3�� dqg W3�2 lq wzr glvwlqfw suhlpdjhv/ orfdwhg lq wkh uhjlrqvU� dqg U2 uhvshfwlyho|/ uhsuhvhqwhg lq Ilj1 8d e| wkh wzr sruwlrqv k�f @ W3�� +k�, dqgk2f @ W3�2 +k�, ri d +�, erxqghg e| wkh wzr dufv DfEE��f dqg DfEE2�f lqvlgh dqg dorqj �uhvshfwlyho|1 Lq rwkhu zrugv/ wkh wzr sruwlrqv k�f dqg k2f ri d +�, duh iroghg e| W dorqjOF@ wr fryhu wkh duhd k�/ zklfk lv rxwvlgh �1 Wklv lpsolhv wkdw wkh duhd d +�, erxqghge| � lv qr orqjhu iruzdug lqyduldqw/ vlqfh vrph srlqwv lqvlgh � duh pdsshg rxwvlgh lw +olnhwkh srlqwv ehorqjlqj wr k�f dqg k2f,1 Wklv skhqrphqrq ri iruzdug lqyduldqfh ri d forvhgfxuyh/ wrjhwkhu zlwk qrqlqyduldqfh ri wkh duhd lqvlgh lw/ lv vshfl�f wr qrqlqyhuwleoh pdsv/wkdw lv/ lw fdqqrw eh revhuyhg lq lqyhuwleoh rqhv1 Wkh surshuw| ri qrqlqyduldqfh ri d +�,dqg wkh fuhdwlrq ri frqyroxwlrqv ri � duh wzr dvshfwv ri wkh vdph phfkdqlvp/ uhodwhg wr
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wkh idfw wkdw fxuyhv furvvlqj OF3� duh iroghg dorqj OF dqg duh frq�qhg lqwr wkh uhjlrqzlwk dq kljkhu qxpehu ri suhlpdjhv1Dv dq h{dpsoh/ Ilj1 8d dqg lwv hqodujhphqw 8e vkrz wkh �uvw wkuhh srlqwv ri d wudmhfwru|vwduwlqj iurp wkh lqlwldo frqglwlrq +\f>Nf, @ +4;8=8> 436=:8,/ zklfk olhv lqvlgh � lq wkhuhjlrq k�f @ W3�� +k�,= wkh srlqw W +\f>Nf, ehorqjv wr wkh uhjlrq k� rxwvlgh wkh fxuyh dqgwkh uhvxowlqj wudmhfwru| uhpdlqv rxwvlgh wkh fxuyh iru d zkloh1
-------- ILJ1 8 DSSUR[LPDWHO\ KHUH --------

Wkh h�hfwv ri qrqlqyhuwlelolw| duh dovr hylghqw zkhq/ e| lqfuhdvlqj � iru d �{hg ydoxhri wkh vshhg ri dgmxvwphqw �/ zh dqdo|}h wkh txdolwdwlyh fkdqjhv rffxuulqj wr wkh edvlqv riwkh vwdeoh vwhdg| vwdwhv ehiruh wkh fuhdwlrq ri wkh f|folf dwwudfwru1 Dv zh kdyh vkrzq/ lqwkh fdvh ri lqyhuwlelolw| +Iljv1 5d/ e/ f, wkh lqfuhdvlqj frpsoh{lw| ri wkh edvlqv vwuxfwxuh/ohdglqj wr wkh dsshdudqfh ri wkh f|folf dwwudfwru/ lv uhodwhg wr wkh idfw wkdw wkh vwdeohvhw ri wkh vdggoh srlqw S / zklfk vhsdudwhv wkh edvlqv ri T dqg U/ ehfrphv pruh dqgpruh lqyroyhg dv wkh sdudphwhu � lqfuhdvhv/ exw wkh edvlqv ri T dqg U uhpdlq dq|zd|frqqhfwhg uhjlrqv/ erwk ehiruh dqg diwhu wkh fuhdwlrq ri wkh olplw f|foh1 Lq wkh fdvh riqrqlqyhuwlelolw|/ d gl�huhqw urxwh wr frpsoh{lw| lv revhuyhg zkhq wkh surshqvlw| wr vdyh� lv lqfuhdvhg/ uhodwhg wr joredo elixufdwlrqv zklfk wudqvirup E+T, dqg E +U, lqwr qrq0frqqhfwhg uhjlrqv ri wkh skdvh0sodqh1 Iljv1 9d/ e/ f uhsuhvhqw wkhvh txdolwdwlyh fkdqjhv/rewdlqhg e| lqfuhdvlqj wkh surshqvlw| wr vdyh � zlwk d kljk ydoxh ri wkh vshhg ri dgmxvwphqw+� @ 45,1 Wkh phfkdqlvp fuhdwlqj pruh dqg pruh qrq0frqqhfwhg