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In this work we continue the study of a family of 1D piecewise smooth maps, defined
by a linear function and a power function with negative exponent, proposed in
engineering studies. The range in which a point on the right side is necessarily mapped
to the left side, and chaotic sets can only be unbounded, has been already considered.
In this work we are characterizing the remaining ranges, in which more iterations of the
right branch are allowed and in which divergent trajectories occur. We prove that in
some regions a bounded chaotic repellor always exists, which may be the only non-
divergent set, or it may coexist with an attracting cycle. In another range, in which
divergence cannot occur, we prove that unbounded chaotic sets always exist. The role
of particular codimension-two points is evidenced, associated with fold bifurcations
and border collision bifurcations (BCBs), related to cycles having the same symbolic
sequences. We prove that they exist related to the border collision of any admissible
cycle. We show that each BCB, each fold bifurcation and each homoclinic bifurcation
is a limit set of infinite families of other BCBs.

Keywords: piecewise smooth maps; border collision bifurcations of repelling cycles;
chaotic repellors; codimension-two bifurcation points; unbounded chaotic sets

1. Introduction

Piecewise smooth (PWS) systems have been widely investigated in the last decade, due to
the large number of non-smooth systems proposed in several applied fields. For example,
in physical and engineering systems, a recent survey can be found in [10] (see also [4]).
Many applications in engineering may include specific nonlinearities in the map, as power
functions. In particular, much attention has been devoted to the square-root singularities in
impact oscillators, following the works of Nordmark ([17], [18]). In this paper we consider
the PWS map proposed in [13] given by

frLx) =ax+ pn if x=0

x = fulx) = {fR(x)ZbXV‘FM if x>0 W

where a, b and vy are real parameters and u > 0. As recalled in that paper, this PWS system
was already considered by many authors, mainly in the continuous case, for y < 0. In [7]
the normal-form mapping of sliding bifurcations is derived, leading to map (1) with
y=—3/2, y= —2 and y= —3, related to different cases of sliding bifurcations. The
case with y= —1/2 is considered in [3]. Other examples of grazing and sliding
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bifurcations with nonlinear leading-order terms occur in power converters and in non-
smooth sliding-mode controls ([1],[5],[6]).

In [19] the map in (1) was considered in the discontinuous case with y > 0, and some
remarks for the particular case with oy = 1/2 are reported in [20]. This leads to a particular
family of maps in which the function fg(x) defined on the right side has a vertical
asymptote at the discontinuity point x = 0.

As in [11] and [13] we consider system (1) for positive values of the parameter w, and
for any w > 0 the transformation (x, a, b, w) — (x/u,a,bu~""!, 1) leads from (1) to the
following map:

frx) =ax+1 if x=0

xS = {fR(x):(b/xV)—l—l if x>0 @
The peculiarities of this family in the range related to an invertible map have been studied
in [14], where interesting bifurcation structures associated with the presence of the vertical
asymptote are described, even if, due to invertibility, chaotic sets cannot exist. In [13] we
have considered the case of non-invertible map f(x) in a particular range in which the
trajectories cannot be divergent:

Range Al: Py ={p=(a,b,y): 0<a=1,b=-—1,y>0}

proving the properties of codimension-two points associated with fold bifurcations and
border collision bifurcations (BCB) related to cycles having the same symbolic sequence.
It was also proved that in Range Al only unbounded chaotic sets can exist, which may lead
to robust unbounded chaotic attractors (having the properties shown in [12]). In this work,
we are considering the remaining ranges for the parameters, classified as follows (as
motivated in the next section):

Range All: P, ={p=(a,b,y):a>1,b=—1,v>0}
Range Bl: P3={p=(a,b,y): 0<a=1, —1<b<0,y>0} 3)
Range BIl: Py={p=(a,b,y): a>1, —1<b<0, y>0}

As it is used in PWS systems of this kind, we study the system’s dynamical properties
making use of the symbolic notation based on the letters L and R corresponding to the two
disjoint partitions

I = (=,0], Ig=(0,+00) “

To each trajectory we associate its itinerary by using the letter L when a point belongs to I,
and R when a point belongs to Iz. A cycle is represented by its finite symbolic sequence.
For example, a cycle with symbolic sequence RL" (corresponding to a basic cycle) has one
periodic point on the right partition and n on the left one. The symbolic sequence can also
be associated with the functions which are to be applied in order to obtain a periodic point
of the cycle, as fixed point of a proper composition of the two functions defining f. As an
example, to get the periodic point of a cycle RL” on the right side we have to solve the
equation f7 o fg(x) = x.

Notice that the point x = 0 is associated with bifurcations of two kinds, BCBs, as well
as homoclinic bifurcations of cycles. In fact, whenever a cycle has the periodic points
which include x = 0 (and thus also x = 1), the parameters are said to be at the BCB values



Downloaded by [93.150.144.95] at 06:43 19 June 2015

Journal of Difference Equations and Applications 3

of the cycle, because they are always related to the appearance/disappearance of the cycle.
When a preimage of a periodic point (or pre-periodic point) of a cycle merges with 0, then
we shall see that the cycle undergoes a homoclinic bifurcation.

The Ranges AII and BII, in which a > 1, are characterized by the existence of a
repelling fixed point in the partition 7,

. 1
== <0 5
XL a—1 (©)

so that divergent trajectories certainly exist, with immediate basin (— o, x;). However, for
x > x; the system can have other attractors as well as chaotic sets.

The investigation (still not complete) of the dynamics occurring when a parameter
point p = (a, b, y) belongs to the different ranges in (3) is the object of this paper. The
properties of map f in each different range are proved making use of a suitable first return
map, which exists also when the trajectories are mainly divergent. The plan of the work is
as follows. In Section 2 some preliminary results are related to the fixed points of our
system and divergent trajectories. In Section 3 it is considered the Range AIIl (which
corresponds to Figure 1 to the interval S(b) € (— /2, —m/4]). It is shown that the system
has divergent trajectories, as —oo is always an attractor with a basin of attraction B of
positive measure. For b < —a/(a — 1) all the points have a divergent trajectory except for
a repelling fixed point x; and its preimage, while for —a/(a — 1) < b = —1 a chaotic
repellor exists which belongs to the frontier of the basin of attraction B. This basin may
coexist with the basin of an attracting cycle of period n = 2. The Range B with —1 <
b < 0 (which corresponds to Figure 1 to the interval S(b) € [—m/4,0)) is considered in
Section 4, and the BCBs of basic cycles with symbolic sequences LR” for any n = 1 are
shown to occur. In Subsection 4.1 the Range BI is considered, showing that the system has
non-divergent dynamics and persistent unbounded chaotic sets (mainly of zero measure).
A peculiar structure of attracting cycles is illustrated. The existing attracting cycles have
symbolic sequences different from those existing in Ranges Al and AlI, and are related to
periodicity regions issuing from organizing centres at codimension-two bifurcation points.
All the existing cycles are characterized by repeated iterations also on the R side.
Codimension-two points due to contact points between BCB curves and fold bifurcation

\
=]

S(b)

All

2 0 3
Figure 1. Two-dimensional bifurcation diagram in the parameter space (a, S(b)), at y = 0.1, b(®y)
—0.7152667. The qualitative shape of f(x) in three different ranges, All, BI and BI], is also shown.
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curves of cycles having the same symbolic sequences are proved to exist, and the related
properties are illustrated. They are limit points of infinite families of BCBs. Also the fold
bifurcation values and the homoclinic bifurcation values are shown to be limit points of
infinite families of BCB values. In Subsection 4.2 we investigate Range BII, showing that
the map has properties similar to those occurring in Range All, although now a chaotic
repellor belonging to the frontier of B always exists. The basin of attraction B of
positive measure may coexist with another basin of positive measure, related to an
attracting cycle of period n = 1. The existing attracting cycles are related to periodicity
regions issuing from organizing centres in Range BI. Section 5 concludes, evidencing that
there are many open problems which are left for further investigation.

2. Preliminary properties

For the PWS map in (2), the discontinuity point is at the origin, x = 0, that is also a vertical
asymptote for the function on the right side. In the parameter Range BI, in which the slope
of the straight line is not larger than 1, any point on the right side, no matter how close it is
to x = 0, is mapped to the left side and then the trajectories start to increase and a point
with x > 0 is reached again. That is, the trajectories cannot be divergent, as it also occurs
in the invertible case studied in [14] and in the non-invertible case of Range Al considered
in [13].

Differently, in the Ranges AIIl and BII, in which a > 1, due to the existence of the
repelling fixed point x;, the vertical asymptote is mainly related to divergent trajectories.
In fact, as already recalled in the Introduction, a set of positive measure of points with
divergent dynamic behaviour exists, denoted By (basin of —oo or set of divergent
trajectories). As any total basin, it is given by all the preimages of any rank of the
immediate basin, which is the interval (—OO,xz) = (—0co,—1/(a — 1)), so that

Boo = | Jf M (—00,x)). ©)
k=0

Clearly, the first preimage of the immediate basin is f,;l((—oo,xz)) = (O,xz_l) which is
the right neighbourhood of the origin bounded by the preimage xz_l =f ,;l(xi), given by

(b N\ (=ba— D\
Do)

An immediate result is that bounded dynamics different from the preimages of the
repelling fixed point x; can exist only for parameter values such that xfl < 1, which
leads to the condition b > —a/(a — 1). In the (a,b)-parameter plane the curve Bf of
equation

a

Bi:b=— ®)

a—1
is below the line » = —1, independently of the value of y > 0, and it bounds a region
associated with only divergence. In fact, when xifl =1(b=-af/(a—1)<—1), then
except for x; and its preimage x; ! all the other points have a divergent trajectory, being
mapped to the immediate basin (—co,x;) in one or two iterations at most.

Differently, for b > —a/(a — 1) a bounded chaotic set exists. To prove the existence
of chaotic sets we make use of the existence of homoclinic orbits. It is well known that in
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one-dimensional non-invertible maps, homoclinic orbits of a repelling k-cycle, k = 1
(k =1 corresponds to a fixed point), exist when it is a snap-back repellor (SBR), following
the definition given by Marotto in [15], [16]. We recall that a repelling cycle may become
an SBR via a critical homoclinic orbit, associated with critical homoclinic explosions, or
Q-explosions, as shown in [8] for smooth continuous systems, and in [9] for generic PWL
and PWS systems, continuous and discontinuous. The existence of homoclinic orbits leads
us to show that for parameter values satisfying

% p<o )
a—1

a bounded chaotic repellor always exists in the interval [x}, 1], as stated in the following
proposition.

