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Abstract

Inthe Trade Cycle, Hicks introduced the idea that endogenous fluctuations could be coupled with a growth process
vianonlinear processes. To argue for this hypothesis, Hicks used a piecewise-linear model. This paper shows the neec
for a reinterpretation of Hicks’ contribution in the light of a more careful mathematical investigation. In particular,
it will be shown that only one bound is needed to have non explosive outcome if the equilibrium point is an unstable
focus. It will also be shown that when the fixed point is unstable the attracting set has a particular structure: It
is a one-dimensional closed invariant curve, made up of a finite number of linear pieces, on which the dynamics
are either periodic or quasi-periodic. The conditions under which the model produces periodic or quasi-periodic
trajectories and the related bifurcations as a function of the main economic parameters are determined.
© 2003 Published by Elsevier B.V. on behalf of IMACS.
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1. Introduction

The accelerator-multiplier class of models in economics dates btk (the origin of these models
is described by2]). Samuelson’s article, which is very short and formal, provides a linear second-order
difference equation that produces either stable or diverging trajectories, but no self-sustained business
cycles except at very particular values of the parameters, and in such cases it produces cycles of fixed
period and amplitude. Something which is at odds with the empirical eviden¢&8]nHicks makes
some important changes to the model: by adding a floor and a ceiling to a linear model, he formulates
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a piecewise-linear framework that can produce bounded oscillations. Moreover, the model shows how
a growth process can be coupled with the business cycles. Hicks’ piecewise-linear model attracted a
plethora of comments (see. €8~13]). Recent literature (e.§f11,12,14) has shown that “quasi-periodic
attractors” can occur in the basic Hicks model, but its mathematical properties have not been fully
investigated.

The use of piecewise-linear models is not new in the applied context, specially in economics (see
e.g.[15,16)), but also in engineering (see e[$j7—23). The phenomena and bifurcations occurring in
piecewise-linear maps are close related to those occurring in piecewise-smooth maps. The main fea
ture, as it will appear also in the model studied in this paper, is that the bifurcations are of so called
“border-collision” type (following the terminology introduced[24] (see also ifi25]), or “C-bifurcation”
following an earlier definition (see for example [iB6]). Applied models are often described also by
piecewise-smooth maps, and their study is widely increased in the last years (§2é-€§).

In the following, having introduced the basic ideas of Hicks' trade cycle model, we will deal in more
detail with its mathematical properties. 8ection 3we shall review the properties of the basic linear
model. InSection 4we shall consider the piecewise-linear model with only a “floor”, showing for which
parameter values bounded and economically feasible oscillations (periodic and quasi-periodic) occur anc
demostrating the stucture of the attracting set and the involved bifurcations as a function of the parameters
of the business cycle. The equivalent dynamical investigation is perform@edition 5for the case of
a piecewise-linear model with only a “roof”. I8ection 6we shall consider the piecewise-linear model
with two constraints, a “floor” and a “roof”, putting to evidence the stucture of the attracting set and its
bifurcations, as descibed by the bifurcation diagram.

2. Themodd

In the Samuelson—Hicks business cycle model, investment is determined by the growth in income,
through the principle of acceleration. More precisely, investment is taken to be proportional to the rate
of change in income, of, = k(Y;_1 — Y;_»), wherel, denotes investment in time periedY;_; and
Y,_» income one and two periods back, respectively, and the paraiéted) is the accelerator (this
parameter is the technical coefficient for capital, it is the volume of capital needed to produce one unit
of goods during one time period). In past empirical measurement a realistic estimate was considered
to be about 2—4. Obviously, this numerical value depends on the choice of the length of the basic time
period for the model. It is important in this context to realize that economics distinguishes between
concepts of stocks and flows. Stocks are variables which are meaningful by reference to a point of time,
such as a stock of capital or the labour force. Flows, on the other hand, are concepts referring to time
periods, defined by a beginning and a finishing point on the time scale. To the flows belong investments,
consumption, and income/production. A produced quantity, given inputs in form of capital and labour
stocks, obviously depends on the length of the time period. During half the period chosen, output is half,
during double the period it double that for a period. In some economic models the period length may be
a bit ambiguous. This is, however, not the case in macro economic models, which arose in connection
with Keynesian theory and national accounting in the 1930’s. The reference period is always one year,
and whenever accounts or forecasts are made for shorter periods, they are always evaluated to a year
basis. Hence, the time period in macro economic models such as the present is always the calenda
year.
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As for the consumption function, a Robertsonian formulation is assu@ed,bY;_; where O< b <
1 is the marginal propensity to consume (realistic values belongs to the range (0.6, 1)). Any additional
constant term is absorbed in the autonomous expenditure term to be introduced below. This is composed
of all the expenditures not dependent on the business cycle, i.e. government expenditures, non-induced
investments, due to for instance innovations, and any non-income dependent consumption expenditures.
It is common knowledge that consumers need to consume something to survive even if they earn nothing.
When population/labour force grows, then the autonomous expenditures for this minimum subsistence
consumption must grow along with the labour force.