frpsrqhqwv lv wkh vdphdv wkh rqh douhdg| dqdo|}hg lq Iljv1 7d/ e dqg lv uhodwhg wr wkh furvvlqj ri wkh erxqgdu| riwkh uhjlrq ]� e| sruwlrqv ri wkh edvlqv ri wkh vwdeoh vwhdg| vwdwhv1 Zh qrwlfh wkdw wkh �uvwfurvvlqj rffxuv zkhq wkh erxqgdu| vhsdudwlqj wkh edvlqv ri wkh htxloleuld +wkh vwdeoh vhw riwkh vdggoh S , vwloo kdv d yhu| vlpsoh vkdsh +Ilj1 9d,1 Ilj1 9f lv rewdlqhg zlwk � @ 3=3<87/lpphgldwho| diwhu wkh joredo elixufdwlrq zklfk fuhdwhv wkh dwwudfwru +fkdrwlf lq wklv fdvh,rq zklfk wkh v|vwhp vkdoo h{klelw rvfloodwru| prwlrq1 Wklv dwwudfwru lv uhsuhvhqwhg lq wkhvdph �jxuh wrjhwkhu zlwk wkh uhvxowlqj qrq0frqqhfwhg edvlqv ri wkh vwdeoh htxloleuld1
-------- ILJ1 9 DSSUR[LPDWHO\ KHUH --------
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D �L?U*�t�L?t
Lq wklv sdshu zh kdyh dqdo|}hg d fodvvlfdo exvlqhvv f|foh prgho/ d glvfuhwh wlph Ndogruprgho/ dqg zh kdyh vwuhvvhg wkh idfw wkdw wkh pds zkrvh lwhudwlrq vlpxodwhv wkh wlphhyroxwlrq ri wkh hfrqrplf v|vwhp pd| eh lqyhuwleoh ru qrq lqyhuwleoh/ dffruglqj wr wkhydoxhv ri wkh sdudphwhuv1 Zh dujxhg wkdw wklv glvwlqfwlrq pd| eh lpsruwdqw lq vlwxdwlrqvri pxowlvwdelolw|/ l1h1 frh{lvwhqfh ri vhyhudo dwwudfwruv/ ehfdxvh gl�huhqw vwuxfwxuhv ri wkhedvlqv ri dwwudfwlrq/ dv zhoo dv gl�huhqw nlqgv ri edvlqv* elixufdwlrqv/ fdq eh revhuyhg lqwkhvh wzr uhjlphv1 Lqghhg/ dv douhdg| vwuhvvhg lq ^5`/ zkhq dq hfrqrp| fkdudfwhul}hg e|d orz surshqvlw| wr vdyh lv frqvlghuhg 0 d uhdolvwlf vlwxdwlrq dffruglqj wr hpslulfdo gdwd0 frh{lvwhqfh ri wkuhh glvwlqfw dwwudfwruv fdq eh rewdlqhg/ wzr vwdeoh vwhdg| vwdwhv dqg df|folf dwwudfwru +zklfk pd| eh d forvhg lqyduldqw fxuyh rq zklfk shulrglf ru txdvl0shulrglfprwlrq rffxuv/ ru d fkdrwlf ulqj, zklfk vxuurxqgv erwk wkh vwdeoh htxloleuld1 Lq ^5` zhirfxvhg rxu dwwhqwlrq rq wkh fuhdwlrq ri vxfk forvhg lqyduldqw fxuyh/ dqg zh olplwhg rxudqdo|vlv wr wkh sdudphwhuv frqvwhoodwlrqv zkhuh wkh pds lv lqyhuwleoh1 Lq wkdw fdvh/ d forvhglqyduldqw fxuyh vhsdudwhv wkh skdvh sodqh lqwr wzr lqyduldqw uhjlrqv/ qdpho| wkh uhjlrqvlqvlgh dqg rxwvlgh wkh lqyduldqw fxuyh uhvshfwlyho|1 Wklv phdqv wkdw hyhu| wudmhfwru|zklfk vwduwv lqvlgh wkh forvhg lqyduldqw fxuyh lv qrw doorzhg wr jr rxw/ dqg dq| wudmhfwru|vwduwlqj rxwvlgh uhpdlqv rxwvlgh iruhyhu1 Wklv surshuw|/ zklfk dovr krogv lq frqwlqxrxvwlph g|qdplf prghov/ kdv lpsruwdqw frqvhtxhqfhv rq wkh vwuxfwxuh ri wkh edvlqv1 Iruh{dpsoh/ lq wkh fdvh ri wkuhh frh{lvwlqj dwwudfwruv ghvfulehg deryh/ lw lpsolhv wkdw wkhsruwlrq ri wkh skdvh vsdfh orfdwhg rxwvlgh wkh forvhg lqyduldqw fxuyh fdqqrw frqwdlq