PROPOSITION 1. (SBR bifurcation of x;). Consider map f(x) given in (2) with y > 0 and
a>1.

If —00o < b < —a/(a — 1) then all the points except for x; = —1/(a — 1) and x; ' =
(—=b(a — l)/a)l/“/ have a divergent trajectory.
If b= —a/(a — 1) besides x;, the only non-divergent points belong to a critical

homoclinc orbit of x;. No chaotic repellor exists.
I]‘ —af(a—1) < b <0 then x; is an SBR and a bounded chaotic repellor exists
infx;, 1].

Proof. The first point is immediate, as shown above. For the third item, notice that for
parameter values such that b > —a/(a — 1) itis xzfl < 1, which leads to the existence of
a sequence of preimages of xz_l from the left side. That is, for any k > 0,

x D = ke (10)

gives a sequence of points converging from above to x;, leading to a non-critical (and non-
degenerate) homoclinic orbit of x;. Thus x; is an SBR, and this is enough to state that in
the interval [x*L7 1] a bounded chaotic set of map f exists (see [9]).

At the homoclinic bifurcation value b = —(a/(a — 1)) it holds xz_l =1 and thus
f7'(x;7") = 0 so that a critical homoclinic orbit of x] exists. However, all the points in
(0, 1) are mapped in the immediate basin of B, thus the only non-divergent points are
those belonging to the homoclinic orbit, and no chaotic repellor can exist. ]

It follows that an explosion of repelling cycles occurs as the parameter b increases
through the value —a/(a — 1), and a parameter point (a, b) crosses the curve By. This
global bifurcation will be explained and commented in the next section. Not only x;
becomes homoclinic, but also infinitely many repelling cycles, among which basic cycles
RL", appear and are homoclinic.

Moreover, as we shall see, for b satisfying (9) the invariant set of bounded dynamics
can be of positive measure or a chaotic set of zero measure. The two different behaviours
depend on the existence or non-existence of an attracting cycle, respectively.

As an example of the existence of attracting cycles, in Figure 1 it is shown the two-
dimensional bifurcation diagram in the parameter space (a,S(b)) at the fixed value y =
0.1. In order to consider the parameter space in the complete range for the parameter b,
that means —oo < b < 0, following [2] we use the nonlinear transformation S(y) =
arctan(y) which maps an unbounded interval into a bounded one. So that instead of the
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interval b € (—00,0) we have the interval arctan(b) € (—/2,0). In particular, in the case
b = —1 we have arctan(—1) = — /4 which is evidenced in Figure 1.

The coloured regions in Figure 1 represent sets of values of the parameters for which
the map has an attracting cycle, different colours are associated with different periods,
showing many different periodicity regions. We also notice that cycles of the same period
have a different symbolic sequence for b < —1 and —1 < b < (. White points ina = 1
represent parameter sets at which there exists an unbounded chaotic attractor, while white
points in @ > 1 represent parameter sets at which there exists a bounded chaotic repellor,
or an attracting cycle of period larger than 45.

In the parameter region b < —1 infinitely many periodicity regions are issuing from
the particular point (a, b) = (0, —c0) while in the parameter region —1 < b < 0 infinitely
many periodicity regions are issuing from particular codimension-two points (0, b(Bpg»))
which behave as organizing centres, and still to be properly investigated.

Grey regions existing for a > 1 represent parameter sets at which the system has
divergent trajectories (which may or may not coexist with an attracting cycle). The light
grey region is bounded by the bifurcation curve By given in (8), and below it the dynamics
are divergent, as stated in Proposition 1.

Besides the repelling fixed point x;, fixed points on the right side may also exist. They
are associated with a smooth fold bifurcation of the increasing branch f(x) of the map, so
that when existing they are in pair, one attracting and one repelling. The fixed points can be
obtained by solving the equation f(x) = x, that is

b
Stl=x (11)

whose solutions in general cannot be written in explicit form. However, we can investigate
the fold bifurcation value and the value of the two merging fixed points, say xg, by
considering the condition that the first derivative in the fixed point must be equal to +1.
Thus, from

/ _b
fr) = — (12)

by using these two conditions b/(xp") + 1 = x; and —by/(xz)""! =1 we obtain the
equation of the fold bifurcation curve

1 v y+1
®r : b =b(Dr), b(Pr)=—-— (—)) (13)
y\vy+1

and the fixed point at the fold bifurcation is given by

Y

= _<1. 14
XR Y1 (14)

It is worth to note that for any y > 0 the value of b related to the fold bifurcation is always
larger than —1 (i.e. —(1/y)(y/(y+ D) > —1, which is equivalent to
y? < (y+ D)), and that x; < 1.

PROPOSITION 2. Let y > 0, a > 0, b(Pr) < b < 0, then the map [ has two fixed points in
the R side, one repelling, xj, and one attracting xy, satisfying 0 < xj < xp < 1.
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Proof. As shown above, the branch fg becomes tangent to the main diagonal when (13)
holds, and it intersects the main diagonal in two distinct points for b(®Pg) < b < 0. Recall
that in generic cases, a monotone increasing continuous map can only have fixed point
whose stability is alternating. Since f’R(x) > 0 and f’];(x) < 0 forany x > 0, in our map f
we can have only one pair of fixed points, say xj < xp, then the fixed point xj is
repelling, as the slope is larger than 1, while the opposite occurs in the fixed point xp,
which is thus attracting. ]

The right branch of the map, fz(x), has horizontal asymptote at the value 1 so that any
point x > 1 is mapped in one iteration to a point smaller than 1. Moreover, fr(x)
intersects the x — axis in a point which is the solution of fz(x) = 0, leading to

x=(—bh'/" = 05" (15)

This point is the rank-1 preimage of the origin (discontinuity point) on the right side,
and clearly it plays an important role when 01;1 = 1. We have 01;1 > 1 (respectively,
< 1) for b < —1 (respectively, —1 < b < 0). This different shape of the map on the right
side, also qualitatively evidenced in Figure 1, leads to different dynamic behaviours in the
PWS map f, and motivates the introduction of the different ranges, as defined in Section 1
in (3), each one considered separately in the following sections.

3. Range AIl (a>1, b = —1): mainly divergence

As described in [13], any cycle of map f may undergo a BCB: this happens when a
periodic point collides with x = 0 from the left side and thus its image is a periodic point
on the right side (O, 1] which collides with x = 1. In that paper we have determined the
BCB curves Bry» of basic cycles of symbolic sequence RL" occurring for b < —1 that is

a" —1
Brip:b=———— 16
RL e a—1 (16)
as well as the fold bifurcation curves ®gi» of the same basic cycles, that is
1 ntl _ y+l
[y - a Y)Y o u=a, (17
ya"\ a—1 y+1
where (@, b,), b, = —(1 /v¥a,) is a codimension-two point related to cycles with the same

symbolic sequence RL" (contact point between the curve Brp» and the curve ®gpn).
Moreover, we have seen that for any n > 1, the following inequalities hold:

1 1
oo = —— < Gpyy < Gy < ay = — 18
y+1 +1 1 y ( )

which leads to the following proposition.

PROPOSITION 3. Leta > 1,b = —1 and 0 < vy < 1. If the codimension-two point (a,, b,)
satisfies a, > 1 then the region of an attracting cycle RL" exists.

Leta>1,b= —1 and y= 1, then besides divergent trajectories only a bounded
chaotic repellor can exist.
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Proof. From (18) it is immediate that for v = 1 it holds @; = 1 so that for a > 1 no fold
bifurcation curve ®gr» can be crossed and no basic cycle can be attracting. Moreover, we
have numerical evidence that also all the other existing cycles have no stability regions.
Thus for @ > 1 the ranges in which we can have a set of positive measures of non-
divergent trajectories are related to the values 0 < y < 1.

We know that for a fixed value of a,a > 1, increasing b from the boundary By when a
fold bifurcation curve ®gp» is not crossed (for a > a,), then the BCB occurring crossing
Bgry» involves a repelling basic cycle, while when the fold bifurcation curve ®g« is
crossed first (for a < a,), then the BCB occurring crossing Bgy» involves an attracting
cycle. O

For 0 < y <1 at least the stability region of the 2-cycle LR exists in a > 1 (since
a; = 1/y > 1). In the (a, b)-parameter plane, b = —1 is the equation of the BCB curve of
a 2-cycle, as f(0) =1 and fg(1) = 0 holds independently of the values of the other
parameters a and y. Moreover, for a < a; the BCB involves an attracting 2-cycle, while
for a = a; it involves a repelling 2-cycle.

An important result is that to study the dynamics of map f(x) for xz_l <1 (when
divergent trajectories exist) we can still make use of a first return map inside the interval
[0, 1], similar to the one used in [13], even if there are points in (0, 1) with divergent
trajectories. In fact, regarding the function on the right side, recall that in one iteration any
point x > 1 is mapped to a point fr(x) < 1, so that we can study the dynamics of the map
by using the first return map in [0, 1], but considering only the first return of the points in
the interval

J="h1ncr=jo,1]

as for the remaining points we know that the trajectory never comes back (since the
interval (0, xz_l) is mapped in the immediate basin of infinity (— o0, x})).

The existence and construction of the first return map of f in the suitable interval are
given in the following proposition.

PROPOSITION 4. Leta > 1,y > 0and — (a/(a — 1)) < b = —1. The dynamics of map f
in (2) can be studied by using the first return map F.(x) in the interval [ = [0, 1] , taken for
the points in the interval J = (xz_', 1]. F,(x). is a discontinuous map with infinitely many
branches defined as follows:

Frui(x) = f] o fr(x) if& =x=1
Frisn(x) = f1 ofr(@)  if & = x < &y
Fo(x) = : : (19)

. _
Frimi(x) = f1 7 ofr(x)  if &ipjp1 = x < &y

where it = 1 is the smallest integer for which f7 o fr(1) € [0, 1),

a™ 1 — gt

Frin(x) = T 1—a4
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and the discontinuity points are preimages of the origin given by

e gy b 1y
Snt1 =fr of"(0) = (((am /@@ — 1)+ 1) (20)

which have as limit value, as m — oo the point xz_].