The Keynesian income formation identity= C, + I, allows us to obtain a simple recurrence relation
in the income variableX;, = (b+k)Y,_1 —KY,_. This has a closed form solution and models the business
cycles mechanism. The solution is the product of an exponential growth, or decline factor, and, in case of
complex roots to the characteristic equation, a harmonically varying cyclic function. The cyclical element
provides a possibility for explaining recurrent cycles, but the exponential factor poses a problem. As it is
an unlikely coincidence for the exponential factor to become a constant, the cycles are either exponentially
increasing or decreasing in amplitude. If they are decreasing, there is no dynamic theory at all, because
the theory only explains how the system goes to eternal equilibifi8®hsuggests that external shocks
have to be introduced to keep an oscillating system going, even when it is damped. The dynamical
system itself would then provide for a periodicity. Hicks chooses another possibility: to introduce bounds
for the linear accelerator. At the same tifigd] tries to model a growth process within the Keynesian
tradition. As it is well known, the Harrodian equilibrium growth path is unstable, and so is the business
cycles mechanism in the empirically relevant parameters space of the multiplier-accelerator mechanism.
Hicks therefore develops a Harrodian multiplier-accelerator framework with ceilings and floors, thereby
constraining the instability problems and producing cyclical behaviour (technically he moves from a
linear to a piecewise-linear system). According to Hicks, when income decreases with fixed proportions
technology, more capital could be dispensed with than normallywhat disappears during one period through
natural wear. As the capitalists are assumed not actively to destroy capital, just abstain from reinvesting,
there is a lower bound to disinvestments, the floor (i.e. net investment cannot be negative). Likewise,
if income is rising, other factors of production, labour force or raw materials, become limiting, then
there would be no point in pushing investment any further, so there is also a ceiling to investments (full
employment, e.g.). Accordingly, a lower and an upper bound to investment limit the action of the linear
acceleration principle. This in fact makes the investment function piecewise-linear, i.e. nonlinear. The
result could be self-sustained oscillations of limited amplitude. In his book, Hicks introduces autonomous
expenditures which are not constant, but may be growing exponentially, i=e.Aq(1+ g)’, whereg is
a given growth rate andg a positive constant. Summarizing we have:

Y, =C, + 1,
C,=bY,_;
L=1+1=k(Y,_1— Y,_2) + Ao(1+ g)’
so that
Y, = bY, 1+ k(Yi_1 — Y1_2) + Ao(1+ g)' (1)

In order to obtain a sensible model, also the floor and ceiling must be regarded as shifting in time, and
likewise labour force and other resources are supposed to increase. Hicks does not present a complete
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formal model for the case with growth in autonomous expenditures, as well as in the bounds in terms of
floor and ceiling. The point of departure for the present study is the by now largely accepted interpretation
suggested by9] (cf. also[7,11,12). In this version, the lower limit (the floor) applies to the induced
investment while the upper limit is applied to total expenditures (and related to full employment). Hence,
we consider the ceiling: BY;_1 +k(Y;_1— Y;_2) + Ag(1+g)" > Bo(1+g) thenY; = By(1+g)’, and the
floor:if k(Y,—1—Y,—2) < —a, = —a(1+g)' thenl] = —a(1+g)’, thatis,Y;, = bY,_1+ (Ao —a)(1+g)’,
whereBy anda are positive constants.

Let us introduce the following definitions for the three parts of the model, namely, for the “ceiling”,
main model and “floor”:

U d=e'(Bo(1 + g)'— — —the upper boungbr “ceiling”; G(Y;_1, Yl_z)dzebel_l + k(Y1 — Yi_2)
+Ao(1+ g)'— — —the main modelL(Yt,l)d:ebet,l
+ (Ao — a)(1+ g)'— — —,thelowerbound, or “floor”. 2)

Thus, in the last section we shall consider a familynofi-autonomous second-order piecewise-linear
continuous difference equations given by:

U, if G(Yl—l’ Y[_Z) > U;
Yt == G(Yt—l’ Yl—2)7 If L(Yl—l) S G(Yt—l’ YZ—Z) S U, (3)
L(Yi—1), if G(Yi—1, Yi2) < L(Yi-1);

which depends on six real parametdgs Bo, a, b, k, g, suchthatBg > Ag > a > 0,k>0,0< b < 1,

and 0< g < 1. We are only interested in positive values of the independent variabl&, i-e.0. To
prepare for this analysis, we shall investigate the dynamic behavior of the main model when only the
floor or only the ceiling is present.

3. Linear moded

Let us first consider the main linear model:
Yt = G(Yt—la Yt—2)7 (4)

where the functiorG (Y;_1, Y;_») is given in(2). The model4) is anon-autonomous second-order linear
difference equation. By using the change of variable:

Y;
Z, = , 5
= AT ()
we get arautonomous second-order linear difference equation, i.e.
b+k k
Zi,=—Z7,1————7, 2+ Ao, 6
t 1+g t—1 (1+g)2 t—2 0 ( )
whoseequilibrium point is given by:
. Ao(1+ g)?
(7)

T (1+g2—b(1+g) —kg'
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This means that the origin&lg. (4)has the growing solution:
Y, =Z"A+9)".