srlqwvehorqjlqj wr wkh edvlqv ri wkh vwhdg| vwdwhv/ vr wkdw rqo| wkh wudmhfwrulhv vwduwlqj forvhwr d vwdeoh htxloleulxp fdq frqyhujh wr lw1 Lqvwhdg/ zkhq wkh pds lv qrqlqyhuwleoh/ wklvlqyduldqfh surshuw| lv orvw/ gxh wr wkh iroglqj dfwlrq ri wkh qrqlqyhuwleoh pds/ dqg wklvpd| lpso| wkdw sruwlrqv ri wkh edvlqv ri wkh wzr vwdeoh htxloleuld dovr h{lvw rxwvlgh wkhfxuyh1 Vr/ hyhq vwduwlqj yhu| idu iurp wkh vwhdg| vwdwhv/ wkh dv|pswrwlf g|qdplfv pd|xowlpdwho| frqyhujh wr rqh ri wkhp1E| vrph h{dpsohv/ suhvhqwhg wkurxjkrxw wklv sdshu/ zh kdyh vkrzq krz wkh surshuw|ri qrqlqyhuwlelolw| pd| ohdg wr wkh fuhdwlrq ri qrq0frqqhfwhg edvlqv ri dwwudfwlrq/ dqgkrz wkh fuhdwlrq ri glvmrlqw sruwlrqv ri wkh edvlqv fdq eh ghvfulehg lq whupv ri frqwdfwelixufdwlrqv lqyroylqj fulwlfdo fxuyhv/ dv h{sodlqhg lq ^47`/ ^58`/ ^4`1 Wkhvh vlwxdwlrqv ohdg wrg|qdplf vfhqdulrv zklfk duh yhu| gl�huhqw iurp wkrvh xvxdoo| revhuyhg lq frqwlqxrxv wlph
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g|qdplfdo v|vwhpv dqg glvfuhwh wlph rqhv zklfk duh uhsuhvhqwhg e| lqyhuwleoh uhfxuuhqfhv1Wkh lpsruwdqfh ri edvlqv gholplwdwlrq lq qrqolqhdu g|qdplf prghov zdv douhdg| vwuhvvhge| Phglr ^55`/ zkhuh lw lv zulwwhq wkdw _111Dq hfrqrp| pd| eh vwdeoh +l1h1 dw d vwdwlrqdu|htxloleulxp, zlwk uhvshfw wr vpdoo shuwxuedwlrqv/ exw li juhdwhu shuwxuedwlrqv duh frq0vlghuhg dq luuhyhuvleoh ghsduwxuh iurp wkh vwdeoh vwhdg| vwdwh pd| rffxu diwhu zklfk wkhv|vwhp hqwhuv d gl�huhqw g|qdplf uhjlph/ h1j1 fkdudfwhul}hg e| shuvlvwhqw hqgrjhqrxv�xfwxdwlrqv111%1Krzhyhu/ hyhq pruh dsshduv iurp wkh vfhqdulrv ghvfulehg lq wklv sdshu1 Lqghhg/ zkhqwkh pds lv qrqlqyhuwleoh/ wkh dsshdudqfh ri qrq frqqhfwhg edvlqv ohdgv wr vlwxdwlrqvzkhuh d shuwxuedwlrq fdxvlqj d vpdoo glvsodfhphqw iurp d vwdeoh htxloleulxp/ dv zhoo dvd yhu| odujh shuwxuedwlrq/ gr qrw ghvwdelol}h wkh v|vwhp/ l1h1 gr qrw fdxvh wkh h{lw ri wkhskdvh srlqw iurp wkh edvlq ri wkh htxloleulxp/ zkhuhdv d shuwxuedwlrq ri lqwhuphgldwh vl}hpd| pryh wkh vwdwh lqwr d gl�huhqw edvlq/ wkxv fdxvlqj wkh frqyhujhqfh wrzdugv dqrwkhudwwudfwru/ d udwkhu frxqwhulqwxlwlyh uhvxow1Iurp wkh srlqw ri ylhz ri wkh pdwkhpdwlfdo phwkrgv/ lw lv zruwk wr qrwh wkdw wkhuhvxowv rxwolqhg deryh duh rewdlqhg wkurxjk dq dqdo|vlv zklfk lv qrw olplwhg wr wkh xvxdovwxg| ri wkh orfdo vwdelolw| dqg orfdo elixufdwlrqv/ edvhg rq wkh vwxg| ri wkh olqhdul}dwlrq riwkh g|qdplfdo v|vwhp wkurxjk wkh orfdol}dwlrq ri wkh hljhqydoxhv ri wkh Mdfreldq pdwul{/exw wkh| uhtxluh d joredo dqdo|vlv ri wkh surshuwlhv ri wkh g|qdplfdo v|vwhp1 Wkh phwkrgxvhg wr shuirup wklv dqdo|vlv lv edvhg rq dq lqwhusod| dprqj dqdo|wlf/ jhrphwulf dqgqxphulfdo whfkqltxhv/ d _prgxv rshudqgl% zklfk lv w|slfdo iru wkh vwxg| ri wkh joredog|qdplf surshuwlhv ri qrqolqhdu g|qdplfdo v|vwhpv ri glphqvlrq juhdwhu wkdq rqh/ dvvwuhvvhg lq ^58`/ ^4`/ ^8`1