Moreover, for any j =1, Frpai(&itje1) = 0 and Frpa(&iq) = 1 hold, while the
rightmost branch satisfies Frpi(&+1) = 0 and its range can be smaller than [0, 1].

Proof. Starting from the first return of the point x = 1, let 7 be the smallest integer such
that

fiefr(l) €10,1) @21

then F,(x) is necessarily defined as in (19). The infinitely many preimages f, "(0) of 0
exist for any m = 1, and have as limit set the repelling fixed point x; . Thus the infinitely
many preimages &, = f,gl °of.™(0), discontinuity points of F,(x), also exist in the
interval (x; ', 1] for any m = 72+ 1, and have x; ' as limit point.

In the particular case in which the condition in (21) occurs as fﬁ ofr(1) =0, we also
have Frpsi(x) = f1t1 e fr(1) = 1, so that we define F,(1) = f} ofx(1) = 0 in the single
point &1 = 1 and F,(x) = f’l ofr(x) in [&12, &i+1)- Notice that in this case the range of
Frriri(x) = 2*1 ofr(x)in [&12, 1] is exactly [0, 1], and similarly in all the other branches
of F,.(x) which are defined in (19). O

An example is shown in Figure 2. For x = 1 we havefi ofg(1) > 0 so that 7 = 4. The
preimages of the origin on the left side are accumulating to x; and a few of the infinitely
many branches of F,(x) (accumulating to xzfl) can be seen in the enlargement.

The particular case

frefr()=0 (22)

(a) 2

-10
-10

Figure 2. In (a) map f(x) is shown at y = 0.5, a = 1.15, b = —3.6, for which it is 7 = 4, and its
first return map F,(x) in [0, 1] is also shown. In (b) map F,(x) is enlarged. The discontinuity points &
have limit point x; ' = 0.22049.



Downloaded by [93.150.144.95] at 06:43 19 June 2015

10 R. Makrooni et al.

mentioned in the proof given above can be rewritten as ZO frefr(0) =0 (since
f1(0) = 1), or equivalently, by applying f1 on both sides of (22), as follows:

Frui(1) = f] 1 ofp(1) = 1 (23)

and thus it corresponds to the BCB of a basic cycle with symbolic sequence RL™*! (as in
fact x = 0, as well as x = 1, is a periodic point of period (77 + 2)).
In terms of the preimages of the origin the condition in (22) also corresponds to

1=fz"of,"(0) (24)

and by using the definition in (20) with m = 71, &4, = 1, after some algebra we get the
equation of the BCB of a cycle with symbolic sequence RL" given in (16).

We can also notice that each component of the first return map F,, Fgri.(x) is
continuous and increasing, as Fi;,(x) > 0, for x > 0. This also follows from the explicit
expression of the first derivative:

/ / _b
Fru () = a"f0) = —Ha" > 0. (25)

Moreover, since F' /1/21," (x) <0, forx > 0, as follows from

" d /[—by , by(y+1)
FRL"OO:E( 61):W

o a” <0 (26)
all the branches are concave. The range of each component is from O to 1, except at most
the first branch on the right, called rightmost branch. It is worth noticing that the properties
of increasing and concave branches hold for any composition of the functions Fgp«(x).

Another immediate consequence of the constructive definition of the first return map
F,(x), is that infinitely many repelling basic cycles necessarily exist. In fact, for any
j=n+1 the increasing and concave branches Fgy,;(x) which are continuous and take
values from 0O to 1 lead to repelling fixed points xg;;, and it is easy to see that all these
points are homoclinic.

Since the interval (0, xzfl) represents a set of points having divergent trajectories, then
also all the points in J = (x*Lfl, 1] which are mapped in the interval (O,xzfl) will have
divergent trajectories too. So it is clear that for xzfl < 1 there are infinitely many intervals
in J which are preimages of some rank of (O,x*L_l) and thus belong to the basin B.
However, what is left can be a set of positive measure or of zero measure, and the map
F,(x) completely represents the dynamics of f. The two possible dynamic behaviours so
described are illustrated in Figures 2 and 3.

At the parameter values used in Figure 2, it is xifl = 0.153119 and 2 = 4, so that the
rightmost branch of the first return map is given by Fgy+(x) in the interval [&s, 1]. All the
other preimages §;, discontinuity points of F,(x), exist for any j > 5 accumulating to xz_' .
Thus, also all the branches defined by Fgj+ = f‘L‘J” o fr(x) exist for any j = 1 and intersect
the diagonal, leading to the existence of repelling (SBR) fixed points xg;,; for any j > 5,
which also are accumulating to xzfl, and are associated with basic cycles of f. From the
shape of the branches of F', we can see that in this case no attracting cycle can exist (as the
slope of F, is everywhere larger than 1). A chaotic repellor A exists in the interval (xz_l , 1]
which includes all the repelling cycles, their stable sets and related limit points. Taking the
preimages by F,(x) of the interval (O,xzfl) we can see that almost all the points of the
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Figure 3. In(a) map f(x)is shownaty = 0.5, a = 1.2, b = —2.6, for which itis 7 = 4, and its first
return map F,(x) in [0, 1] is also shown. In (b) map F',(x) is enlarged. The discontinuity points & have
limit point x; ' = 0.0002335.

interval (xz_' , 1] belong to the basin B. These preimages form a fractal structure, and are
dense in the interval (x*L_l, 1], and the frontier is given by the chaotic repellor A. For the
map f this means that a chaotic repellor belongs to [x;, 1] and all the other points have
divergent trajectories.

Moreover, as b increases from the value —3.6, used in Figure 2, the value Fgy+(1) =
fi ofr(1) of the rightmost branch of F, increases, and when Fgy+(1) = fi ofr(1) =1, from
(23) it follows that the BCB of the cycle with symbolic sequence RL* occurs (and from
(16) with @ = 1.15 and n = 4 the bifurcation value b = —3.2832 is obtained). Differently,
as b decreases from the value —3.6, the value Frp+(1) = fi o fr(1) of the rightmost branch
of F decreases, and when Fpgps(1) :f4L ofr(1) = 0 ( which corresponds tofi ofp(1)=1)
from (22) it follows that the BCB of the cycle with symbolic sequence RL> occurs (and
from (16) with @ = 1.15 and n = 5 the bifurcation value b = —3.855 is obtained). As b
decreases up to the boundary of the curve By, which occurs at b = —a/(a — 1) = —7.6,
all the BCB curves of cycles with symbolic sequence RL* for k > 4 are crossed, as in fact
the limit set, point xzfl (given in (7)), approaches the value x = 1. Thus, in the example
given in Figure 2 for any b € (—7.6, —3.6) the non-divergent set is always a bounded
chaotic repellor, the segments of points having divergent trajectories become wider and
wider as b decreases, and for b = —a/(a — 1) = —7.6 any orbit is divergent except for a
unique homoclinic orbit of x; (Proposition 1).

Differently, at the parameter set used in Figure 3, we have xzfl = 0.0002335, and
since 77 = 4 the rightmost branch of the first return map is given by Fgy4(x) in the interval
[&,1]. All the other preimages &, discontinuity points of F,.(x), exist for any j > 5
accumulating to xz_]. Thus, also all the repelling (SBR) fixed points xg;,; exist for any
j > 5, accumulating to x*Lfl, basic cycles of f. From the shape of the branches of F, now
we can see that in this case an attracting cycle exists, as the rightmost branch Fgs(x)
intersects the diagonal in two fixed points, one repelling (xg;+) and the other attracting
(pp4)> With & < xgps < xy;4 <1 (which are basic cycles of f both with symbolic
sequence RL*). The immediate basin of the attracting fixed point Xyp4 1s the interval
(xr14, 1], and the total basin, of positive measure, is the set of all its preimages, which has a
fractal structure, as its frontier includes a chaotic repellor A" which consists of all the
repelling cycles, their stable sets and related limit points. Clearly there is also another
basin of positive measure, that of points having divergent trajectories, given by the interval
(O,xz_l) and all its preimages in the interval (xz_l, 1], which also has a fractal structure.
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The frontier between the two basins of positive measure is given by all the preimages of
the point xz_l (which are dense in the chaotic repellor Al).

For the map f this means that a chaotic repellor belongs to [x;, 1] and separates two
basins of attraction, both of positive measure, one is B and the other is the basin B(x§L4).

For a > 1 we can take advantage of other results obtained in [13], as it is easy to see
that they hold also in Range AIL In fact, the equations of the BCB curves Bgy» reported in
(16) and fold bifurcation curves ®gy. in (17) are clearly unchanged, and unchanged are
also their properties related to the dynamics when the BCB curves are crossed in the (a, b)-
parameter plane. The codimension-two point (a,, b,) on a BCB curve Bgy, separates
different dynamic behaviours. When the parameter point (a, b) belongs to the BCB curve
Bgy» then a periodic point is merging with x = 1, for the rightmost branch of the first return
map it holds Fg, (1) = —bya" = ya”% = ya%2=l and

a—1

e for a < a, it holds Fj; (1) < 1 which means that the colliding cycle is attracting,
and thus the fold bifurcation curve ®gp» (associated with a point in which F;, = 1)
must have been crossed before at a smaller value of b;

e for a > a, it holds Fg;,(1) > 1 which means that the colliding cycle is repelling,
and thus the fold bifurcation curve ®g;» is not involved (it is virtual).

For a point (a, b) € Bgy» with a = a,, the first return map consists of infinitely many
branches Fgy,(x), j = n, and all of them, including the rightmost one Fg»(x), have range
[0, 1]. Since Fiy.(1) > 1, then it must be Fy;,(x) > 1 for any x € [&,41, 1). Notice that
the codimension-two points a; of Bry,(x), j > n, are all smaller than @, which means that at
fixed a decreasing b all the BCB curves Bgy,(x), j > n are crossed and at such bifurcation
points it holds F;zu(l) > 1 for any j > n. This implies that at (a,b) € Bgy» also all the
other branches, given by Fpgr,(x), j > n, are expansive. In fact, the slope is certainly
F ’RU (x) > 1 forx € [§j+]7xf+1] where x; 1 is the repelling fixed point of F,(x), then for
x € [x;f +1, &1 the slope, although decreasing, is larger than 1 as at the considered parameter
value of a it cannot cross the value 1 (a branch Fgy;(x) of the first return map can have
points with slope smaller than 1 only if at fixed value of a, decreasing b the fold
bifurcation curve ®g;,; is crossed, which can occur for a < a@; that cannot be at the
considered parameter value).