Clearly, the linear second-order difference equation can also be written as a two-dimensional linear system
of equations, by defining:

Xt =212, yi=Zi_1. (8)

Using the symbol™ to denote the unit-time advancement operator, we get a two-dimensionalnudp
the form:

/ .
X =Y,

F2iy , —kx ‘ 9)
YT @ 9r (bt by/At9) + Ao
whose fixed pointig, = (Z*, Z*) (7). The stability of the equilibrium solution can be studied considering

the solution of the characteristic equation associated (@thor with the eigenvalues of the Jacobian
matrix J, of (9). It is easy to check that the eigenvalugs of the characteristic equation:

b+k k
M——)rA+——=0 10
(1+g) 1+ )2 (10)
are both less then 1 in modulus if
k
— <1
1+ g)2

Thus, we can state the following:

deth = MA2 =

Proposition 1. Let

0<k<ik®1+o? (10)

then the fixed point E; = (Z*, Z*) of themap F; is stable.

It is also easy to see that the eigenvalugs are complex conjugate as long as:

Lo k). (11)

Thus, we can draw the two curvis= k* (10)andb = ¢(k) (11)in the (b, k)-parameter plane with fixed
values of the other parameters of the model, noticing thatlifholds then the fixed point; is a focus,
either stable (fok < k*) or unstable (fok > k*), otherwise itis a node. Clearly, fér= k* andb < ¢(k)
the fixed pointE; is a center (seEig. 1).

As it is well known (see e.q9,32]), for the linear mode(6) we can write the analytic solutiof;
making use of the eigenvalugg, of the Jacobian matriX,, and in terms of the income variable we have
Y, =Z,(1+9)".

b<2Vk—k
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Fig. 1. Stable and unstable regions for the fixed painin the (b, k)-parameter plane.

4. Piecewise-linear model with a lowed bound

The dynamic behavior of a linear system is well known, so #)dbecomes explosive (divergent to
infinity) when Z* is unstable. For this reason we introduce a constraint to the dynamics, as already
explained inSection 2 Let us start with a lower bound, i.e. a “floor”. As we shall see, this constraint is
enough to give bounded dynamics when the fixed point becomes unstable. So, let us assume that:

Y, = GY-1, Yi—2), if G(Y—1, Yi—2) > L(Y;—1);
otherwise we have:
Yt = L(thl)’

where the functions; (Y;_1, Y,_») andL(Y,_1) are given in(2).
By using, as before, the variable transformati@sand (8) we get a two-dimensional piecewise-linear
map7; given by:
&L Y) = Fa(x,y), i (x,y) € R
| W) =Ry, if () € Ry;

whereF; is given in(9), and

L

X =y
F3: ;L by ) (12)
T T Wt tA—a

Ry={(x,y):x>0,y>0,y>r(x)}; Ry3={(x,y):x>0,0<y<nrx}h



M. Gallegati et al./ Mathematics and Computersin Smulation 63 (2003) 505-527 511

X _a(1+g)
1+¢ ko

We note that for the economic interpretation of the model we require the state gectpto belong to
the positive quadrant of the phase plane,i.e: 0, y > 0. The following conditions on the parameters
are also to be fulfilledBg > Ag > a.

The straight liney = r»(x) (13) separates the two regio® and Rz where the mag, is defined by
two different linear mapsk, and F3, respectively. The straight line= r,(x) intersects the vertical axis
in a point(0, —a(1 + g)/k) and has slope:; with 0 < m; < 1, so that the fixed points of the linear
mapFs (x =y = (Ao —a)/(1—b/(1+ g)) which belongs to the diagonal inside the regRy) is not a
fixed point of7;.. We conclude that the only fixed point f is the fixed pointE, of the mapF,, which
is stable for O< k < k* (10).

Clearly, at the bifurcation value= k* (10)the fixed point becomes a center. kot k* andb < (k)
(11), the fixed point is an unstable focus, but now, due to the “floor”, the dynamics are bounded. Initial
conditions in a neighborhood @, spiral away (iterated by>), and enter the regioRs. To the points in
the regionR; the linear mapF; applies. The eigenvalues of the Jacobian matrikpére given by:

b
C1l4g

The zero eigenvalue entails thi& maps certain straight lines into points. The imagerhyf the whole
region Rz is a half line which is the image und@&f. of the constrainy = r»(x), x > 0. Let us redefine
such particular lines as follows:

LCEy = {(x,y) € R?: y =ra(0)};

ro(x) = (13)

AM=0 A3 , 0<A3<1

L L a. bx ‘ (14)
LC; =T(LCD)) = {(x,y) eR:y= It 9 —a+A0}’
calling the straight line L§ critical line of T, (seeFig. 29 . As we shall see, the line LiC as well as
its images LG = T} (LC}), i > 0, (also called critical lines) play an important role in the description of
the dynamics of; .

The linear mapF; maps the critical line L@ into itself. Thus, once a point has entered the redign
it will be mapped onto Lté,’ and then in a few applications @t it will enter the regionR, again, where
the mapF, comes to apply.

Moreover, it is easy to check that any trajectorylpfwith initial point in the positive quadrant of the
phase plane belongs to the positive quadrant (i.e. it never enters the negative quadrants). In fact, as it
was already mentionedy (Rs) = {LC§, x > 0}. The trajectory of any pointxo, yo) € R spirals away
aroundky in the clockwise direction and, after a finite number of iterations, enters the r&gi®o, it
is enough to show that the border linesry, i.e. the segmens; and the half lingx = 0, y > 0} (see
Fig. 29 are mapped into the positive quadraft(S;) = S, C {x =0,y > 0}, Fo(fx =0,y > 0}) =
{y=((b+kx/(1+g)+ Ao, x > 0} C R.