Dfnqrzohgjphqwv1 Zh wkdqn J1 Urgdqr dqg H1 Vdowdul zkr guhz rxu dwwhqwlrqwr Ndogru prghov1 Zh dovr wkdqn wkh sduwlflsdqwv wr wkh Vhyhqwk Ylhqqhvh Zrunvkrs/ lqsduwlfxodu F1 Krpphv dqg D1 Phglr/ iru xvhixo glvfxvvlrqv1 Wkh xvxdo glvfodlphu dssolhv1Wklv zrun kdv ehhq shuiruphg xqghu wkh dxvslfhv ri FQU/ Lwdo|/ dqg xqghu wkh dfwlylw| riwkh qdwlrqdo uhvhdufk surmhfw _Qrqolqhdu G|qdplfv dqg Vwrfkdvwlf Prghov lq Hfrqrplfvdqg Ilqdqfh%/ PXUVW/ Lwdo|1
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+iuihi?Uit
^4` Deudkdp U1K1/ Jduglql O1/ Plud F1 +4<<:, Fkdrv lq Glvfuhwh G|qdplfdo V|vwhpv +dylvxdo lqwurgxfwlrq lq wzr glphqvlrqv,/ Vsulqjhu0Yhuodj/ Ehuolq Khlghoehuj Qhz \run1
^5` Elvfkl J1L1/ Glhfl U1/ Urgdqr J1/ Vdowdul H11 Pxowlsoh dwwudfwruv dqg joredo elixufd0wlrqv lq d Ndogru0w|sh exvlqhvv f|foh prgho +vxeplwwhg,1
^6` Elvfkl J1L1/ Jduglql O1/ Nrsho P1 +5333, Dqdo|vlv ri Joredo Elixufdwlrqv lq d PdunhwVkduh Dwwudfwlrq Prgho1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 57= ;880;:<1
^7` Elvfkl J1L1/ Qdlp}dgd D1 +4<<<, Joredo Dqdo|vlv ri d Gxrsro| Jdph zlwk ErxqghgUdwlrqdolw|1 Dgydqfhv lq G|qdplf Jdphv dqg Dssolfdwlrqv 8/ Elunkdxvhu= 69406;81
^8` Eurfn Z1D1/ Krpphv F1K1 +4<<:, D Udwlrqdo Urxwh wr Udqgrpqhvv1 Hfrqrphwulfd98= 438<043<81
^9` Fkdqj Z1Z1/ Vplwk G1M1 +4<:4, Wkh H{lvwhqfh dqg Shuvlvwhqfh ri F|fohv lq d Qrq0Olqhdu Prgho= Ndogru*v 4<73 Prgho Uh0h{dplqhg1 Uhylhz ri Hfrqrplf Vwxglhv 6;=6:0771
^:` Fklduhood F1/ Glhfl U1/ Jduglql O1 +5333, Vshfxodwlyh ehkdylrxu dqg frpsoh{ dvvhwsulfh g|qdplfv1 Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq/ wr dsshdu1
^;` Gdqd U1D1/ Pdojudqjh S1 +4<;7, Wkh G|qdplfv ri d Glvfuhwh Yhuvlrq ri d Jurzwk F|0foh Prgho1 Lq= Dqfrw M1S1 +hg, Dqdo|vlqj wkh Vwuxfwxuh ri Hfrqrplf Prghov1 PduwlqxvQlmkr�/ Wkh Kdjxh/ ss 53805551
^<` Jdelvfk J1/ Oruhq} K1Z1 +4<;<, Exvlqhvv F|foh Wkhru|/ 5qg hgq1 Vsulqjhu0Yhuodj/Ehuolq Khlghoehuj Qhz \run1
^43` Jdqgroir J1 +4<;6, Hfrqrplf G|qdplfv= Phwkrgv dqg Prghov/ 5qg hgq1 Qruwk0Kroodqg/ Dpvwhugdp1
^44` Jduglql O1 +4<<6, Rq d Prgho ri Ilqdqfldo Fulvlv= Fulwlfdo Fxuyhv dv d Qhz Wrro riJoredo Dqdo|vlv1 Lq= Jrul I1/ Jdohrwwl P1 +hg, Qrqolqhdu G|qdplfv lq Hfrqrplfv dqgVrfldo Vflhqfhv1 Vsulqjhu0Yhuodj/ Ehuolq Khlghoehuj Qhz \run/ ss 58505961