The above arguments show that the first return map is expanding at the points (a, b) €
Bry (where a = a,) for any j = n, so that the non-divergent set is a bounded chaotic
repellor. The same result holds not only at the BCB values. In fact, considering any point
(a,b) € Bry» with a > a,, above the curve By, then for any parameter point (a,b) with
—af/(a—1)<b<=hitis F’r(l) > 1 and thus the rightmost branch of F,(x) has the slope
larger than 1 in all its points (due to monotonicity and concavity), as in the example shown
in the enlargement of Figure 2. Then, not only the rightmost branch, but also all the other
(infinitely many) branches defining the first return map F,(x) have the slope larger than 1
in all the points. In fact, reasoning as above, the related branches all have a repelling fixed
point, with slope larger than 1, and on its right side the slope, although decreasing, cannot
cross the value 1 (as this cannot occur for the considered parameter values a > a,).

We have so proved that for any fixed -y > 0 considering a BCB curve Bgy, in all the
points (a, b) of the two-dimensional bifurcation diagram with a = a, and b < b, above the
curve By, the first return map F,(x) is expanding, and thus the non-divergent set is always a
bounded chaotic repellor. As a parameter point (a, b) approaches the curve B, all the
repelling fixed points of F,.(x) approach the limit point x*L_1 and the segments of points
having divergent trajectories become wider and wider as b decreases. At the boundary of
the curve By (at b = —a/(a — 1)) any orbit is divergent except for a unique homoclinic
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orbit of x; (Proposition 1). An example of the map when the parameters are approaching
the curve By is shown in Figure 4, clearly the first integer 7 is very large, xz_l iscloseto 1,
and all the branches constituting F',(x) are expanding.

Only the basic cycle RL can be stable, as a; = 2 and @; < 1 for j > 1. In black some
BCB curves Bgy» are shown. The curve By bounds the region of divergence without chaos
(light grey points). In (b) only the bifurcation curves ®gy (fold of the 2-cycle) and Bgy» are
drawn, by using the equations given in the text.

Several basic cycles RL" can be stable (some periodicity regions are in colour), as
ay=10anda; > 1 forj=1,2...,6. Some BCB curves Brr» (in black) and some fold
bifurcation curves ®g;» are also shown. The curve By bounds the region of divergence
without a chaotic set. In (b) only the bifurcation curves ®g;» (in red) and Bgy» (in black)
are drawn, by using the equations given in the text.

It is plain that for @ > 1 the possibility to have periodicity regions of attracting cycles
is much reduced. For example we have seen above that it is impossible for values y = 1.
However, at small values of vy (see Figure 1) we can have wide regions of attracting cycles
also for a > 1. Two examples are illustrated in Figure 5 at y= 0.5 and Figure 6 at
v = 0.1. The green curve represents the boundary By of the region leading to no chaos and
almost all divergent orbits.

All the BCB curves of basic cycles RL" exist in the region above By and are
accumulating to By. Also notice that the curve By has limit —oo for ¢ — 1 and limit 1 for
a— oo (as clearly visible in Figure 1).

The curves associated with the basic cycles are shown in Figures 5 and 6, but there are
infinitely many other BCB curves, dense in the region above B;. The existence of fold
bifurcation curves mainly depends on the parameter y. As already remarked, they do not
exist for y = 1. We know that at y = 0.5 only the fold bifurcation curve of the 2-cycle RL
exists for a > 1, as its codimension-two point is @; = 2, and that of the 3-cycle RL? is
a, = 1. Differently, at y = 0.1 we can see in Figure 6 several stability regions (in colour),
thus bounded by fold bifurcation curves, at least in a right neighbourhood of a = 1.

The dark grey points in the two-dimensional bifurcation diagrams in Figures 5 and 6
denote that the initial condition used in the numerics belongs to Be.

When a parameter point (a, b) (at fixed y < 1) belongs to a periodicity region related
to an attracting basic cycle RL" (as in the case considered above, in Figure 3), then the

i -8 X 2 0 x

Figure 4. In(a) mapf(x)isshownaty= 0.5, a=1.15, b = —7,for whichitis 7 = 4, and its first
return map F,(x) in [0, 1] is also shown. In (b) map F',(x) is enlarged. The discontinuity points & have
limit point x; ' = 0.8336.



Downloaded by [93.150.144.95] at 06:43 19 June 2015

14 R. Makrooni et al.

(b)-1

@) -1

34 y o
1 a 2 1

Figure 5. Two-dimensional bifurcation diagram in the (a, b)-parameter plane at y = 0.5. Only the
basic cycle RL can be stable, as @, = 2 and a; < 1 for j > 1. In black some BCB curves Bry» are
shown. The curve By bounds the region of divergence without chaos (light grey points). In (b) only
the bifurcation curves gy, (fold of the 2-cycle) and Bgy» are drawn, by using the equations given in
the text.

rightmost branch crosses the diagonal, and two fixed points exist in the rightmost branch
F.(x) = Frps(x), xgr» repelling and xy,, attracting, satisfying &,41 < xpir < xpn < 1.
Thus in J a set of points of positive measure exists whose trajectories converge to the
attracting fixed point x3; .. However, the map has still a chaotic repellor, as all the repelling
fixed points are homoclinic, as well as homoclinic are all the existing repelling cycles. For
the first return map, the interval (xgp», 1] is the immediate basin of the attracting fixed
point xg; .. The total basin B(xg;.) is given by all the preimages of any rank of the
immediate basin:

k=0
B(x) = [ Fy*(Gorur, 1) 7)

The fixed point xgy» is homoclinic on its left side while all the other fixed points xgy;,j > n
(having as limit set xz_l) are homoclinic on both sides, so that a chaotic repellor A (an

(a) -1 (b)-1

sy /A
a 2 1 a 2

Figure 6. Two-dimensional bifurcation diagram in the (a, b)-parameter plane at y = 0.1. Several
basic cycles RL" can be stable (some periodicity regions are in colour), as a; = 10 and a; > 1
for j=1,2...,6. Some BCB curves Bgr» (in black) and some fold bifurcation curves ®gy»
are also shown. The curve By bounds the region of divergence without a chaotic set.
In (b) only the bifurcation curves ®gr» and Brp» (in black) are drawn, by using the equations
given in the text.



Downloaded by [93.150.144.95] at 06:43 19 June 2015

Journal of Difference Equations and Applications 15

invariant Cantor set with chaotic dynamics) exists in [xzfl,xRLa]. Thus, the total basin
B(xy; ) consists of intervals forming a fractal structure dense in [xz_l, 1], its frontier
0B(xg; ) includes all the repelling cycles of F, in [0, 1], and their limit points, that is,
9B(xy; ) is the chaotic repellor A C [)cz_l ,xrpi]. In terms of the original map f the chaotic
repellor belongs to the interval (x;, xgi+], and separates two basins of positive measure, Boo
and B(xgy.)-

Proposition 1 states that for —co < b = —a/(a — 1) divergent dynamics occur and a
chaotic set does not exist, while for —a/(a — 1) < b < —1 the map is chaotic and we have
proved the following proposition.

PROPOSITION 5. Let a > 1 and 0 < vy < 1, then the dynamics of map f can be classified as
Sfollows:

(G.1) for —a/(a — 1) < b < —1 and (a, b) not belonging to the stability region of some
attracting cycle, almost all the trajectories are divergent, except for a chaotic repellor
included in the interval [x;,1];

(.2) for —a/(a — 1) < b < —1 and (a, b) belonging to the stability region of some
attracting cycle with symbolic sequence o, there exist two basins of positive measure.
The basin B(x}) = Uf;:O % ((x4, 1) where x, and x;. are the two rightmost periodic
points of the repelling and attracting cycles, respectively. The basin of divergent
trajectories is given by Be = UX0 f7%((—c0,x])). The frontier between the two
basins belongs to a chaotic repellor included in the interval [xz,xg].

We notice that the proper structure of the existing periodicity regions of attracting or
repelling cycles is still an open problem. However, what is proved is that for any fixed
value a > 1, increasing the parameter b from the boundary value on the curve By all the
BCB curves of basic cycles RL" are crossed (the BCB of the 2-cycle RL occurs at
b = —1). Moreover, independently of the crossing also of a fold bifurcation curve of some
cycle (which has the same symbolic sequence of a companion existing repelling cycle), at
the value b= —1 all the cycles having symbolic sequence obtained concatenating
sequences of the kind RL", that is RLX¥ RL**RL¥ ... all exist and are repelling, persisting
for any larger value of b, —1 < b < 0.

Considering the rightmost branch of the first return map F,(x), Frr:(x), we have that

e whenever Fgr»(1)] merges with a preimage of a discontinuity point of F,(x) the
BCB of some cycle occurs;

e whenever Fgy»(1) merges with a preimage of a repelling cycle of F,(x) one more
homoclinic explosion of that cycle occurs.

So, for any fixed value of a, in any interval between two BCB curves of basic cycles,
b(Bgri»+1) = b = b(Bryr), infinitely many BCBs of cycles and homoclinic bifurcations of
repelling cycles occur. In fact, increasing b in that interval, the rightmost branch of the first
return map, Fry(x), has Frp(1) which takes all the values from O to 1, crossing the values
of infinitely many preimages of the discontinuity points &, j > n, accumulating to x; - ! as
well as crossing the values of infinitely many preimages of the expanding fixed points xgy,,

Jj > n, also accumulating to xz_l.