When E> is an unstable node then the trajectories are all divergent. When the fixedBadigtan
unstable focus, using the properties of the critical lines [88f and references therein) we can define
an invariant closed bounded ardain the positive quadrant of the phase plane, whose bourti4rig
made up by a finite number of segments of critical lines LG i = 0, ..., m. Invariant means that
T, (A) = A. The setA is called amabsorbing area which means that any point of the positive quadrant
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T, (x=0)

(a) (b)

101

L
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Fig. 2. (x, y)-phase plane of the maf fora = 2, A = 3,b = 0.2, g = 0.01 andk = 1.144: (a) an absorbing areé (grey
region) made up by seven segments of LC= 0, 1, ..., 6; (b) the boundary.A of A is A = UL, T: (P101), whereP; Q; is
the segment of LE belonging ta4; (c) an attracting cycle of high period belongingatd.

is mapped into4 in a finite number of iterations. Moreover, as we shall see in our particular model, the
attracting set of the map; belongs to the boundaiA of A.

An example of the determination of such an absorbing area is givEigirka Here six images of a
segment of L are shown so that using seven segments (¢fi.G 0, 1, .. ., 6) we obtain an absorbing
areaA. We remark that the ared intersects the line LE, (the “floor” y = r»(x)) in a segment, say,

P1 01, and we have that the boundaryid = U”_, T} (P101) (Se€Fig. 2b).

The attracting set of;, must belong to the boundary gf. This is due to the fact that the mdp is
linear and invertible in the regionR,, where the fixed point is a repelling focus and thus no attracting
sets can belong to the interior gf. The only points in which the map;, is noninvertible belong to the
critical curve LG and its images. The trajectory of any initial condition in the positive quadrant rapidly
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Fig. 3. Temporal variation of, (a) and ofY, (b) for a trajectory having the initial condition close to the unstable fixed point.
Herea =2,A0=3,b=0.2,g =0.01 andk = 1, 144.

converges to a unique attracting set of the figpwhich belongs t@.A. In Fig. 2cwe show the trajectory,
which is a periodic orbit of a high period. Itis clear that such a bounded soluticf) {see the trajectory
intime inFig. 39 becomes a growth path in the true variabl¢seeFig. 3b), and similar behavior occurs
for other values of the parameters.
Let us now describe different kinds of attracting sets (belongingy4Apand their bifurcations which
can occur in the system depending on the parameters. Note that the most important paraméters are
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andb. Variations of other parameters in their specified ranges have only a scaling effect. So, we can fix
Ag = 3,a = 2 andg = 0.01, and study a two-dimensional bifurcation diagram of the fiam the
(b, k)-parameter plane.

We will show that fork > k* an attracting set of the mafy, can be either an attracting cycle of
some period, or a quasi-periodic trajectory belongingtb The dynamics off; are restricted to a
one-dimensional invariant sed. 4, which is homeomorphic to a circle), so that we can usetaion
number for the mapf, similar to the rotation number for the circle mdBg]: It can be rational, say/q,
or irrational, being the average rotation of any initial pointdohiaround the repelling fixed poiri,.

Let us denote an attracting cycle with rotation numpgy by y,,,, whereq denotes the period of the
cycle andp denotes how many turns must be done around the fixed point in order to have the whole
periodg.

In Fig. 4 we show in the(b, k)-parameter plane the so-calléshgues of periodicity in which the
piecewise-linear maff; has attracting cycleg,,,, 6 < g < 45: each degree of grey corresponds to a
different period. The curvk = ¢(k) (11)is also shown, such that fér> ¢(k) the fixed pointt, becomes
an unstable node and all the trajectories (except for the fixed point) go to infinity. The white region below
the curveb = ¢(k) corresponds either to attracting cycles of period large then 45, or to quasi-periodic
trajectories.

The number of different tongues we may get is infinite (countable). For example, the tongues of period
g,q =6,7,...,12, are clearly visible irrig. 4. The tongues of periodicity follow the Farey sequence

0.21 | 04, | 06", - .08 b

e N7 g 19 110 1112
2713 215 217
19 320

Fig. 4. Two-dimensional bifurcation diagram of the mEpin the (b, k)-parameter plane far = 2, Ao = 3 andg = 0.01.

Tongues of different degrees of grey correspond to the attracting cycles of different periods indicated by the numbers. For some
tongues the corresponding rotation number of the fais written. The curvel indicates a contact of the attracting set with

the upper bound = By; k = k* is the line of stability loss of the fixed poink;= ¢(k) is the curve of divergence to infinity.
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rule (see[20,34,35), according to which between gy /g1-tongue and g,/g.-tongue a p; + p2)/
(g1 + g2)-tongue also exists. Some of such tongues are indicatédging, with the corresponding
rotation numbers.

Let us now describe how the tongues of periodicity (and, therefore, corresponding attracting cycles)
are born. That is, we have to consider what occurs in the phase plane at the bifurcatidn=valti€10).
As it was stated above, the fixed poity is a center, thus we have, locally, aroulig trajectories which
belong to closed invariant curves (ellipses aroudl Let us first assume that the rotation number of
F> is rational, sayp/g. Then, following the reasoning used[it6], we can prove that in the phase plane
there exists a closed invariant polyg@nwhose boundarg.A is made up by pieces of critical curves

LC,.L, i=0,...,9—1, suchthat all the orbits inside the atdare periodic of periog, while any initial
condition outside4 converges to a cycle of periadbelonging to the boundaA (seeFig. 5awhere
p/q=1/8).