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^45` Jrrgzlq U1P1 +4<84, Wkh Qrq0olqhdu Dffhohudwru dqg wkh Shuvlvwhqfh ri ExvlqhvvF|fohv1 Hfrqrphwulfd 4<= 404:1
^46` Judvpdq M1/ Zhqw}ho M1M1 +4<<7, Fr0h{lvwhqfh ri d olplw f|foh dqg dq htxloleulxp lqNdogru*v exvlqhvv f|foh prgho dqg lwv frqvhtxhqfhv1 Mrxuqdo ri Hfrqrplf Ehkdylrudqg Rujdql}dwlrq 57= 69<06::1
^47` Jxprzvnl L1/ Plud F1 +4<;3, G|qdpltxh Fkdrwltxh1 Fhsdgxhv Hg1/ Wrxorxvh1
^48` Khuupdqq U1 +4<;8, Vwdelolw| dqg Fkdrv lq d Ndogru0W|sh Prgho1 GS55/ Ghsduwphqwri Hfrqrplfv/ Xqlyhuvlw| ri J�rwwlqjhq1
^49` Klfnv M1U1 +4<83, D Frqwulexwlrq wr wkh Wkhru| ri wkh Wudgh F|foh1 R{irug Xqlyhuvlw|Suhvv1+4<98,/ 5qg hgq1 Foduhgrq Suhvv/ R{irug1
^4:` Lqyhuql}}l V1/ Phglr D1 +4<<4, Rq Odjv dqg Fkdrv lq Hfrqrplf G|qdplf Prghov1Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 53= 85408831
^4;` Ndogru Q1 +4<73, D prgho ri wkh Wudgh F|foh1 Hfrqrplf Mrxuqdo 83= :;0<51
^4<` Oruhq} K1Z1 +4<;:, Vwudqjh Dwwudfwruv lq d Pxowlvhfwru Exvlqhvv F|foh Prgho1 Mrxu0qdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq ;= 6<:0744
^53` Oruhq} K1Z1 +4<<5, Pxowlsoh Dwwudfwruv/ Frpsoh{ Edvlq Erxqgdulhv/ dqg WudqvlhqwPrwlrq lq Ghwhuplqlvwlf Hfrqrplf V|vwhpv1 Lq Ihlfkwlqjhu J1 +hg, G|qdplf HfrqrplfPrghov dqg Rswlpdo Frqwuro1 Qruwk0Kroodqg/ Dpvwhugdp/ ss 74407631
^54` Oruhq} K1Z1 +4<<6, Qrqolqhdu G|qdplfdo Hfrqrplfv dqg Fkdrwlf Prwlrq/ 5qg hgq1Vsulqjhu0Yhuodj/ Ehuolq Khlghoehuj Qhz \run1
^55` Phglr D1 +4<:<, Whruld Qrqolqhduh gho Flfor Hfrqrplfr1 Lo Pxolqr/ Erorjqd1
^56` Phglr D1 +4<<6, Fkdrwlf G|qdplfv1 Wkhru| dqg Dssolfdwlrqv wr Hfrqrplfv1 Fdp0eulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1
^57` Plud F1/ Irxuqlhu0Suxqduhw G1/ Jduglql O1/ Ndzdndpl K1/ Fdwkdod M1F1 +4<<7, Edvlqelixufdwlrqv ri wzr0glphqvlrqdo qrqlqyhuwleoh pdsv= iudfwdol}dwlrq ri edvlqv1 Lqwhuqd0wlrqdo Mrxuqdo ri Elixufdwlrqv dqg Fkdrv 7/ 5= 67606;41
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^58` Plud F1/ Jduglql O1/ Eduxjrod D1/ Fdwkdod M1F1 +4<<9, Fkdrwlf G|qdplfv lq Wzr0Glphqvlrqdo Qrqlqyhuwleoh Pdsv1 Zruog Vflhqwl�f/ Vlqjdsruh1
^59` Sxx W1 +5333,/ Dwwudfwruv/ Elixufdwlrqv dqg Fkdrv1 Vsulqjhu0Yhuodj/ Ehuolq Khlgho0ehuj Qhz \run1
^5:` Urgdqr J1 +4<<:, Oh}lrql vxooh whrulh ghood fuhvflwd h vxooh whrulh gho flfor1 Glsduwl0phqwr gl Whruld Hfrqrplfd h Phwrgl Txdqwlwdwlyl/ Xqlyhuvlw�d gl Urpd _Od Vdslhq}d%1
^5;` Vdpxhovrq S1D1 +4<6<, Lqwhudfwlrqv Ehwzhhq wkh Pxowlsolhu Dqdo|vlv dqg Sulqflsoh riDffhohudwlrq1 Uhylhz ri Hfrqrplf Vwdwlvwlfv 54= :80:;1