4. RangeB (—1<b<0)

In the previous section we have shown that a characteristic property of the map in the
range b < —1 is that a point belonging to [0, 1] in the R side is immediately mapped to the
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L side, in one iteration. In particular, the basic cycles existing in range A are only those of
symbolic sequence RL". In this section we consider the other range of interest, which is
characterized by trajectories which can also be repeatedly mapped in the R side, and we
show the existence of periodicity regions associated with attracting basic cycles having the
symbolic sequence LR” for any n = 2. A few of the related regions are shown in Figure 7.
In fact, for the range of b here considered it holds that the preimage of the origin, say
& Zf,;l(O) = OEI, (see (15)) satisfies

d=(bhr<1

so that an orbit of map f starting from a point in the interval (&;, 1] must have at least two
consecutive points in Ig.

We have also seen that at » = —1 a border collision of a 2-cycle LR occurs, and
depending on the value of q, it can be attracting or repelling.

For 0 < a < a; = 1/+ya pair of 2-cycle appears by fold bifurcation when b < —1, and
the attracting one undergoes a BCB at b = —1, leaving the repelling 2-cycle, which
persists (repelling) for any larger value of b.

For a=a; = 1/y at b= —1 a repelling 2-cycle appears by BCB, which persists
(repelling) for any larger value of b.

Moreover, for any a > 0, not only the repelling 2-cycle persists for b > —1, but also
all the cycles having symbolic sequence obtained concatenating sequences of the kind
RLMRL%RLA ... all exist and are repelling, persisting for any larger value of b, —1 <
b <O0.

In Section 2 we have also seen that a fold bifurcation in f occurs, leading to two fixed
points of map f. It is worth to note that this fold bifurcation in f» occurs independently of
the value of the parameter a. That is, whichever is the value of the parameter a, as b
increases from the value —1 the fold bifurcation value b(®y) in (13) is reached and for
b(Pg) < b < 0 the branch f intersects the main diagonal in two distinct fixed points of f,
X < x%, the smallest one is repelling and the largest one attracting.

We can prove that for any fixed value of @ > 0 and -y > 0 in the interval —1 < b <
b(Pg) the BCB curves (in the (a, b)-parameter plane) of all the basic cycles R”L must be
crossed. In fact, from fr(1) = 1 + b we have that increasing the value of the parameter b
the value fz(1) also increases, so that when the condition fz(1) = & holds, it corresponds
to fr(1) = £ '(0) that is f3(1) = 0 and thus f1 o f3(1) = 1 or also f3 o f.(0) = 0 leading to

(@) -07 Pr_7=0.1

0 1 a 2

Figure 7. Two-dimensional bifurcation diagrams in the (a, b)-parameter plane. In (a) y = 0.1. In
(b) y=0.5.
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the BCB of a 3-cycle with symbolic sequence LR?. Similarly, increasing b all the
conditions

frh)=§& (28)

(i.e. f’,‘e(l) = f,;l(O)) for any & > 1 must occur before the fold bifurcation value b(dg)
leading to the BCB of a (k + 2)-cycle with symbolic sequence LR¥™!. The equation of the
bifurcation curve is given by

Bigis 1 fRTofr(0) =0 (29)

or equivalently, by using f,(0) = 1,
Biges : frofistl(h) =1 (30)

which also corresponds to
Bt fS(1) =0 (31)

showing that the equation of the BCB of basic cycles LR” is independent of the parameter
a, so that in the (a, b)-parameter plane the curves are horizontal straight lines. For example,
in the case k = 1 (i.e. for the 3-cycle discussed above), from fr(1) = 1 4 b, and f,zi,(l) =
SrRA+Db)=b/((b+ 1))+ 1 we obtain

b

—_— 1:
(b+l)“/+ 0

that is b+ (b + 1) = 0. For y = 0.5 (as in the exampl
e shown in Figure 7(b)) we get b(Bir2) = ((1 — \/3)/2) = —(0.618034.
We have so proved the following proposition.

PROPOSITION 6. Let a >0, y> 0 and —1 = b < b(Pg) = (—1/y)(y/(y+ 1)’ Then
increasing b from —1 the BCB of an (n + 1)-cycle with symbolic sequence LR" for any
n = 1 occurs when the following condition, independent of a, holds:

Bige : fi(1) = 0. (32)

Moreover, at a fixed value of the parameter a, denoting b(Byr») the value of the parameter
b at which the BCB curve Byrn is crossed, then the sequence {b(BLRn)}ZZO is monotone
increasing, i.e. b(BLgrn) < b(Byre+1), with limit value b(®g) as n — 0.

A few BCB curves at different values of vy are shown in Figure 7, in the (a,b)-
parameter plane (horizontal straight lines). In the result proved so far we do not specify
whether the BCB occurs for an attracting cycle or for a repelling one. Indeed, besides v,
this depends on the fixed value of the parameter a, and we shall consider below different
ranges for it, that is, we shall consider separately the cases 0 < a = 1 and a > 1.

4.1 Range BI (—1 =b<0,0<a=1): bounded dynamics, codimension-two points
of BCB and fold bifurcation

The relevant property characterizing the range under consideration is that the left branch
fL(x) is a straight line with slope not larger than 1, so that any point on the L side has an
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increasing trajectory up to a point on the R side, not larger than 1. On the right side, any
point x > 1 is mapped in a point f(x) € (0, 1) in one iteration. Thus the range of the map is
(—o0, 1], and divergence cannot occur.

To investigate the dynamic properties we can use the first return map F,(x) in the
interval [0, 1] on the right side. It is plain that for & = x < 1, where & = 0;1 the
definition is F.(x) = fr(x) (in particular F,.(&) = fr(&) = 0). While as x decreases
from & the map F,(x) is defined by the branches Fgi.(x) for any n = 1. In fact,
considering a point on the left side of & the first return map is defined by F,.(x) =
FrL(x) = fLofr(x) for & = x < & where & = f¢'of'(0), and F.(&) = Fru(&) = 0
(while Fgrp(&)=1). Then, considering a point on the left side of & the first
return map is defined by F.(x) = Fg2(x) = fi ofg(x) for & =x< & where & =
f,;l Ofgz(O), and notice that F,.(&) =0 while Fg;2(&) =1 and so on. It is obvious
that the process can continue ad infinitum, as all the inverses f;"(0) exist for any
n =1, and thus

&1 = fr of"(0) (33)

all exist for any n = 1, and the first return map has infinitely many branches, given
by

Frun(x) = f7 °fr(x) (34)

defined in the intervals &4 =x < §, for any n=1 (and Fgrp+(&+1) =0, while
Frie(&) = 1).

We have so proved that the first return map in [0, 1] is a discontinuous map defined by
infinitely many increasing branches as stated in the following proposition.

PROPOSITION 7. Let y> 0, —1 < b < 0and 0 < a = 1. The dynamics of map f can be
studied by using the first return map F.(x) in the interval 1 =1[0,1]. F.(x) is a
discontinuous map with infinitely many branches defined as follows:

Fr(0) it =x=1
Fo(x) = ' , ‘ 35
= P ) = f1of(0) if o = x = &, G2
where
_ . n+l
From =22 124 (36)

xY 1—

and the discontinuity points are preimages of the origin given by

El=0"'=(-h""<1 (37)
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and, for any n = 1, by

| b 1)y
n+1= _°_"(O)=< ) , (38)
D ((a" = D/(a™a— 1)) +1
which have as limit value, as n— oo, the point x = 0. Moreover, for any n =1,
Frir(&,11) = 0 and Fryn(&,) = 1 hold, while the rightmost branch satisfies 0 =< F,(x) =
frRx)=1+bfor & =x=1.

An example of the first return map is shown in Figure 8.

The increasing and concave branches of the first return map different from the
rightmost one have range from O to 1, thus for any n = 1 all the branches F,(x) = Frp:(x)
exist and intersect the diagonal in repelling fixed points xgr» which have x = 0 as limit
point as n— oo. It is easy to see that all these repelling fixed points of F,(x), which
represent the basic cycles with symbolic sequence RL", are homoclinic on both sides.
From the definition of the first return map F,(x) a few properties are immediate, and stated
in the following proposition.

PROPOSITION 8. Let y> 0, -1 <b<0and 0 <a=1.

(j.1) Each component Fryn(x) of the first return map F, is a continuous, increasing and
concave function (for n =0, Fr(x) = fr(x)), and the same properties hold for any
composition.

(j.2) The composite functions defining a k—iterate of map f may undergo either a BCB
or a smooth bifurcation related to the eigenvalue +1.

(j.3) The itinerary of any point for the map f consists of sequences associated with the
syllables RL", n = 1, related to the branches Fry.(x) defining the first return map F.(x),
and of syllables R™, m = 1, related to the rightmost branch where F, is defined viafg(x).

(j-4) The basic cycles with symbolic sequence RL" exist for any n = 1 (related to fixed
points xgi» of F. belonging to the branches Fry»(x)) and all are homoclinic on both sides.

Thus, in this range chaotic dynamics always occur. However, as we have shown in
Proposition 6, for any fixed value of a, as b increases from —1 to 0, the rightmost branch
fr(1) = 1 4 b increases from 0 to 1, and in this range of values for b, attracting cycles may
also exist, in particular, for any n > 1 the basic cycles having symbolic sequence R"L. That

@, (),
A | "
P
-6 0
-6 0 x 2

Figure 8. In (a) mapfat y=0.5,a=0.9, b= —0.95, and its first return map F,(x) in [0, 1] is
also shown. In (b) map F,(x) is enlarged.
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is, even if all the fixed points xgr» of F, exist and are repelling, for the basic cycles R'L it is
also possible to cross fold bifurcation curves, leading to periodicity regions of attracting
cycles with the same symbolic sequence R'L, as we can see in Figure 7. In fact, BCBs of
attracting cycles may occur, as considered in the next subsection.

4.1.1 BCB of cycles of f

Considering the example shown in Figure 8, we can argue as in Proposition 6. That is,
keeping constant the value of the parameter a, increasing the parameter b also the value
F,(1) = fr(1) = 1 4+ b increases and the fold bifurcation value b(®g) is approached, as
shown in Figure 9(b). This implies that the number of right preimages of the discontinuity
point &, that is, the points f,;k(fl), k = 1, must increase, being infinitely many when
b = b(Pg), having as limit point the tangency point x in (14). There are no such
preimages at small values of b, as in Figure 8, and the first occurrence (k = 1) is shown in
Figure 9(a), where it can be seen thatf,;'(fl) = 1, that is, fr(1) = &, and the BCB value
of the 3-cycle RL? is reached.