When the rotation number df; is irrational, then a closed invariant argaexists, whose external
boundary is an ellipsé€ tangent to LG (and thus, tangent t&: (LC{) for anyi > 1), such that any
trajectory insideA is quasi-periodic covering densely an ellipse, while any initial condition outdide
converges to a quasi-periodic trajectory belonging teeeFig. 5b.

In particular, for the linear may> it is easy to define the parameter value= b,,, at which the
rotation number of, is rational and associated with the numipgy. As described iffi32], to obtain the
bifurcation valueb,,, it is enough to consider the real part of the eigenvalues of the Jacobian matrix of
F>, whichis Rer1, = (b+ k)/(2(1+ g)). Equating this value to ca@rp/q) at the bifurcation, that is:

b k* 2
pla + — cOS 7p
2(1+g) q
and substituting the expressionigffrom (10), we get the bifurcation value:

’

21p
by =21+ g)cos7 1+ 9)% (15)

For example, fog = 0.01 we havec* = 1.0201,b1/7 =~ 0.23935,b1/8 ~ 0.40826, and so on. Thus, at
k = k* andb = b,,, a p/g-tongue is born. To summarize what occurs at the bifurcation valae* we
can state the two following propositions:

Proposition 2. If k = k* (10)and b = b,, (15) then in the phase plane there exists a closed invariant
polygon A twhose boundary 9.4 is made up by g segmentsof the critical linesLCF,i = 0, ..., g—1,such
that any point (x, y) € A isperiodic with rotation number p/q, while any point (x y) ¢ Aismapped by
T, infinite number of iterationsinto a point of a p/q-cycle belonging to 3.4.

Proposition 3. If k = k* (10) and b # b,, (15) then in the phase plane there exists a closed invariant
area A bounded by an ellipse £ tangent to LC§ such that any point (x, y) € A is quasi-periodic on an
ellipse, while any point (x, y) ¢ A ismapped by 7, in a finite number of iterationsinto a quasi-periodic
trajectory on €.

Ask increases from the bifurcation valie(keeping fixed all the other parameters), several tongues of
different periodicity are crossed in the parameter plane. For example, letus-fix2 and increase. At
k=k ~1145a tongue of period 7 is crossed (§ég 4). At the bifurcation valué = k1 an attracting
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Fig. 5. (a) Closed invariant polygo# of the mapl, ata = 2, Ag = 3,¢ = 0.01,k = k* = 1.0201 and = 0.4082557~ bs;

the boundaryA is made up by eight pieces of critical curvesL& = 0, ..., 7; any point(x, y) € A is periodic of period 8,
while any(x, y) ¢ A converges to a eight-cycle belongingad. (b) Closed invariant ared of the map7;, ata = 2, Ay = 3,

g = 001,k = k* = 1.0201 andb = 0.2. The external boundary od is an ellipse€ tangent to LG, such that any point
(x, y) € Ais quasi-periodic covering densely an ellipse, while @ny) ¢ A converges to a quasi-periodic trajectory belonging

to&.
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Fig. 6. (a) The first border-collision (and saddle-node) bifurcation of the attracting gygle= {ni, ..., n7} and the saddle

cycleyi/7 ={s1,....,s7}:ni=s;,i=1,...,7,ata= 2,4y = 3,2 = 0.01,k = 1.145 andh = 0.2. (b) Increasing (k = 1.3),
the periodic points of1,7 andy; ; move ondA; the unstable set of; ; forms the boundary.A of the absorbing ared. (c) A
second border-collision (and saddle-node) bifurcatidn-at1.4663.

cycleyy7 = {n1,...,n7} and a saddle cyclyzi/7 = {s1, ..., s7} appear by a so-calldabrder-collision
bifurcation (see[24]) which is also asaddle-node bifurcation: At the bifurcation (lower boundary of the
tongue) we have; = s;,i = 1,..., 7, and, in particular, one periodic pointig = s; = LC%; N LC§

(seeFig. 63. As k increases, the periodic points move @4, and at the end of the/I-tongue in the
parameter plane, fér = k, >~ 1.4663, we have one more border-collision (and saddle-node) bifurcation
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(seeFig. 6¢. For any value ok, ki < k < ko, the unique attractor is the attracting cygig;, and the
boundaryd A is a saddle-connection, that is, the unstable set of the saddle cwz;lﬁ also belonging to
dA (Fig. 6b).

To summarize the results of this section we state the following:

Proposition 4. For k > k* and 0 < b < @(k), in the phase plane there exists an invariant absorbing
area A whose boundary 9.4 is made up by m segments of critical lines LC,.L, i=0,...,m—1,wherem
depends on the parameters. The attractor of the map 7}, is either a cycle y,,, € 3.A of period ¢ (if the
rotation number of 7; on d.A isrational, p/q), or the invariant set 3.4 with quasi-periodic trajectories
on it (if the rotation number of 7, 0n d.A isirrational).