^5<` Vdpxhovrq S1D1 +4<7:, Irxqgdwlrqv ri Hfrqrplf Dqdo|vlv1 Kduzdug Xqlyhuvlw| Suhvv/Fdpeulgjh/ PD1
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� �TTi?_� 
Lq wklv dsshqgl{/ iroorzlqj ^47`/ ^58`/ zh jlyh vrph edvlf gh�qlwlrqv dqg d plqlpdo yrfde0xodu| ri wkh wkhru| ri qrqlqyhuwleoh pdsv ri wkh sodqh dqg surylgh wkh uhdghu zlwk vrphedvlf idfwv derxw wkh phwkrg ri fulwlfdo fxuyhv1 Zh dovr ghvfuleh vrph surshuwlhv ri wkhfulwlfdo fxuyhv ri rxu pds +6,1D wzr0glphqvlrqdo pds W = +{> |, $ +{�> |�, fdq eh zulwwhq lq wkh irup�{�> |�� @ W +{> |, @ +i+{> |,> j+{> |,, +44,
zkhuh +{> |, 5 U2 dqg i / j duh dvvxphg wr eh uhdo ydoxhg frqwlqxrxv ixqfwlrqv1 Wkhsrlqw +{�> |�, 5 U2 lv fdoohg udqn04 lpdjh ri wkh srlqw +{> |, xqghu W 1 Wkh srlqw +{|> ||, @W |+{> |,/ w 5 Q/ lv fdoohg lpdjh +ru iruzdug lwhudwh, ri udqn0w ri wkh srlqw +{> |,/ zkhuh W flv lghqwl�hg zlwk wkh lghqwlw| pds dqg W | +�, @ W +W |3� +�,,1 Wkh idfw wkdw wkh pds W lvvlqjoh0ydoxhg grhv qrw lpso| wkh h{lvwhqfh dqg wkh xqltxhqhvv ri lwv lqyhuvh W3�1 Lqghhg/iru d jlyhq +{�> |�,/ vhyhudo udqn04 suhlpdjhv +ru edfnzdug lwhudwhv, +{> |, @ W3� +{�> |�,pd| h{lvw/ l1h1 wkh lqyhuvh uhodwlrq W3� pd| eh pxowlydoxhg1 Lq wklv fdvh W lv vdlg wr ehd qrqlqyhuwleoh pds1 Dv wkh srlqw +{�> |�, ydulhv lq wkh sodqh U2 wkh qxpehu ri lwv udqn04suhlpdjhv fdq fkdqjh1 Dffruglqj wr wkh qxpehu ri glvwlqfw udqn04 suhlpdjhv dvvrfldwhgzlwk hdfk srlqw ri U2/ wkh sodqh fdq eh vxeglylghg lqwr uhjlrqv/ ghqrwhg e| ]&/ zkrvhsrlqwv kdyh n glvwlqfw suhlpdjhv1 Jhqhudoo| sdluv ri uhdo suhlpdjhv dsshdu ru glvdsshdudv wkh srlqw +{�> |�, furvvhv wkh erxqgdu| vhsdudwlqj uhjlrqv fkdudfwhul}hg e| d gl�huhqwqxpehu ri udqn04 suhlpdjhv1 Dffruglqjo|/ vxfk erxqgdulhv duh jhqhudoo| fkdudfwhul}hge| wkh suhvhqfh ri wzr frlqflghqw +phujlqj, suhlpdjhv1 Wklv ohdgv xv wr wkh gh�qlwlrqri fulwlfdo fxuyhv/ rqh ri wkh glvwlqjxlvklqj ihdwxuhv ri qrqlqyhuwleoh pdsv1 Wkh fulwlfdofxuyh ri udqn04/ ghqrwhg e| OF +iurp wkh Iuhqfk _Oljqh Fulwltxh%, lv gh�qhg dv wkhorfxv ri srlqwv kdylqj wzr/ ru pruh/ frlqflghqw udqn04 suhlpdjhv1 Wkhvh suhlpdjhv duhorfdwhg lq d vhw fdoohg fulwlfdo fxuyh ri udqn03/ ghqrwhg e| OF3�1 Wkh fxuyh OF lv wkhwzr0glphqvlrqdo jhqhudol}dwlrq ri wkh qrwlrq ri fulwlfdo ydoxh +orfdo plqlpxp ru pd{lpxpydoxh, ri d rqh0glphqvlrqdo pds/ dqg OF3� lv wkh jhqhudol}dwlrq ri wkh qrwlrq ri fulwlfdosrlqw +orfdo h{wuhpxp srlqw,1 Dv lq wkh fdvh ri gl�huhqwldeoh rqh0glphqvlrqdo pdsv/ zkhuhwkh ghulydwlyh qhfhvvdulo| ydqlvkhv dw wkh orfdo h{wuhpxp srlqwv/ iru d wzr0glphqvlrqdofrqwlqxrxvo| gl�huhqwldeoh pds wkh vhw OF3� lv lqfoxghg lq wkh vhw ri srlqwv lq zklfk wkh