Since Frp(&)) = 1, this also means that the first return map F,(x) has a 2-cycle with
periodic points {1, &} and also that the second iterate of F,(x) must have a fixed point in
x =1, as Frpofg(l) = 1. This implies that the rightmost branch of the function F' f(x),
which is given by the function Fgy °fr(x), takes values from O to 1, as shown by an arc in
Figure 10(a). Clearly this corresponds to the BCB of a 3-cycle, i.e. the collision of periodic
points of a 3-cycle with symbolic sequence RZ with x = 0 and with x = 1.

As the rightmost branch of the function Fgy, °fr(x) intersects the diagonal in two fixed
points (xgy, repelling and x,, attracting), we can state that an attracting 3-cycle undergoes
its BCB, while a repelling 3-cycle persists as b increases. This also means that at a smaller
value of the parameter b a fold bifurcation of the function Fyp ofg(x) must have been
occurred, leading to the appearance of the pair of 3-cycles, as shown by an arc in Figure 10
(b). At the fold bifurcation the function Fgy °fr(x) is tangent to the diagonal in one fixed
point x;l (merging of the repelling xgy, and attracting x;,, fixed points).

As stated in Proposition 6, as b increases, all the values f;(l) = &) must occur, at the
BCB curves B;gi+i, which means that the first return map F,(x) has a (k + 1)-cycle (k
applications of fy followed by one application of Fgp) with periodic points
{1,fr(D), ... ,f];g(l) = £} and also that the (k 4 1)-th iterate of F,(x) must have a fixed

1 7' [ 7
I g P : /
| f |
/ /
/ /
D
% .
olj
0 :;1 ‘:1 x 1 l

Figure 9. First return map F,(x) at y= 0.5, = 0.9. In (a) b = —0.6181, BCB of LR?. In (b)
b = —0.39, close to the fold bifurcation of fr(x).
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Figure 10. First return map F,.(x) at y= 0.5, @ = 0.9. In (a) b = —0.6181, BCB of LR?. In (b)
b = —0.645 fold bifurcation of LR?. The added arc is the rightmost branch of the second iterate F f (x).

point in x = 1, as Fgp° f’,‘e(l) = 1. This implies that the rightmost branch of the function
FRrr o ffe(x) takes values from 0 to 1. Clearly, this corresponds to the BCB of a (k + 2)-
cycle of f with symbolic sequence R**'L, at which the merging of periodic points with
x = 0 and with x = 1 occurs.

It is possible that such BCBs of basic cycles always occur with an attracting cycle, for
any k = 1, and thus that all these BCBs occur after a value of b at which a fold bifurcation
of a (k + 1)— cycle of the first return map F,(x) (a (k 4 2)-cycle of f) takes place, leading
to the appearance of a pair of cycles with the same symbolic sequence, one attracting and
the other repelling.

Regarding the basic cycles, we can give sufficient conditions to have the BCB
occurring with an attracting cycle (and thus, increasing b, the BCB occurs after the fold
bifurcation). In fact, at the BCB of a (k + 2)-cycle of f with symbolic sequence R**'L we
have the periodic points {1 = Fgrp(&)),fr(1), ... 7ffe(l) = £} so that in the k points
belonging to the branch f the slope is smaller than 1, and it is

Fro (&)= ay(—b)~ 1Y

thus a sufficient condition to have an attracting cycle undergoing BCB is given in the
following proposition.

PROPOSITION 9. Let a > 0, y > 0 and denote by b(Byr») the value of the parameter b at
which the BCB of LR", By g, occurs. If

b(Birr) < —(ay)”
then the BCB involves an attracting cycle.
In general, we have seen that for a basic cycle R"L a BCB occurs when f(1) = 0 and it

may be in pair with a fold bifurcation, which occurs when two fixed points are merging in a
point x* € (0, 1) which is a solution of the equation

Jrofp) =x

that can also be rewritten as follows:

1
[r) = =D (39)
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This equation shows that, differently from the BCB of the basic cycles LR”, and
differently from the fold bifurcation of the fixed points of fg(x) (which do not depend on
a), the fold bifurcation curves also depend on the value of the parameter a. The fold
bifurcation of a basic cycle LR" happens when the iterate f(x) (function with increasing
and concave branches, which depends only on b) becomes tangent in a point x* € (0, 1) to
the straight line of equation (x — 1)/a (connecting the points (0, —(1/a)) and (1, 0) of the
plane (x, x’) = (x,f(x)), and depending only on a). For example, the case shown in
Figure 10(b) corresponds also to the one in Figure 11, where the function f%(x) is tangent
to the straight line (x — 1)/0.9 exactly in the two merging fixed points of the function
Frp ofgr(x) (rightmost branch of F' %(x)) in Figure 10(b) (corresponding to the rightmost
fixed point of the 3-cycles for the map f).

This also explains why at small values of the parameter a it is more likely to have fold
bifurcation curves. In fact, when a is small the slope 1/a becomes larger, and it is more
likely to have the branches of the functions f’(x) which become tangent to that line in the
required interval, for many different values of n. When a is larger, the tangency can be
virtual, it does not take place in the interval (0, 1) so that a BCB of basic cycles can occur
without a ‘previous’ fold bifurcation, and is related to a repelling cycle.

So, it can be expected that BCBs may occur without a previous fold bifurcation, also
for not basic cycles. An example is given in Figure 12. In that figure, the parameter b is
such that

fr() =& (40)

and considering that Fgy2(&) =fi ofr(&) = f1(0) = 1, by applying Fgy2(x) to both sides
in (40) we obtain

Frizofr(l) =fiofp() =1

which means that a BCB of a cycle with symbolic sequence R%Z? occurs. It is also a 2-
cycle of the first return map F,(x) involving the rightmost branch fz(x) and the branch
FRri2(x), and it can be seen as a fixed point of the rightmost branch of F' f(x), which is now

1 3 _
i
8 f
A/
’/ 1§ A2
o S
¢
/ |
-2 |i
-2 0 o |

Figure 11. Mapf(x)aty= 0.5, a = 0.9, b = —0.645, which corresponds to the fold bifurcation of
LRZ. The second iterate, f2(x), and the rightmost branch is tangent to the straight line in (39).
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Figure 12. First return map F,(x) at y= 0.5, a = 0.9, b = —0.841, BCB of the unstable cycle
R2.In (b) the arc is the rightmost branch of the second iterate F f(x).

given by the function Fg;2 ©fr(x), which takes values from O to 1, as shown by an arc in
Figure 12(b). The BCB of the 4-cycle of f occurs without a companion attracting 4-cycle.
This can be deduced from the slope of the function F’ f(x) in the point x = 1, that is the
slope of the function Fy2°ofg(x) in the point x = 1. It is larger than 1, so that for larger
values of b the single 4-cycle appears repelling and it will persist repelling for any larger
value of b in this parameter range.

By construction of the first return map F,(x) the discontinuity points of F,(x) occur at
the points &,j = 1 which are preimages of the origin (as given in (37) and in (38)).
Moreover, for any j = 1 it is

Fry(§) = 1. (41)

From this we have seen that whenever the point F,(1) = fr(1) merges with a preimage of
the origin of any rank, say .;—“j_k, for k = 0 (k = 0 leads to §) so that

fr)=¢&* (42)
then a BCB of a cycle occurs. In fact, if kK = 0 we have
Fryofr(l) =1, (43)

leading to a BCB of the cycle of f with symbolic sequence RZ/ (the case corresponding to
j = 2 has been shown above).

Fork =1 let
EX=F &) = Fplu oo Frln (&) (44)
where Fyl, (&) represent the involved branches of the first return map, with n; = 0 for
i=1, ...,k (for n; = 0itholds F ng,li x) = f,;l(x), i.e. the inverse of the rightmost branch
of F,). From

Fr() =F X&) = Fly oo Flu (&)
we can write

Frpm o« o Frpm ofp(l) = §
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and thus, by applying Fg;; on both sides, we have
FruioFrum o o Frun ofr(l) = 1 (45)

representing the BCB of a cycle of the first return map F, (of period (k 4 2)), and a cycle
of f with symbolic sequence

RRL™...RL"RL/. (46)
We remark that for the first return map the BCB in (42) also corresponds to
Flrf+l(1) — é;]

(that is, the trajectory of x = 1 for the first return map F', is mapped to a discontinuity point
of F,), so that by using Fgy,;(&§) = 1 and Fgp,;-1(§) = 0, it can also be written as

FryoFF (1) =1 (47)
or, equivalently,
Fry-1 o FXH(1) = 0. (48)

Moreover, from the above conditions we can notice that at each BCB the properties of
the iterate of order (k + 2) of the first return map are similar (with obvious changes) to
those commented above for the BCB of the basic cycle R and for the BCB of the cycle
RZL? of f as fixed points of F,.. That is, a suitable iterate of the first return map, F f*z(x), has
the rightmost branch which is increasing from 0 to 1. Then what matters is the first
derivative of that rightmost branch of the function F**2 in the point x = 1. Recall that all
the composite functions consist of branches which are monotone increasing and concave,
so that the first derivative exists and is necessarily positive and decreasing. So, at a BCB
value, considering the first derivative D of the function Fgy; o Frpm ©---° Frun ofr(x) in
the point x =1 :

d
D = a(FRU °Frim ©...0o Frun ©fR)(X)| =1 (49)

we can state that

(i.1) if D = 1 then the crossing of the BCB curve increasing b leads to the appearance
of a repelling cycle (having the symbolic sequence given in (46));

(1.2) if D <1 then the crossing of the BCB curve increasing b leads to the
disappearance of an attracting cycle (having the symbolic sequence given in (46)), leaving
arepelling cycle with the same symbolic sequence (which means that at smaller values of
b a fold bifurcation of cycles having the same symbolic sequence must occur, leading to
their existence).