We remark that a% increases, the width of the invariant ardaincreases rapidly, and probably it
becomes too wide for an economic interpretation of the stateand Y,. A criterion to detect when
this occurs is the following. LeP; be the point of intersection of G and LG, i.e. LC"; NLC§ =
P;. We need to check if after a finite numbeof iterations we have a poink; = T} (P1) which is
above an upper boung = By, in which case we say that the model becomes unrealisti€ign4
the black linevy, indicates such a limit. That is, foi, k) below the curveyy the attracting set
remains below the ling = By, which means thaZ, never reaches the valug,, while for (b, k)
above the curve), the attractor has also valu& > By. Thus, in order to get values which are also
bounded from above, not only from below, it is necessary to introduce a “ceiling”, as we shall see in the
Section 6

We end this section noticing that the bifurcation diagrafig 4shows a particular structure of the bi-
furcation tongues, which we may call “sausages-structure”. This occurrence is typical in piecewise-linear
maps, as shown in the two-dimensional parameter plane of a one-dimensional map[86Hé&uside
each portion of the sausages-structure the period is the same, but the sequence of linear functions givin
the cycle changes. The shrinking points of such a structure correspond to a change of type of the periodic
orbit (i.e. cycles of different type but of the same period merge). A similar structure is descrild&d in
for a piecewise-linear two-dimensional map, showing how the critical lines are involved in the shrinking
points. In piecewise-smooth systems a similar structure is descrij2d]in

5. Piecewise-linear model with an upper bound

In this section we get bounded dynamics for our linear méthelhen the fixed poinkE, is a repelling
focus, by adding an upper bound instead of a lower bound, to the values of the state variable, that is &
“ceiling” instead of a “floor”.

Let us define:

Y =G(Y-1,Yi-2), if G(Yi-1,Yi0) < U,
otherwise, we have;:
Y[ - U,

whereG (Y;_1, Y;_») andU are defined in2).



M. Gallegati et al./ Mathematics and Computersin Smulation 63 (2003) 505-527 519

With such a definition our model becomes a piecewise-linear continuous system which, by using the
variable transformation&) and (8) is given by:

. (.X/, y/) = F]_(X, y)’ If (X, )’) € Rl7
Yl y) = Falx ), if(xy) € Ry
whereF; is given in(9) and

X =y;
Fy: , (16)
Y = Bo;

Rl - {(X, y) X > ovy > rl(X)}; RZ == {(X, )’) X > an < rl(X)};
. (Bo—Ag)(1+9)
1+ 9k +k) b+k '

ri(x) = (17)

Let us denote by L&, the straight liney = r1(x) separating the two region®; and R; in which the
piecewise-linear mapy has different definitions. Its image is the critical line:
LCY = {(x.y) € R?: y = By}. (18)

Note that the model is meaningful as long as the fixed pBine (Z*, Z*) (7) of the mapF, belongs to
the regionR,. This requires that the following inequality must be fulfilled:

Z* < By, (19)
from which we get a straight line in th@®, k)-parameter plane

By — Ao)(1 2 _ Bob(1
k:X(b)d:ef( 0 0)( —I—;’) ob( —i—g)’
08

(20)

such that fork < x(b) we haveE, € R, and the model is meaningful. OtherwiseZif > By, the only
fixed point of the mafy, is the fixed pointE; = (Bo, Bp) of the mapF; which is globally attracting,
but the model becomes economically uninteresting~ith 7 the linek = x(b) (10) is shown together
with the bifurcation linek = k* and the tongues of periodicity in different colors. We can see that for
k close to the bifurcation valug® infinitely many tongues exist. Note that for some parameter region a
trajectory of Ty can enter the negative quadrants which is unrealistic from an economic point of view.
Such aregion is also indicatedhig. 7. Its boundary corresponds to a contact of the attracting set of the
mapTy (i.e. of 3.A) with the linesy = 0 orx = 0. Thus, we have defined a region in {thek)-parameter
plane where the model with only upper bound is meaningful.

The qualitative behavior of the trajectories in the phase plane is similar to the one already described in
the previous section. One should only substitute the critical curvésmith LCI.U, i > —1. Thatis, after
the bifurcation of the fixed poink,, for k > k*, a closed invariant absorbing ardas defined, bounded
by a finite numbem of critical segments of LEfori = 0, ..., m — 1. The attractor of}, belongs to the
boundaryd.A, and is either a periodic orbit (if the parameter values are inside a tongue of periodicity, see
Fig. 7), or a quasi-periodic orbit, densedm, and at the bifurcation value= k* the same properties, as
described in the previous section, hold (Seepositions 2—4ubstituting L to LCE).
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Fig. 7. Two-dimensional bifurcation diagram for the niBpin the (b, k)-parameter plane at, = 3, By = 10 andg = 0.01

For some tongues the corresponding rotation number of theTmap indicated. The dark grey region is unfeasible because
some values of; are negative. The curvg; indicates a contact of attracting set with the lower bowurd r1(x); k = k* is the

line of stability loss of the fixed poink = x(b) indicates a limit for the economic model to be meaningful.