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Mdfreldq ghwhuplqdqw ydqlvkhv=
OF3� � �+{> |, 5 U2m ghwGW @ 3� +45,

Lq idfw/ dv OF3� lv gh�qhg dv wkh orfxv ri frlqflghqw udqn04 suhlpdjhv ri wkh srlqwv riOF/ lq dq| qhljkerukrrg ri d srlqw ri OF3� wkhuh duh dw ohdvw wzr glvwlqfw srlqwv pdsshge| W lq wkh vdph srlqw qhdu OF1 Wklv phdqv wkdw wkh pds W lv qrw orfdoo| lqyhuwleoh lqwkh srlqwv ri OF3� dqg/ li wkh pds W lv frqwlqxrxvo| gl�huhqwldeoh/ lw iroorzv wkdw ghwGWqhfhvvdulo| ydqlvkhv dorqj OF3�1 Li wkh vhw OF3� lv ghwhuplqhg e| +45, wkhq OF lv vlpso|rewdlqhg dv wkh lpdjh ri OF3�/ l1h1/ OF @ W +OF3�,1Wkh pds W gh�qhg lq +6, lv dq lqyhuwleoh pds iru fhuwdlq udqjhv ri wkh sdudphwhuv dqgd qrqlqyhuwleoh pds lq rwkhu udqjhv1Lq idfw/ jlyhq d srlqw +\ �>N �, 5 U2/ lwv suhlpdjhv duh frpsxwhg e| vroylqj wkh dojheudlfv|vwhp +6,/ l1h1 � \ � @ \ . � ���. � �j>B �N�. dufwdq+\ � �,� �\ �N � @ +4� �,N . ��. � �j>B �N�. dufwdq+\ � �,zlwk uhvshfw wr \ dqg N1 Iurp wkh vhfrqg htxdwlrq zh jhw=
dufwdq+\ � �, @ N� � ��� � ���� �N�� +4� �,N

dqg e| vxevwlwxwlqj lqwr wkh �uvw htxdwlrq dqg uhduudqjlqj=� N�+4� �, @ \ +4� ��, . �N � � \ �dufwdq+\ � �, @ +� . � � 4,N .N � � �� �4 . �B �iurp zklfk zh rewdlq=+ N @ E�3kj�kE�3B�\ . kg�3t �kE�3B�dufwdq+\ � �, @ +� . � � 4, E�3kj�kE�3B�\ . +� . � � 4,kg �3t �kE�3B� .N � � �� �4 . �B � +46,
E| vhwwlqj= p @ +� . � � 4,+4� ��,�+4� �,

t @ t+\ �>N �, @ +� . � � 4,�N � � \ ��+4� �, .N � � ���4 . �� �wkh vhfrqg htxdwlrq ri +46, fdq eh uhzulwwhq dv iroorzv=
dufwdq+\ � �, @ p\ . t+\ �>N �, / +47,
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iurp zklfk zh fdq frpsxwh wkh \ 0frruglqdwhv ri wkh suhlpdjhv ri wkh srlqw +\ �>N�,1Rqh fdq hdvlo| yhuli| wkdw iru p ? 3 ru p � 4 htxdwlrq +47, kdv d xqltxh vroxwlrqiru dq| jlyhq +\ �>N �, dqg wkhuhiruh lq wklv fdvh wkh pds kdv d xqltxh lqyhuvh1 Iru p @ 3wkh htxdwlrq +47, kdv qr vroxwlrq li t+\ �>N �, � ��@5 ru t+\ �>N �, � �@5/ zkloh lw dgplwvd xqltxh vroxwlrq lq wkh rssrvlwh fdvh1Lq wkh fdvh 3 ? p ? 4 rqh/ wzr ru wkuhh vroxwlrqv pd| h{lvw ghshqglqj rq wkh ydoxhri t @ t+\ �>N �,1 Lq sduwlfxodu/ iru d jlyhq p/ 3 ? p ? 4/ htxdwlrq1 +47, dgplwv wzrvroxwlrqv li wkh olqh ri htxdwlrq=
x+\ , @ p\ . t+\ �>N �, +48,

lv wdqjhqw wr V0vkdshg fxuyh y+\ , @ dufwdq+\ ��,1 Wzr olqhv vdwlvi| wkh deryh frqglwlrq1Wkh t0ydoxhv zklfk lghqwli| wkh wdqjhqw olqhv fdq eh irxqg e| vroylqj/ zlwk uhvshfw wr t/htxdwlrq +47,/ zkhuh \ pxvw vdwlvi| wkh wdqjhqf| frqglwlrqgg\ dufwdq+\ � �, @ p /