When D < 1, the suitable iterate F¥*2(x) of the first return map has the point x = 1
which is attracting from its left side, with immediate basin (x,,1] where o=
RRL™ ...RL"RL/, and x, is homoclinic on its left side, while all the other repelling fixed
points are homoclinic on both sides. Thus, almost all the points are converging to 1, that is,
all the points except for those of a chaotic repellor in [0, x,] for the first return map F,, in
(— 09, x4] for the map f.
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Noticing that the function Fry,© Frpn © ... © Frpn ©fg(x) is monotone increasing and
concave, so that its first derivative is positive and decreasing, we can conclude that on any
BCB curve (the existence of infinitely many of them will be proved below), a particular
codimension-two point may exist (related to the value D = 1), separating the curve in two
different parts, associated with different dynamic properties, as for the BCB curves Bgy» of
the basic cycles considered in Section 3. That is, crossing a BCB curve in a point above
(D >1) or at (D=1) its codimension-two point, a repelling cycle is created which
persists for any larger value of b, while crossing a BCB curve below its codimension-two
point (D < 1) an attracting cycle (born by fold bifurcation at a smaller value of b)
disappears, leaving the repelling one for any larger value of b. We can so state the
following proposition.

PROPOSITION 10. Leta >0, y > 0and —1 = b < b(dg) = —(1/y)(y/(y+ 1))’ When
fr(1) merges with the preimage of a discontinuity point of the first return map F,, say

le(l) = Fr_k(é:/) = Flle"k °"'°Fl;ﬁ“1 (fj)

where m =1, n; =0 for i =1, ...,k with ) ,n; = k (Fl;ﬂ(] zfgl for n; = 0) then the
BCB of a cycle of period (m + 1 + k) of the first return map F, occurs, corresponding to
the BCB of a cycle of f with symbolic sequence

R™RL"™ ...RL"RL/. (50)

Let
d

D= (Fry o Frun o Fron of ) (0)]m (51)

if D =1 then the colliding cycle appears repelling, and persists repelling for larger
values of b (without an attracting cycle with the same symbolic sequence);

if D < 1 then the colliding cycle is attracting, and disappears for larger values of b,
while a repelling cycle with the same symbolic sequence, born by fold bifurcation at a
smaller value of b, persists for larger values of b.

At small values of the parameter a, by increasing b more regions of attracting cycles
can be observed. Differently, when a approaches 1 the repelling cycles become dominant.
In Figure 13(a) the complete range of b values from —1 to the value b(®Pg), related to
the appearance of the attracting fixed point by fold bifurcation in fg(x), is shown at
(a)1

(b) 1 [

-1 -0.7 h

-0.45

Figure 13. One-dimensional bifurcation diagrams of x as a function of b, at y = 0.5.In (a) a = 0.2
is fixed. In (b) a = 0.9 is fixed. In (c) an enlarged part of (b) is shown.
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a = 0.2, and several attracting cycles can be observed. While at @ = 0.9 in Figure 13(b) it
is shown only the range of b from the value —0.7 (as before no attracting cycle can be
detected numerically), an enlargement in Figure 13(c) shows that only the basic cycles are
observable as attracting.

It is clear that the preimages of the discontinuity points in the first return map are
infinitely many, their limit points include all the existing repelling cycles (all SBR). For
example at the parameter value used in Figure 9(a) we can see that the value fz(1) has
already crossed infinitely many preimages, and infinitely many BCB values have already
been crossed. In fact, in Figure 9(a) a sequence of preimages of &, F I;f(gl) is
accumulating as k— oo to the repelling fixed point xgp so that all the BCBs having
equation

fr(D) = Fri(&) (52)

that is

Fii'ofe(D) =1 (53)
associated with cycles of f having symbolic sequence R(RL)**! must have been occurred.
This symbolic sequence can also be written as RZL(RL)* or, equivalently, as LR?(LR)* for
any k=1, and leads to a family of BCB curves which are issuing from the first
codimension-two point intersection between the BCB curve of the cycles LR and the
smooth fold bifurcation curve of the cycle LR?, see the enlargement in Figure 14(a).

Clearly, the value of a in Figure 9(a) is quite large, and the crossing of the BCB curves
is mainly associated with the appearance of repelling cycles, while at the value of a used in
Figure 14(a) the crossing of at least some of the BCB curves issuing from the
codimension-two point is associated with attracting cycles (having the same symbolic
sequence), thus they occur after the crossing of related fold bifurcation curves. Two
examples are illustrated in Figure 15, BCB of the 5-cycle LR’LR and of the 7-cycle
LRZ(LR)?.

It is easy to see how many different families of BCB curves exist. For example
sequences of preimages of &, can be considered accumulating also to all the other
repelling fixed points xg;, that is, forany j > 1, F’ ]{{‘j(fl) are accumulating as k — oo to the
repelling fixed point xgy,; thus all the BCB curves having equation

Fr(1) = Fpli(&) (54)

(a) _o.78 —— (LR)* R () _04s
: (LR?’LR
(LR?)"LR

LRZLR

Figure 14. Enlarged parts of organizing centres in Figure 7(b) (y = 0.5).
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Figure 15. Map F,(x) at y= 0.5, a = 0.2. In (a) b = —0.861, BCB of the 5-cycle LR?’LR of f(x).
In (b) b = —0.947 BCB of the 7-cycle LR2(LR)? of f(x).

that is
FrooFyy,ofr(1) =1 (55)

must have been crossed, associated with cycles of f having symbolic sequence R(RL/Y*RL
for any k = 1 and any j > 1.

Also the preimages of & can be considered, for example F l{l’f(fz) which are
accumulating as k — oo to the repelling fixed point xgy, or F };{‘2 (&) which are accumulating
as k — oo to the repelling fixed point xg; 2, leading to the BCB curves of equations

fr() = Frl(&)

(56)
Frz o Fg ofr(1) = 1

and
fr(1) = Fpta(&)

57
Filofah = 1 oD

associated with cycles of f having symbolic sequence R(RLYRL? for any k = 1 and
R(RL?)**! for any k = 1. In general for any &, we have

Fr() = Frfi (&)

(58)
Fryn °F1§Ln—1 ofr(1) =1

and
fr(1) = Fgfu(&)

59
FRirefr(l) =1 o)
forany n = 1 associated with cycles of f having symbolic sequence R(RL"~')*RL" for any
k = 1 and R(RL")**! for any k = 1.
Let us also show the BCBs which are associated with other cycles are clearly visible in
Figure 14(a) of symbolic sequence (LR?)*LR for any k = 1. They obviously involve the
preimages (fz' © Fg)¥(&)) so that we have

(Freofp)(1) = &

60
Freo(Freofp)(1) =1 ©0)
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Figure 16. Map F,(x) at y= 0.5, a =0.2. In (a) b = —0.818, BCB of the 8-cycle (LR?’LR of
Ff(x). In (b) b= —0.79, BCB of the 14-cycle (LR?)*LR of f(x).

leading to BCB of cycles with symbolic sequence RL(RLR)* that is, equivalently,
(LR**LR. Two examples related to k = 2 and k = 4 are illustrated in Figure 16, BCB of
the 8-cycle (LR?)’LR and of the 14-cycle (LR?)*LR.

From Figure 14(a),(b) we can see that all the BCB curves and fold bifurcation curves
are issuing from particular codimension-two points which are the intersection points of the
BCB of the basic cycles LR" with the fold bifurcation curves of basic cycles LR"*!. Such
points play the role of organizing centres, or big bang bifurcation points, and belong to the
line @ = 0 which also is a particular curve, as it can be considered the BCB curve of cycles
with the point at infinity, —oo, and especially for map f it represents the transition non-
invertible/invertible.

The sequence of bifurcation curves issuing between the periodicity regions of the
cycles LR and LR? shown in Figure 14(a) is repeated with obvious changes between the
BCB curves of cycles LR” and LR™*! for any n > 1, and clearly, as we have shown
above, the limit set of the BCB curves of the basic cycles is the fold bifurcation curve
of the fixed points of fr(x).

In Figure 14(b) we can see that several families of BCB curves occur after a related
fold bifurcation. For example, a family of BCB curves exists, accumulating to the fold
bifurcation curve of LR?, @, s, satisfying the following equation, for all k =1 :

FrFreef RN = &
that is

Freefr(FrLofp)i(1) =1

related to cycles having the symbolic sequences (LR*)*LR?. In Figure 17(a) we illustrate
the BCB of the 7-cycle LR’LR? (k= 1) and in Figure 17(b) that of the 11-cycle
(LR*’LR? (k = 2).

4.1.2  Homoclinic bifurcations

As we have seen above, whenever the point fg(1) merges with the preimage of a
discontinuity point of the first return map F,, then a BCB occurs. Similarly we have that
whenever the point fz(1) is preperiodic to a cycle, then another homoclinic bifurcation of
the cycle occurs. This and other properties are given in the following proposition.
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Figure 17. Map F.(x)at y= 0.5, a = 0.2.In (a) b = —0.587, BCB of the 7-cycle LR’LR? of f(x).
In (b) b = —0.5762 BCB of the 11-cycle (LR3)’LR? of f(x).

PROPOSITION 11. Let y>0,0<a=1and —1 <b <.

ey
(@)
3
“)
(&)
(6)

Proof.
(H

(@)

3

If the point fr(1) merges with the preimage of a repelling periodic point of the first
return map F,, then a homoclinic bifurcation of the cycle occurs.

All the repelling cycles of f are homoclinic at least on one side.

Each homoclinic bifurcation curve is a limit set of BCB curves.

Each BCB curve is a limit set of other BCB curves.

The map f always has an unbounded chaotic set in (—oo, 1].

The map f cannot have divergent trajectories.

Assume that the point fz(1) merges with the preimage of a repelling periodic point
x* of the first return map F,, say

FR() = FA(os) = Fefly o o0 Fyila (0%), (61)

then a homoclinic bifurcation of the cycle occurs. In fact, it holds F¥o £ (1) = x+*
at the bifurcation value, and at a smaller value of b (before the bifurcation) it must
be F’r‘ ofx(1) < x* while at a larger value of b (after the bifurcation) it must be
F’ ’; of (1) > x*. Thus after the bifurcation the periodic point x* has preimages
starting with f,;l(x*) which did not exist before the bifurcation. This leads to an
explosion of homoclinic orbits of the same cycle which did not exist before the
bifurcation, proving that it is a new homoclinic bifurcation.