It is worth to note that the Jacobian matrix of the nfgphas both eigenvalues equal to 0, which means
that the regionR; is mapped in one iteration into a straight line (the critical Iinegl),Chnd any point
belonging to LE N R, is mapped in one iteration into the poif®o, Bo) (Which is not a fixed point of
Ty as long ag By, Bo) € R). This property implies that any trajectory can have at most two consecutive
points in the regiork;. Whenever two consecutive points, say, y,) and(x,.1, ya+1) = (X441, Bo),
belong toR,, then(x,42, y,4+2) = (Bo, Bp) and the trajectory converges to the trajectory of the point
(Bo, Bo) (either periodic, or quasi-periodic on the boundary of the invariant absorbinglaréaFig. 8a
we show a quasi-periodic trajectory belonging#(made up by 13 segments of the critical curveg'L.C
i =0,...,12), and inFig. 8ban attracting cycle of period 27 belongingad, which is the trajectory
of (Bo, Bo).

As it occurs for the piecewise-linear mdp, also for the piecewise-linear mafy ask increases,
the invariant aread growth rapidly, and crosses the positive quadrant, becoming unmeaningful from an
economic point of view (seEig. 7). This occurs when the parameters reach the dark-green region in
Fig. 7. However, for our applications, also a lower valueZzgfnay be not so good. In order to understand
when a low-limit, i.e. a “floor” as we have seen in the previous section, is met and has effects in the
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Fig. 8. (a) A quasi-periodic trajectory of the mdp belonging t0d.A (made up by 13 segments of the critical curveg’|.C
i=0,...,12,atA; =6.5, By, =10,a =2, b = 0.2,k = 1.03,g = 0.01. (b) An attracting cycle of period 27 which is the

trajectory of(By, By) atk = 1.1.
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attracting sets, ifrig. 7we have also shown the curyg . This curve indicates a contact of the attracting
set (i.e. 0fd.A) with the straight liney = r»(x) (13).

Thus, in order to have an invariant area which is always positive and bounded (below and above), we
have to introduce both constraints, i.e. a “floor” and a “ceiling”, as we shall do in the next section.

6. Piecewise-linear model with lower and upper bounds

In this section we consider a piecewise-linear map with two constraints, in which we define:
Y, =G(Y;1,Y2), ifL(Y1) <GYi1,Y2) 2U;
otherwise, the lower and upper bounds apply, i.e.
Y,=U, ifG{,_1,Y 2 >U,
Y, =L,_1), ifGW;_1,Y2) <L 1);

whereG(Y;_1, Y;_2), L(Y,_1) andU are defined ir(2).
That is, by using the variable transformatigb$ and (8) we get a two-dimensional piecewise-linear
continuous magr in the form:

F:(xy) =@ fix,y),
where
Bo, ify > ri(x);
—xk
G, y) =1 A+ 82+ b +k/(L+g) + Ao’

yb
A+g —a+ Ao’

if ra(x) <y <ri(x);

if y <ri(x);

the constraintg; (x) andr,(x) are given in(17) and (13)respectively.

One can easily check that for the parameter values considered, the slopes of baotf{(tinasdr, (x)
are positive and less then 1. Moreover, the slope 0f) exceeds the slope @(x). The shift constant
of r1(x) is positive while the shift constant @$(x) is negative, so these lines intersect in the positive
guadrant of the plane, defining a region which may be considered as the feasible region for the economic
model, that is:

P={(x,y):0<x<xy,0<y<yyl}

where(x,, yu) IS an intersection point of; (x) andr,(x).
The mapkF is given by three linear magsg, defined, respectively, in the regioRs i = 1, 2, 3:

&', y) = Fi(x,y), if (x,y) € Ry;
Fiq @, Y)=F(xy), Iif(xy €Ry; (21)
', y) = F3(x,y), 1if(x,y) € Rs3;
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where the map#, F, and F; are given in(16), (9) and (12)respectively, and
Ry ={(x,y) x>0, <y<yuh
Ry={(x,y) ix>0,r2(x) <y <ri(x),y > O}
Rz={(x,y): 0 <x < xpy,y<rx)}
As in the previous section, we have to introduce a parameter constraint
k = x(b),

where x(b) is given in(10), such that fork < x(b) we haveE, € R,. Otherwise all the trajectories
enteringR; are converging t&; = (By, By), fixed point of F1, in at most two iterations, and thus are
not economically interesting.

Fig. 9shows a two-dimensional bifurcation diagram for the midp the (b, k)-parameter plane, where
different colors indicate tongues of periodicity corresponding to attracting cycles of different periods.
It is also shown the straight line = k*, given in(10), corresponding to the stability loss of the fixed
point E,, and the straight liné = x(b), given in(10), which indicates the parameter restriction for the
economic application of the model, as stated above.

As in the previous sections, we denote the two straight ines 1 (x) andy = r»(x) as LC’; (an upper
bound) and L&, (a lower bound), respectively. Crossing these lines the mahanges its definition.
Theimages of LE, and LC , that is the straight lines LE= F(LCY,) and LG = F(LC",), are called
critical lines (see(14) and (18).

Fig. 9. Two-dimensional bifurcation diagram for the mamt Ao = 3,a = 2, B = 10 andg = 0.01. Tongues of different
colors correspond to the attracting cycles of different periods indicated by the numbers. Thec(fye indicates a contact of
attracting set with the lower (upper) boupd= r1(x) (y = r2(x)); k = k* is the line of stability loss of the fixed poirit;= x(b)
indicates a limit for the economic model to be meaningful.