l1h1= +\ � �,2 @ 4p � 4 1 +49,Zh rewdlq= t� @ � dufwdq#u 4p � 4$�p#��u 4p � 4$ >

t2 @ dufwdq#u 4p � 4$�p#�.u 4p � 4$ /
zlwk t� ? t21 Wkh olqhv ri htxdwlrq +48, zlwk t+\ �>N �, ? t� ru t+\ �>N�, A t2 kdyhxqltxh lqwhuvhfwlrq zlwk wkh V0vkdshg fxuyh y+\ , @ dufwdq+\ � �,/ zkloh wkh olqhv zlwkt� ? t+\ �>N �, ? t2 lqwhuvhfw wkh fxuyh lq wkuhh srlqwv1 Wklv phdqv wkdw wkh srlqwv +\ �>N �, ri wkh sodqh iru zklfk t+\ �>N �, ? t� ru t+\ �>N �, A t2 kdyh d xqltxh udqn04 suhlpdjh/zkloh wkh srlqwv iru zklfk= t� ? t+\ �>N �, ? t2 kdyh wkuhh glvwlqfw udqn04 suhlpdjhv1Wkxv/ iroorzlqj wkh qrwdwlrq xvhg lq ^58`/ zh h{shfw wklv pds wr eh/ iru 3 ? p ? 4/ riwkh vr0fdoohg w|sh ]��]��]�/ zklfk phdqv wkdw wkh skdvh sodqh lv vxeglylghg lq gl�huhqwuhjlrqv ]�/ ]�/ zkrvh srlqwv kdyh/ uhvshfwlyho|/ rqh dqg wkuhh glvwlqfw udqn04 suhlpdjhv1Iroorzlqj wkh fulwlfdo fxuyhv wkhru| ghyhorshg e| Jxprzvnl dqg Plud +^47`/ ^58`, zh orrn
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iru wkh fulwlfdo fxuyhv ri udqn04 ri wkh pds/ ghqrwhg e| OF/ zklfk jhqhudoo| erxqg vxfkuhjlrqv1 Lq rxu fdvh wkh fulwlfdo fxuyh ri udqn04 lv wkh orfxv ri srlqwv kdylqj h{dfwo| wzrphujlqj udqn04 suhlpdjhv/ dqg wkh orfxv ri vxfk phujlqj suhlpdjhv lv wkh fulwlfdo fxuyhri udqn03 ri W / ghqrwhg e| OF3� 1Wkdqnv wr wkh deryh fdofxodwlrqv lw lv hdv| wr �qg/ lq wkh skdvh sodqh/ wkh htxdwlrq riwkh fulwlfdo fxuyh ri udqn041 Wklv vhw lv gh�qhg dv iroorzv=OF @ �+\>N, 5 U2 = t+\>N, @ t� ru t+\>N, @ t2� +4:,dqg lw lv wkhuhiruh pdgh xs ri wkh wzr olqhv=OF@ = N @ +� . � � 4,�� \ . 4� �� kt� . ���4 . �� �l >
OFK = N @ +� . � � 4,�� \ . 4� �� kt2 . ���4 . �� �l 1Hdfk ri wkh fulwlfdo ydoxhv +\>N, 5 OF kdv wzr phujlqj suhlpdjhv/ zkrvh \ 0ydoxhv vdwlvi|wkh wdqjhqf| frqglwlrq +49,1 Wkhuhiruh/ wkh orfxv ri vxfk suhlpdjhv/ ghqrwhg e| OF3� lvpdgh xs ri wkh wzr olqhv ri htxdwlrq=

OF3�c@ = \ @ ��u 4p � 4 >
OF3�cK = \ @ �.u 4p � 4 /zlwk OF@ @ W +OF3�c@, dqg OFK @ W +OF3�cK,1Lq wkh fdvh ri wkh pds W wkh fulwlfdo fxuyh OF3� lv dovr wkh orfxv ri srlqwv +\>N, riwkh skdvh sodqh lq zklfk wkh ghwhuplqdqw ri wkh Mdfreldq pdwul{ GW +\>N, ri W /

GW +\>N, @ % 4 . k�nEt3>�2 � �� �����nEt3>�2 �+� . � � 4,
&

ydqlvkhvD1 Zh rewdlq=ghwGW +\>N, @ �+4� �,4 . +\ � �,2 � +� . � � 4,+4� ��,
dqg wkh htxdwlrq ghwGW +\>N, @ 3 fdq eh uhzulwwhq dv=44 . +\ � �,2 @ +� . � � 4,+4� ��,�+4� �, +@ p,
l1h1 frqglwlrq +49,1

D�t hi4@h!i_ MiuLhic uLh @ UL?|�?�L�t*) _�gihi?|�@M*i 4@T Lu |�i T*@?i |�i Uh�|�U@* ti| u�3� �t �?}i?ih@* @ t�Mti| Lu |�i *LU�t _i�?i_ M) _i|(A ' f�
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