To show that all the repelling cycles are homoclinic at least on the left side,
consider a repelling n-cycle of the first return map F, and a fixed point z* of the
map F”! belonging to the cycle of F, and to a branch F, of the map F’. Then
preimages on the left side of z* exist which are accumulating to all the repelling
fixed points of the first return map F, (having as limit point x = 0), and each
preimage on the left side of z* has a preimage on the branch F'; thus leading to an
homoclinic orbit of z*. With a similar argument we can say that except for the
repelling cycle which exists with a companion attracting cycle, all the other
repelling cycles are homoclinic on both sides.

To show that homoclinic bifurcation curves are limit sets of BCB curves, consider
the homoclinic bifurcation value at which f(1)=F, k(x*) occurs, then
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FXof(1) = x*, which also implies that at a smaller value of b itis F* o ffn(1) < x*
while at a larger value of b it is F’r< of (1) > x*. This means that after the
bifurcation preimages of the discontinuity points, which did not exist before, are
accumulating to x* from above, thus the homoclinic bifurcation value is a limit set
of BCB values.

(4) To show that BCB curves are limit sets of other BCB curves, consider a
bifurcation value related to an n-cycle of the first return map F,, then the rightmost
branch of the map F7 ranges from O to 1 and at the bifurcation value either a
repelling fixed point merges with x = 1, x, = 1, or an attracting one, x}, = 1. In
the first case, for a larger value of b, after the bifurcation, a repelling cycle appears
(which persists for larger values of b) leading to a new fixed point x, < 1 in the
map £ and preimages of the discontinuity points of the first return map F',, which
did not exist before, are accumulating to x,, from above, thus the BCB value is a
limit set of other BCB values. Similarly in the second case, when x}, = 1, for a
larger value of b, after the bifurcation, the repelling cycle having the same
symbolic sequence of the attracting cycle which disappeared is left (and it persists
for larger values of b). Then after the bifurcation the fixed point x, < 1 has
preimages in the map F) also on its right side, which did not exist before.
Moreover, in the map F’/, preimages of the discontinuity points of the first return
map F,, which did not exist before, are accumulating to x, from above, thus the
BCB value is a limit set of other BCB values.

(5) The property (2) of the first return map F, given above (repelling cycles which are
homoclinic) proves that the first return map F, always has a chaotic set in [0, 1],
even if there exists an attracting cycle. In terms of the map f, this means that an
unbounded chaotic set in (—oo, 1] always exists.

(6) It is also plain that divergent trajectories cannot exist, as each point in [0, 1] has
the trajectory which returns back in [0, 1]. (|

In the next section we shall see that in the last range here considered, when a repelling
fixed point x; exists, for —1 < b < 0, then the chaotic sets, which also always exist, can
only be bounded, while a set of points of positive measure exists with divergent trajectories.

4.2 Range BII (a>1, —1<b<0,): bounded chaotic repellors

The properties of the dynamic behaviours in this range mainly depend on the fact that the
slope of the function f7(x) is larger than 1, so that the repelling fixed point x; =
—1/(a — 1) < 0 exists. As in Section 3 let us denote by Bo, the set of positive measure of
points having divergent trajectories (basin of —oo, or set of divergent trajectories).
As usual, it is given by all the preimages of any rank of the immediate basin, which is the
interval (—o0,x;), so that

k=0
Boo = Jf M (=00, x)). (62)

The first preimage of the immediate basin is f;l((—oo,xz)) = (O,xzfl) which is the right
neighbourhood of the origin bounded by the preimage xz_l = f,;l(xZ), given by

o b 1/“/= —b(a — 1) 1/y
L x; — 1 a ’
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and clearly for b > —1 it is always xzfl < 01;1. Thus for any —1 < b < 0 an invariant
set of bounded dynamics exists in (—oo, 1], which can be of positive measure (and
including a chaotic set) or a chaotic set of zero measure. The two different behaviours
depend on the existence or non-existence of an attracting cycle, respectively. Moreover,
when an attracting cycle exists, a bounded chaotic repellor always exists in the interval
[x; ,1].

To prove these properties, we still make use of a first return map. In fact, regarding the
function on the right side, we recall that in one iteration any point x > 1 is mapped to a
point fz(x) = 1. Thus, even if in (0, 1) there exist points having divergent trajectories,
following the same reasoning as in Section 3, we can still study the dynamics of the map
by using the first return map in [0, 1] but considering only the first return of the points in
the interval (xz_l, 1], as for the remaining points we know that the trajectory never comes
back (as the interval (O,xz_'] is mapped in the immediate basin of infinity (-0, x;]).
Clearly, the interval (O,xz_l) represents a set of initial conditions having divergent
trajectories, and all the points which are mapped in this interval will have divergent
trajectories too.

PROPOSITION 12. Let v>0,a> 1 and — 1 <b <0. The dynamics of map f can be
described by using the first return map F.(x) in the interval I = [0, 1] taken for the points
in the interval J = (xz_l ,1]. F(x) is a discontinuous map with infinitely many branches as

defined in (35), in which the discontinuity points are accumulating to x = xz_l.

Proof. Starting from the first return of the point x = 1, as described in the previous section,
with the rightmost branch given by fx(x), the infinitely many preimages f, "(0) all exist,
and have as limit set the repelling fixed point x;. Thus the infinitely many preimages
&,j = 1, discontinuity points of F,(x), all exist in the interval (xz_', 1], and have xz_' as
limit point for j — oo. ]

This also implies the existence of infinitely many repelling (and all homoclinic) fixed
points xg» (basic cycles RL" of f).

An example with a pair of 2-cycles of the first return map is shown in Figure 18(a).
In that case, for map f there exists an attracting 3-cycle LR?, and thus also a companion
repelling one.

(a)1

STORH

M

0

I
i:! X 31 1

Figure 18. Stable cycles and divergent trajectories at y = 0.5, a = 1.5. In (a) b = —0.62. In (b)
b= —0.36.
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In general, when an attracting (n + 1)-cycle LR" exists, let x{p, be the rightmost
periodic point of the attracting cycle, and x r» be the rightmost periodic point of the
repelling cycle (xpr: < xj gs). The interval (x g+, 1] belongs to the basin of the attracting
cycle and the total basin of attraction of the attracting cycle is given by all its preimages of
any rank. Such a basin has positive measure, and a fractal structure. In fact, its frontier
includes a chaotic repellor A which consists of all the repelling cycles, their stable sets and
related limit points. There is also another basin of positive measure, that of the divergent
trajectories, given by the interval (O,x*L_l) and all its preimages in the interval (xz_', 11,
which also has a fractal structure. The frontier between the two basins (both of positive
m/easure) includes all the preimages of the point xzfl (which are dense in a chaotic repellor
A).

We can reason in a similar way for any attracting cycle with symbolic sequence o,
denoting x, and x{_ the two rightmost periodic points of the repelling and attracting cycle,
respectively, where x, < x!. For the map f the two basins of the first return map have the
same properties and cover the whole real line (—oo, 00). However, the chaotic repellor of
map f is confined in the interval [x},x,]. In particular it holds for o = R, when an
attracting fixed point of fr(x) exists (an example is shown in Figure 18(b)).

The other possible dynamic behaviour mentioned above occurs when the map has no
attracting cycle. In such a case, a chaotic repellor A exists in the interval (xl*fl, 1] which
includes all the repelling cycles, their stable sets and related limit points. Taking the
preimages by F,(x) of the interval (O,xzfl) we have that almost all the points of the
interval (xz_l, 1] belong to the basin B.,. These preimages have a fractal structure, and are
dense in the interval (xz_l, 1], and the frontier is given by the chaotic repellor A. For the
map f this means that a chaotic repellor belongs to [x;, 1] and all the other points have a
divergent trajectory.

We have so proved the following proposition.

PROPOSITION 13. Let y >0, a>1 and —1 < b < 0. The dynamics of map f can be
classified as follows:

(1) if (a,b) does not belong to the stability region of some attracting cycle, almost all
the trajectories are divergent, except for a chaotic repellor included in the interval
[, 10;

2) if (a,b) belongs to the stability region of some attracting cycle with symbolic
sequence o, there exist two basins of positive measure. The basin B(x}) =
U0 % (x,, 1] where x, and x;. are the two rightmost periodic points of the
repelling and attracting cycles, respectively. The basin of divergent trajectories is
given by B(x}) = UKS0 £ k(=00 x]). The frontier between the two basins belongs
to a chaotic repellor included in the interval [xz,xg].

5. Conclusions and outlook

In this work we have further investigated some properties of the discontinuous map given
in (2) for the parameter ranges given in (3) when the map has the qualitative shapes shown
in Figure 1. In each case the results are obtained making use of the first return map in a
suitable interval. A common result to all the three different cases is that any BCB may be
related to a codimension-two point due to the contact with a fold bifurcation curve of
cycles with the same symbolic sequence. However, the dynamics are different in the
different ranges. In Range AIl, —oo is always an attractor with a basin of attraction B of
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positive measure. However, for parameters above the curve By (homoclinic bifurcation of
the unstable fixed point x; ) chaotic repellor exists which belongs to the frontier of the basin
of attraction B, and an attracting cycle may also exist. In the Range BI divergence cannot
occur, and an unbounded chaotic repellor always exists, while in Range BII we have
shown that the system has properties similar to those occurring in Range All, although
now a chaotic repellor belonging to the frontier of B, always exists. The dynamics
occurring for —1 < b < 0 have been only partly investigated. We have shown how many
attracting cycles may exist, associated (as b is varied) with fold bifurcations and BCBs, not
only of basic cycles with symbolic sequences LR” for any n = 1 but also of many other
infinite families, showing that the bifurcation structure is much richer than that occurring
in other systems. In fact, we have seen from the examples in Section 4.1 that the period
adding structure is strictly included and the U-sequence cannot be obtained, as flip
bifurcations are not allowed. The bifurcation structure strongly depends on the
codimension-two points on the BCB curves which we have proved to exist. Moreover, we
have shown that BCB curves are limit curves of infinite families of other BCB curves, and
that also fold bifurcation and homoclinic bifurcation curves are limit sets of infinite
families of BCB curves.

We have numerical evidence (as shown in Figure 1 and in Figure 7) that organizing
centres are related to codimension-two points, each one due to intersection of a BCB curve
and a fold bifurcation curve of cycles having different symbolic sequences LR" and
LR"*!, respectively, occurring at @ = 0. These are issuing points of infinite families of
BCB curves and fold bifurcation curves, and left for further investigation.
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