524 M. Gallegati et al./ Mathematics and Computers in Smulation 63 (2003) 505-527

As we have already seen, the images of these critical lines play an important role in the description
of the dynamics of the map'. In fact, in one iteration the whole phase plane is mapped lgto a
region bounded by LE and LG;. Any point of (x, y) € R; (respectively(x, y) € Rz) is mapped in L§
(respectively, in LG), while the region between L'G and LC"; (up to the intersection poirtt, yu))
is mapped into the strip between the two critical linesjL&hd LG (up to the pointF(xy, yu)). By
taking two more images of the region bounded by the critical Iineg'lL(B/e obtain an absorbing area
bounded by six segments of the critical Iinesﬁ’_’Ci =0, 1, 2, (an example is shown iRig. 103. Any

o
137

(a)

(Bu;Bu)

(b)

Fig. 10. (a) Example of the absorbing area for the miapounded by six segments of the critical Iinesl.UL[Ci =0,1,2, at
Ag=3,By=10,a=2,b=0.2, k = 1.65 andg = 0.01 The invariant area is bounded by 10 pieces of critical segments, and
it is shown in (b), together with the attracting set, which is a periodic orbit of period 15 belongipg to



M. Gallegati et al./ Mathematics and Computersin Smulation 63 (2003) 505-527 525

initial condition in the positive quadrant of the phase plane is mapped into this area in a finite number
of iterations. We remark that this explains why the least period for a periodic orbiti®6. By taking
further images of the critical curve segments, fos k* an invariant aread is obtained bounded by a
finite number of critical segment8A, which also includes the attracting set.

For any point in théb, k)-parameter plane which is aboke= k* and below the curvé (seeFig. 9),
the dynamics of are as those already described in Section 4. the invariant absorbing eralimately
bounded only by the segments of £G > 0 (see the examples shownFig. 2). As k is increased so
that the parameter point is above the cugyg then the invariant area has also a segment of the critical
line ch and, thus, both critical lines L@:L are involved in the boundaryd. An example is shown in
Fig. 10b(a periodic orbit of period 15 is shown belongingstd made up by 10 segments of cricial lines
belonging to LC™").

Similarly, for any point in theb, k)-parameter plane which is aboke= k* and below the curve
(seeFig. 9) the dynamics of" are as described fBection 5the invariant absorbing aredis ultimately
bounded only by the segments of ¥G > 0 (see the examples shownFig. 8). While crossing the
curveyr; the boundary of4 has also a segment on the critical line.C

Clearly, as in the previous sections, as long as the fixed @i stable (i.e. ik < £*) it is globally
attracting. At the bifurcation valuke = k* the fixed pointE, becomes a center and the rotation number
of the mapF can be rational or irrational. If it is irrational, then any trajectory either belongs to a closed
invariant curve (an ellipse), or it converges to an ellipse tangent to the one of the constraints, that is tangent
to LCE, (if b < b), orto LCY, (for b > b), whereb is the intersection point oh = k* of the two curves
Y, andyy shown inFig. 9. When the rotation number is rational then the invariant area is a polygon,
with periodic orbits in it, as already describedSection 3

To summarize the results obtained for the nfawe can state following propositions:

Proposition 5. For k = k*,if b < b, then Propositions 2 and Bold for the map F given in (21), while
if b > b then these propositions hold substituting LCY to LCF, i > 0.

Proposition 6. For k > k*, if (b, k) isbelow v then for themap F Proposition 4olds; if (b, k) isbelow
¥, then for the map F Proposition 4holds substituting LCY toLCF, i > 0; if (b, k) is above vy and
above v, then an invariant absorbing area A exists, whose boundary 9.4 is made up by a finite number
of critical segments of LCf]’L, i > 0.Theattractor of themap F iseither acycley,,, € d.A of period g (if
therotation number of F ond.Aisrational, p/q), or theinvariant set 9.4 with quasi-periodic trajectories
on it if the rotation number of F on d.A isirrational).

7. Conclusions

We investigated the mathematical properties of Hicks’ piecewise-linear model. Even if in its simplest
formulation it does not produce complex dynamics, we have shown that only one bound is needed to
have non explosive outcome if the equilibrium point is an unstable focus giving a full description of
the structure of the attracting set both in the cases of only one constraint and when two constraints are
assumed. We have completely characterized the dinamics occurring at the bifurcation value of the fixed
point (which depends on the type of rotation number). We have shown that when the fixed pointis unstable
the attracting set is always a one-dimensional closed invariant curve, made up of a finite number of linear
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segments, on which the dynamics are periodic or quasi-periodic. The changes which may occur are due
to sequences of border-collision bifurcations, crossing the boundaries of the bifurcation tongues in the
(b, k) parameter plane. The bifurcation tongues have a sausages-structure as long as the upper constrai
is reached by the invariant attracting set.

While the analysis here performed completely characterizes the simplest form of Hicks’ piecewise-linear
model, which is two-dimensional, the investigation of more complex systems is still an open problem.
For example, the simple introduction of two periods back instead of one leads to a three-dimensional
piecewise-linear map, as shown[i#]. In such a case the border-collision bifurcations still continue to
characterize the transitions, however more complex routes may appear, which will be the object of further
studies.

Itis plain that changes of the model towards a smooth formulation are such that the standard Neimark—
Hopf bifurcation is involved. This means that attracting closed curves (or endogenous cycles) appear
around the fixed point when it becomes unstable. Moreover, depending on the nonlinear terms, routes tc
complex behaviors may occur (see ¢16,37).
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